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General  Background 


Steven  L.  Garrett 

United  Technologies  Corporation  Professor  of  Acoustics 
Graduate  Program  in  Acoustics  -  Applied  Research  Laboratory 
The  Pennsylvania  State  University 


ABSTRACT 


This  lecture  is  intended  to  provide  students  with  a  common  background  which  would 
be  useful  in  understanding  the  other  eight  lectures.  Sound  waves  exist  only  in  matter  - 
sound  does  not  propagate  in  a  vacuum  (although  M.  Greenspan  got  pretty  close!).  For 
that  reason,  this  lecture  will  begin  with  the  thermodynamic  description  of  gases.  Since 
gases  also  conduct  heat  and  dissipate  shear  stresses,  simple  kinetic  theory  will  be  added 
to  the  description  to  permit  analysis  of  the  adiabatic  and  isothermal  limits  for  sound 
speed  and  acoustical  attenuation.  In  order  to  avoid  detailed  mathematics,  the  principle  of 
similitude  (dimensional  analysis)  will  be  exploited.  The  results  of  this  analysis  will  be 
applied  to  loss  mechanisms  in  planewave  resonators,  Helmholtz  resonators  and  bubbles. 
This  should  provide  the  necessary  background  for  Molecular  Acoustics, 
Sonoluminescence,  Signals  &  Noise,  Nonlinear  Acoustics  and  Thermoacoustics. 
Discussion  of  the  isotropic  elasticity  of  solids  and  the  torsional,  flexural  and  longitudinal 
modes  of  a  long  thin  bar  should  provide  an  introduction  to  Resonant  Ultrasound 
Spectroscopy,  Materials  Physics  and  Porous  Media. 


Precision  acoustic  gas  analyzer  for  binary  mixtures 

E.  Polturak,  S.  L.  Garrett  and  S.  G.  Upson 

Department  of  Physics,  Technion,  Israel  Institute  of  Technology,  Haifa,  Israel 
(Received  18  June  1986;  accepted  for  publication  3  July  1986) 

We  describe  a  cylindrical  acoustic  resonator  which  has  been  used  for  the  determination  of  the 
molar  concentration  of  a  binary  mixture  of  gases.  We  achieved  an  absolute  accuracy  better 
than  o.(X)l  independent  of  the  concentration  or  the  type  of  gas.  The  practical  factors  limiting 
the  accuracy  are  discussed  in  detail  and  their  effect  on  the  performance  has  been  evaluated 
using  gas  samples  prepared  by  precisely  measured  partial  pressures.  The  device  is  routinely 
used  to  measure  the  concentration  of  ^He— “*110  mixtures. 


INTRODUCTION 

The  measurement  of  sound  speed  in  gas  mixtures  has  been 
used  to  determine  the  concentration  of  binary  and  pseudo¬ 
binary*  gas  mixtures  since  1884  when  Forbes  and  Blaikley 
first  made  use  of  the  subsequently  widely  adopted  idea  of 
passing  mine  exhaust  air  through  an  organ  pipe  to  call  atten¬ 
tion  to  the  presence  of  lighter  (potentially  explosive)  gases 
such  as  hydrogen  and  methane.^  Since  that  time  several  dif¬ 
ferent  schemes,  both  acoustic  and  electroacoustic,  have  been 
implemented  and  patented,*  although  no  commerical  unit 
using  sound  speed  has  ever  been  marketed.  The  appearance 
of  a  short  note  by  Kagiwada  and  Rudnick'*  on  the  use  of  the 
sound  speed  to  determine  the  isotropic  concentration  of  the 
*He-'‘He  mixtures  which  are  widely  used  in  low-tempera¬ 
ture  experiments,  generated  renewed  interest  in  sonic  gas 
analysis  within  that  community  and  has  lead  to  the  design  of 
several  devices  for  that  and  other  applications  related  to  low- 
temperature  research.  A  cylindrical  resonator  capable  of 
+  1%  determination  of  *He-‘'He  concentration  is  described 
by  Fraser*  and  a  time-of-flight  device  which  used  a  long  tube 
and  gave  the  same  resolution  is  described  by  Guillon  etal.^  K 
cylindrical  resonator  and  associated  electronics,  which  are 
capable  of  continuously  measuring  air  contamination  as 
small  as  1/4%  in  He  gas  recovered  for  reliquification^  is 
another  example  of  the  application  of  this  technique  to  cryo¬ 
genic  systems. 

The  first  attempt  to  construct  a  precision  analyzer  for 
^He-^He  mixtures  utilized  a  pair  of  spherical  resonators.* 
That  system  had  a  quality  factor  Q  =  1200  at  23  kHz  which 
resulted  in  a  sensitivity  of  1  ppm  and  a  stability  of  10  ppm 
over  10  h,  but  it  was  only  capable  of  an  accuracy  in  isotopic 
ratio  of  1 X 10"*  due  to  outgassing  of  plumbing,  O-rings, 
transducers,  etc.  Another  similar  double-sphere  system  for 
the  same  application  is  described  by  Brooks  and  Hallock,** 
but  their  tests  with  a  He-Ne  mixture  include  no  estimate  of 
the  accuracy  obtained. 

It  is  clear  that  the  ultimate  exploitation  of  this  technique 
will  require  a  gas-filled  spherical  resonator.  Such  resona¬ 
tors  have  been  extremely  successful  in  the  measurement  of 
certain  thermophysical  properties,"’*^  but  for  most  applica¬ 
tions  the  additional  complexities  in  machining  and  transduc¬ 
tion  introduced  by  this  geometry  are  not  justified,  especially 
if  nonacoustic  factors  such  as  outgassing  are  the  dominant 


source  of  inaccuracy.  It  is  the  purpose  of  this  paper  to  pres¬ 
ent  the  results  of  experiments  which  employ  an  optimized 
cylindrical  resonator,  in  a  constant  temperature  bath,  to  pro¬ 
duce  accuracies  at  the  0. 1  %  level,  which  represent  an  order- 
of-magnitude  improvement  over  previous  designs,*’*  using  a 
system  that  can  be  built  without  a  major  investment  in  fabri¬ 
cation  or  instrumentation. 


I.  THEORY 


The  square  of  the  adiabatic  sound  speed  in  an  ideal  gas  is 
given  by  C*  =  {dp/dp) ^  =  yRT/M,  where  R  is  the  univer¬ 
sal  gas  constant,  y  is  the  ratio  of  the  specific  heats,  and  T  is 
the  absolute  temperature;  p,  p,  and  s  are  the  pressure,  den¬ 
sity,  and  entropy  of  the  gas.  For  a  binary  gas  mixture  com¬ 
posed  of  two  ideal  gas  species,  with  molar  fraction  x,  the 
molecular  weight  of  the  mixture  M  =  M|(1— x) 
where  3/,  is  the  molecular  weight  of  the  first  components 
and  3/2  is  the  molecular  weight  of  the  second.  The  expression 
for  an  effective  specific  heat  ratio,  y{x),  for  the  mixture,  is 
more  complicated  since  it  is  the  heat  capacities  themselves 
which  are  the  extensive  thermodynamic  quantities,  not  the 
specific  heat  ratio'* 


yix)  =  yt 


1  +  (C,2/Cpi  -  i)x 
1  +  —  l)x 


(1) 


For  simplicity  in  expression  of  the  sound  speed  in  the 
mixture,  and  in  the  analysis  of  the  results,  we  have  chosen  to 
treat  the  effective  ratio  of  specific  heats  as  the  molar  weight¬ 
ed  average  of  the  individual  ratios:  y(.x)  =  yiil  —  x) 
+  ypc.  Using  this  approximation,  the  sound-speed  ratio  for 
the  mixture  can  be  written 


C(x)^  \  +  [iy2-y,)/ri]x  ^2) 

C(0) ^  1  -f-  [ (Mj  - ]x  ' 

Here,  C(0)  equals  C„  the  speed  of  the  pure  (reference)  gas. 
For  mixtures  which  contain  only  ideal  components  with 
equal  numbers  of  degrees  of  freedom,  Eq.  (2)  is  exact.  For  a 
monatomic/diatomic  mixture,  the  maximum  relative  error 
in  y(.x)  occurs  at  x  =  0.5  and  is  2.2%.  For  example,  for  the 
Hj-^He  mixture  (x  <  0. 1 )  analyzed  in  this  article  the  effects 
of  the  approximation  are  negligible. 

The  usefulness  of  Eq.  (2)  depends  on  the  accuracy  with 
which  C(x)  can  be  determined  and  on  the  degree  of  exclu- 
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sion  of  impurity  gases  from  the  experimental  setup.  In  addi¬ 
tion,  the  derivation  of  Eq.  (2)  relies  on  the  temperature  be¬ 
ing  held  constant.  Obviously,  the  sensitivity  of  the  method 
depends  on  the  type  of  gases  used.  Expanding  Eq.  (2)  for 
small  Xy  we  find 

SC{x)  ^Sx  fYz-Yi  M2- MA 

C(0)  2  \  Yi  A/j  / 

For  any  two  gases,  0.3  >  (7^2  —  YO/Yi  >  ^  ^*3.  The  mass 
difference  factor  in  Eq.  (3)  gives  greater  sensitivity  to  gas 
mixtures  whose  components  have  very  different  masses. 
However,  if  Af,  and  M2  are  relatively  close,  Eq.  ( 3 )  indicates 
that  the  measurement  can  be  seriously  affected  by  small 
amounts  of  impurities  having  a  very  different  value  of  M,  to 
which  C(x)  is  much  more  sensitive.  This  consideration  be¬ 
comes  important  when  applying  the  method  to  mixtures  of 
the  helium  isotopes,  because  small  amounts  of  air  or  other 
heavy  gases  as  impurities  can  affect  the  result  greatly.  For 
^He-'^He  mixtures,  Eq.  ( 3 )  translates  the  requirement  of  de¬ 
termining  X  with  a  10“^  accuracy  into  a  demand  for  an  abso¬ 
lute  accuracy  and  reproducibility  of  in  the  sound  veloc¬ 

ity  measurement.  Note  that  an  impurity  content  of  less  than 
4X 10^^  of  air  would  change  the  velocity  of  sound  by  the 
same  amount.  It  is  our  opinion  that  the  impurity  problem  is 
the  main  cause  for  the  disappointing  results  achieved  by  sev¬ 
eral  groups  while  trying  to  implement  techniques  of  this 
type. 

An  important  consideration  when  designing  a  resonator 
is  the  optimization  of  its  Q.  The  highest  Q ’s,  of  the  order  of 
several  thousand  at  room  temperature,  have  been  obtained 
using  spherical  resonators.*"*^  However,  because  of  the 
sources  of  error  that  have  been  mentioned  above,  it  is  impos¬ 
sible  to  take  advantage  of  such  a  high  Q,  and  a  cylindrical 
resonator  with  somewhat  lower  Q  but  much  easier  to  con¬ 
struct  becomes  an  attractive  choice.  The  Q  of  the  cylindrical 
resonator  is  limited  by  several  energy  dissipation  mecha¬ 
nisms:  heat  loss  at  the  walls  due  to  heat  conduction  during  an 
adiabatic  compression-decompression  cycle,*"*  viscous 
damping  of  the  motion  of  the  gas  in  contact  with  the  cylinder 
walls,  transducer  losses,  and  losses  through  the  openings 
in  the  resonator  (fill  tubes,  etc.).  If  the  fill  tubes  are  located 
at  pressure  nodes,  the  losses  through  them  are  negligible. 
Assuming  the  first  two  mechanisms  to  operate  independent¬ 


ly,  the  total  loss  can  be  represented  by  the  total  quality  factor 
Qtot  given  by 

UQtot=S^/a  +  2Stc/L,  (4) 

where  a  and  L  denotje  the  radius  and  length  of  the  resonator 
and  and  Sfc  are  the  effective  viscous*^  and  thermal*"* 
penetration  depths.  Varying  Eq.  (3)  with  respect  to  L  (at 
fixed  a),  and  remembering  that  S^g  and  depend  on  L 
through  their  independence  on  the  resonant  frequency,  we 
obtain  an  aspect  ratio  condition  for  optimum  Q: 

2a/i:-(77,q,/i^:)*^^  (5) 

where 

i/g  =77[l  -f  {VY'-  1/v" 

is  the  effective  viscosity*^  (which  includes  thermal  wall 
losses),  77  is  the  ordinary  shear  viscosity,  and  K  is  the  heat 
conductivity. 

Substituting  numbers,  we  find  that  the  optimum  choice 
gives  2a/L  =  1.35  for  "*He  and  1.22  for  air  at  room  tempera¬ 
ture.  We  chose  2a/L  =  1 .  Our  choice  of  this  value  was  made 
to  guarantee  that  the  first  azimuthal  mode  would  occur  at  a 
frequency  greater  than  that  of  the  gravest  plane-wave  mode. 
Around  20  kHz,  we  measured  Q ’s  of  300-400,  which  are 
some  30%~-50%  lower  than  predicted  by  Eq.  (4). 

II.  RESONATOR 

The  length  of  the  resonator,  details  of  which  are  shown 
in  Fig.  1,  was  chosen  as  5,0  cm  to  give  a  convenient  10-kHz 
fundamental  resonance  frequency  for  "*He  gas  at  room  tem¬ 
perature.  Two  identical  resonator  cavities  were  machined 
through  a  single  aluminum  block.  The  idea  was  to  use  one  of 
them  as  a  reference  which  would  automatically  compensate 
for  ambient  temperature  changes.*’^ 

To  enable  low-temperature  operation,  the  end  caps  were 
sealed  with  indium  O-rings.  The  center  electrodes  were  insu¬ 
lated  from  the  caps  using  Stycast  1266  epoxy  loaded  with 
CaC03  powder,  to  match  its  expansion  coefficient  to  that  of 
the  Al.  Capacitive  electret  transducers  mounted  on  the  two 
end  caps,  were  fabricated  from  12-7/m-thick  Teflon,  metal¬ 
lized  on  one  side.  To  create  trapped  charge,  the  Teflon  was 
sandwiched  between  two  flat  metal  electrodes  with  an  addi¬ 
tional  layer  of  Mylar  to  prevent  breakdown,  and  polarized 


Fig.  1 .  ( a)  Schematic  view  of  one  of  the  cav¬ 
ities  of  the  double  resonator  machined  out  of 
a  single  Al  block,  (b)  Transducer  clamping 
arrangement  to  reduce  trapping  of  gas.  All 
screws  have  vent  holes. 
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for  1  h  with  a  10^-V/cm  field.  The  measured  magnitude  of 
the  trapped  charge  was  equivalent  to  that  created  by  an  ex¬ 
ternal  bias  of  150  V.  The  Teflon  strips  were  held  down 
against  the  electrode  by  two  semicircular  brackets,  as  shown 
in  Fig.  1.  The  capacitance  of  these  transducers  was  about 
1000  pF.  We  have  also  used  transducers  made  from  a  com- 
merical  piezoelectric  polymer  film.*^  These  seem  to  retain 
their  polarization  much  better  than  the  “homemade’"  elec- 
trets,  which  need  to  be  repolarized  every  few  months.  It 
seems  that  carrying  out  the  polarization  at  a  temperature  of 
about  100  "C  and  cooling  the  Teflon  before  removing  the 
field  gives  better  results  regarding  the  stability  of  the  trapped 
charge.  The  signal  level  available  at  resonance  was  0. 16  mV 
per  volt  of  excitation. 

III.  OPERATION 

The  performance  of  the  resonator  with  pure  gases  is 
shown  in  Fig.  2.  In  the  region  of  high  Q  (around  20  kHz), 
the  resonance  could  be  located  visually  on  an  oscilloscope 
screen  or  with  an  ac  voltmeter  with  an  accuracy  of  1 X 10“'^ 
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Fig.  2.  (a)  Q  of  the  resonator  vs  frequency  for  helium  and  nitrogen,  (b) 
Deviations  of  the  resonator  from  perfect  harmonicity  for  different  gases./, 
is  the  fundamental  resonant  frequency,/,  is  the  resonant  frequency  of  the 
nth  harmonic. 


Table  L  Typical  sources  of  error. 


Source  of  error 

Magnitude 
parts  of/ 

Temperature  of 
test 

Type  of  gas  used 
in  test 

Thermal  drift 

5X10-*' 

77  K 

^He 

Thermal  drift 

5X10-’ 

273  K 

N, 

Outgassing 

<ixio-‘ 

77  K 

■•He 

Pressure  cycling 

2X10-’ 

77  K 

‘He 

Nonharmonicity 

5XlO-% 

273  K 

0,-N, 

Nonharmonicity 

<2X10-% 

77  K 

of/^^  Changes  in  the  resonant  frequency  could  be  followed 
with  a  3X 10“^  precision.  A  convenient  way  of  doing  this 
was  to  make  the  resonator  part  of  a  phase-locked  loop,  with 
the  quadrature  component  of  the  detected  signal  used  to  pro¬ 
gram  a  VCO  which,  when  amplified,  then  drives  the  resona¬ 
tor.  We  could  not  maintain  this  precision  under  practical 
operating  conditions  involving  moving  gas  in  and  out  of  the 
resonator,  since  when  the  resonator  was  evacuated,  the  sig¬ 
nal  disappeared  and  the  phase-locked  loop  lost  track.  The 
absolute  accuracy  with  which  the  resonance  could  be  re¬ 
peatedly  located  was  within  10^^  of/  (This  precision  could 
perhaps  be  utilized  in  an  application  which  required  contin¬ 
uous  monitoring  of  the  composition  changes  in  flowing 
gas.^)  We  now  describe  the  various  tests  to  which  the  resona¬ 
tor  was  subjected  in  order  to  determine.the  accuracy  of  the 
method. 

When  the  resonator  contains  a  fixed  sample  of  gas,  the 
resonant  frequency  is  affected  by  temperature  drift.  The 
change  of  temperature  needed  to  shift  the  frequency  by 
1 X 10“"*  is  only  60  mK  at  300  K  or  15  mK  at  77  K.  One  way 
to  correct  for  this  effect  is  to  have  two  resonators  machined 
into  a  single  block  of  high  thermal  conductivity  metal.  One 
contains  a  reference  gas  and  the  other  the  unknown  mixture. 
Since  their  temperatures  are  the  same,  their  resonant  fre¬ 
quency  will  drift  at  the  same  rate  and  can  thus  be  corrected. 
The  other  alternative  is  to  use  a  single  resonator  and  to  regu¬ 
late  its  temperature.  The  latter  method  saves  the  electronics 
needed  to  run  the  second  resonator,  and  the  extra  machine 
shop  time  needed  to  construct  it.  We  found  that  putting  the 
resonator  in  an  unregulated  liquid-nitrogen  (or  ice  water) 
bath  gave  a  thermal  drift  rate  which  was  both  very  small  and 
monotonic.  Thus,  we  ended  up  using  a  single  resonator  only. 
The  errors  caused  by  thermal  drift  are  hsted  in  Table  1. 

Another,  more  serious,  source  of  drift  was  a  slow  change 
in  the  composition  of  the  gas  due  to  the  outgassing  of  the 
inner  surfaces  of  the  resonator.  Since  the  gas  emanating  from 
the  walls  is  mostly  air,  the  resulting  frequency  drift  is  pro¬ 
portional  to  [  (M^j.  —  Ml )/Mi]Xy  where  Mi  is  the  molecu¬ 
lar  mass  of  the  gas  inside  the  resonator,  and  x  is  the  air  con¬ 
centration.  (The  effect  of  outgassing  can  be  distinguished 
from  that  of  the  temperature  drift,  since  it  always  lowers  the 
resonant  frequency  with  light  gases. )  One  major  source  was 
gas  trapped  behind  the  Teflon  electrets.  To  minimize  this 
source  of  outgassing  the  electret  transducers  were  clamped 
over  only  a  part  of  their  circumference  (see  Fig.  1 ),  so  that 
any  gas  trapped  between  the  Teflon  and  the  electrode  could 
be  pumped  out.  An  all-metal  gas  handling  system  was  con¬ 
structed,  and  the  whole  assembly  was  given  a  mild  bake. 
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which  the  epoxy  parts  and  the  transducer  could  withstand, 
and  pumped  out  for  a  day  with  a  diffusion  pump.  This  re¬ 
duced  the  outgassing  sufficiently  that  heavier  gases  (N2, 02, 
Ar,  etc.)  could  be  measured  without  any  significant  eitor. 
Cooling  the  resonator  to  77  K  reduced  the  outgassing 
further,  and  only  at  this  temperature  could  the  light  gas  mix¬ 
tures  be  measured  with  the  same  precision  (see  Table  I) . 

In  a  typical  application,  pure  gas  is  introduced  into  the 
resonator  for  calibration.  After  the  pure  gas  has  been  re¬ 
moved,  the  resonator  is  filled  with  an  unknown  mixture  at 
the  same  pressure,  and  the  resonant  frequency  measured. 
The  process  involves  a  pressure  excursion  of  the  order  of  one 
bar  and  the  accuracy  depends  on  the  dimensional  stability  of 
the  resonator:  using  "^He  gas,  we  found  a  relative  shift  of  the 
resonant  frequency  by  about  3.5  X 10“^  P/Torr.  From  the 
virial  coefficient  for  ‘^He  we  estimate  that  almost  all  of  this 
effect  is  caused  by  the  pressure  dependence  of  the  velocity  of 
sound.  We  used  a  pressure  gauge  capable  of  5-Torr  resolu¬ 
tion  to  reset  the  pressure.  With  the  aid  of  this  gauge,  we 
found  that  /  would  reproduce  to  an  accuracy  of  2X 10“^ 
after  repeated  pressure  excursions  of  1-1.5  bars. 

Finally,  the  results  have  to  be  corrected  for  the  imper¬ 
fect  harmonic  behavior  of  the  resonator,  an  example  of 
which  is  shown  in  Fig.  2(b).  The  deviations  from  harmoni- 
city  arise  because  of  imperfect  cylindrical  geometry,  viscous 
and  thermal  conductivity  corrections  to  the  speed  of  sound, 
and  coupling  between  the  plane-wave  modes  and  various 
other  modes  of  the  resonator  having  resonances  near  fre¬ 
quencies  of  interest.  These  corrections  are  quite  small,  but 
still  significant  at  the  level  of  accuracy  required  of  the  device. 
We  can  write  empirically 


(6) 


where^  is  the  resonant  frequency  one  would  measure  with  a 
perfect  resonator  and  a{fpyM)  is  a  small  empirical  correc¬ 
tion  function  which  depends  both  on  the  frequency  and  on 
the  molecular  mass  of  the  gas.  Values  of  a  for  different  gases 
and  harmonics  are  shown  in  Fig.  2(b). 

Filling  the  resonator  with  a  mixture  shifts  the  resonant 
frequency  by  Sf  from  /,  the  frequency  measured  with  pure 
reference  gas.  The  relative  change,  8f  //  =  5C  /C(0),  can  be 
substituted  into  Eq.  ( 3 )  to  give  an  apparent  concentration  x. 
Now,  by  varying  both  sides  of  Eq.  (6)  and  dividing  by /,  we 
get 


8f  8L  .  8a 


(7) 


Similarly  to  5///,  8fp  /fp  can  be  expressed  in  terms  of  the  true 
concentration  Xp .  Expanding  8a  to  first  order  in  M  and  /, 
and  neglecting  a  in  the  denominator  on  the  RHS  of  Eq.  ( 7 ) , 
we  obtain  after  some  algebra 


The  partial  derivatives  are  estimated  from  the  measured  val¬ 
ues  of  several  resonance  frequencies  and  for  several  gases  at  / 
and  M  appropriate  to  x  =  0.  Using/instead  oifp  introduces 
a  negligible  error.  From  our  calibration  data,  we  found  that 
for  O2-N2  mixtures  used  in  this  work,  this  difference  was 
Xp  —  X  =  7.5  X  10*” ^x^ .  For  H2-'‘He  mixtures  and  x  <  0. 1  it 
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Fig.  3.  Performance  of  the  resonator  with  preprepared  gas  mixture,  x,  is  the 
concentration  determined  acoustically,  by  partial  pressures. 

was  negligible.  The  uncertainty  of  this  correction  is  listed  in 
Table  I.  It  is  important  to  point  out  that  if  this  correction  is 
to  be  applied  at  all,  both  terms  on  the  RHS  of  Eq.  (8)  are 
separately  significant,  although  they  almost  offset  each  oth¬ 
er.  One  needs,  therefore,  to  calibrate  the  resonator  with  sev¬ 
eral  gases. 

IV.  EXPERIMENTAL  RESULTS 

To  test  the  resonator  we  prepared  a  series  of  “standard” 
mixtures  of  H2'-'^He  and  02''N2.  These  were  made  using  a 
precise  pressure  gauge.  There  are  several  points  which  are 
noteworthy:  first,  it  is  not  always  appreciated  that  without 
stirring  it  takes  nearly  a  day  for  two  gases  to  become  thor¬ 
oughly  mixed  by  diffusion  inside  a  few  liter  volume.  Second, 
cold  traps  containing  adsorbents  located  in  the  path  of  the 
gas  entering  the  resonator  tend  either  to  desorb  unwanted 
gas  or  to  adsorb  preferentially  one  of  the  species  of  the  mix¬ 
ture,  and  should  not  be  used.  We  found  a  simple  U-tube  trap 
to  work  very  well.  For  ^He^'^He  mixtures  we  cooled  the  trap 
to  liquid-helium  temperature  and  for  H2-'^He  mixtures  to 
liquid-nitrogen  temperature.  For  O2-N2  mixtures,  the  trap 
was  located  in  the  ice  +  water  bath.  The  results  of  these  tests 
are  shown  in  Fig.  3.  One  can  see  that  a  uniform  accuracy, 
better  than  lO"'^,  was  achieved  independent  of  x  and  gas 
species.  The  combined  uncertainties  in  Table  I  correspond  to 
about  half  that  value.  Since  the  nominal  accuracy  of  the  pres¬ 
sure  gauge  used  to  prepare  the  “standards”  was  0.025%  the 
combined  error  of  the  three  measurements  necessary  to  pre¬ 
pare  a  mixture  can  easily  account  for  the  difference.  To  date, 
the  resonator  has  primarily  been  used  to  identify  the  multi¬ 
tude  of  ^He-'^He  mixtures  of  unknown  composition  usually 
found  in  low-temperature  laboratories. 

In  conclusion,  we  have  built  and  tested  a  cylindrical 
acoustic  resonator  capable  of  determining  the  composition 
of  a  binary  gas  mixture  with  an  absolute  accuracy  better  than 
0.001  independent  of  the  concentration. 
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A  long  rod  of  circular  or  elliptical  cross  section  can  be  selectively  excited  in  the  torsional, 
longitudinal,  and  flexural  resonant  modes  using  a  single  pair  of  electrodynamic  transducers 
consisting  of  coils  glued  to  each  end  of  the  bar  and  placed  in  the  field  of  a  magnet.  The  elastic 
moduli  of  the  material  can  be  simply  determined  to  high  accuracy  by  measuring  the  resonance 
frequencies  of  these  modes  and  the  mass  and  physical  dimensions  of  the  rod.  Since  the 
longitudinal  and  flexural  modes  both  yield  values  for  the  Young’s  modulus,  the  system  has  a 
built-in  redundancy  that  makes  the  interpretation  of  the  data  more  robust.  The  large  signal 
amplitudes  make  automated  measurement  of  the  temperature  dependence  of  the  moduli  simple 
through  the  use  of  a  phase-locked  loop  to  track  the  change  in  the  resonance  frequency  with 
temperature. 


PACS  numbers:  43.40.Cw,  43.20. Ye,  62.20.Dc,  07.10 

INTRODUCTION 

The  accurate  measurement  of  the  elastic  constants  of 
materials  and  their  dependence  on  temperature,  static  pres¬ 
sure,  and  other  ambient  parameters  is  important  in  many 
fields  of  science  and  engineering  research,  as  well  as  in  prod¬ 
uct  design  and  quality  control.  This  is  particularly  true  for 
hydrophones,  since  most  transduction  schemes  involve  the 
measurement  of  the  deformation  of  some  solid  material  in 
response  to  a  change  in  pressure.  The  elastic  modulus  relates 
these  strains  to  the  applied  stresses,  so  its  value  and  its  tem¬ 
perature  dependence  are  important  design  parameters.  In¬ 
terest  in  the  measurement  of  these  moduli  in  the  acoustical 
tfansduction  community,  particularly  for  castable  poly¬ 
mers,  has  increased  recently  due  to  the  development  of  inter¬ 
ferometric  fiber-optic  hydrophones,'”^  which  measure  the 
strain  in  the  optical  fiber  induced  by  pressure  changes  in  the 
fluid.  Castable  polymers  are  attractive  for  several  hydro¬ 
phone  designs  that  use  shell  structures^”’  or  encapsula¬ 
tion*”"  for  strain  enhancement,  since  the  optical  fibers  can 
be  cast  directly  into  those  materials  as  well  as  for  more  con¬ 
ventional  piezoelectric  hydrophones.”''* 

Manufacturer’s  specifications  for  elastic  constants  of 
castable  polymers  are  not  particularly  useful  for  the  hydro¬ 
phone  designer  since  they  are  usually  determined  by  static 
techniques,  rarely  contain  more  than  one  modulus  (two  are 
the  minimum  required  to  uniquely  specify  the  elastic  re¬ 
sponse  of  an  isotropic  material''*),  vary  widely  depending 
upon  sample  preparation  (e.g.,  catalyst)  and  cure  tempera¬ 
ture,  and  never  contain  information  about  the  temperature 
dependence  of  the  moduli.  It  is  also  important  in  hydro¬ 
phone  design  to  measure  the  elastic  moduli  at  the  frequen¬ 
cies  of  intended  operation,  since  it  is  well  known  that  the 
static  and  dynamic  moduli  of  plastics  can  differ  substantial¬ 
ly'*  due  to  the  existence  of  relaxation  time  effects  that  can 
make  the  modulus  measured  by  conventional  quasi-static 
stress-strain  curves  significantly  lower  than  the  dynamic 
modulus.  Since  it  is  the  dynamic  modulus  that  determines 
the  acoustic  sensitivity,  and  the  static  modulus  that  deter¬ 
mines  the  deformation  due  to  increased  operating  depth,  it  is 
important  that  both  are  known  to  the  hydrophone  designer. 

A  recent  series  of  measurements  on  3 1  elastomeric  sam- 


-i-i 

pies  by  Lagakos  et  al  illustrate  how  the  assumption  of  a 
simple  form  for  the  frequency  dependence  of  the  Young’s 
modulus  can  lead  to  unacceptable  disagreement  between  the 
measured  moduli  and  the  predicted  value.  For  the  case  of 
Uralite  3130,  a  polyurethane  used  in  a  prototype  fiber-optic 
planar  flexible  hydrophone  design,^  the  variation  between 
the  model  and  measured  modulus  was  in  excess  of  750%. 
One  must  question  the  validity  of  their  temperature  coeffi¬ 
cient  of  the  modulus  measured  at  1  MHz  when  extrapolated 
to  operating  frequencies  of  less  than  a  kilohertz. 

Because  of  the  number  of  variations  in  the  preparation 
that  are  available  to  the  experimentalist  (cure,  catalyst,  fill¬ 
ing  fraction  for  composites,  etc.),  it  is  important  to  have  a 
convenient  technique  for  measuring  at  least  two  moduli  for 
reasonably  small  samples.  Since  the  derivation  of  a  third 
modulus  from  the  measurement  of  two  others  can  be  very 
sensitive  to  the  values  of  those  moduli  (particularly  for  sam¬ 
ples  with  Poisson’s  ratio  close  to  0.5 ),  it  is  important  that  the 
measurement  technique  have  very  high  precision.  In  the  fol¬ 
lowing  sections,  a  technique  is  described  that  is  convenient, 
accurate,  precise,  and  economical,  that  depends  upon  the 
measurement  of  the  frequencies  of  the  longitudinal,  flexural, 
and  torsional  resonant  modes  of  a  single  rod-shaped  sample 
of  circular  cross  section  using  the  same  two  transducers  to 
excite  and  detect  all  three  modes. 

The  fact  that  the  technique  is  resonant  insures  high  sig- 
nal-to-noise  ratio  while  the  fundamental  measurement  being 
a  frequency  means  that  one  can  obtain  extremely  high  preci¬ 
sion  with  an  inexpensive  instrument  (i.e.,  a  frequency 
counter) .  The  technique  can  be  used  with  both  insulating  or 
conducting  samples  that  are  not  ferromagnetic.  An  addi¬ 
tional  attractive  feature  of  this  technique  is  the  fact  that 
Young’s  modulus  can  be  determined  independently  in  two 
ways  by  the  measuring  the  frequencies  of  the  longitudinal 
and  flexural  modes.  This  provides  the  experimentalist  with 
immediate  feedback  on  the  self-consistency  of  his/her  data 
and  analysis.  (A  man  with  one  watch  thinks  he  knows  the 
time;  a  man  with  two  is  never  sure!) 

The  technique  for  measurement  of  the  torsional  mode  is 
a  refinement  of  one  developed  first  by  Barone  and  Giaco- 
mini‘^  to  study  the  modes  of  vibration  of  bars  having  vari- 
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able  cross  section.  A  similar  arrangement  was  used  later  by 
Leonard  to  disprove  the  existence  of  the  “Fitzgerald  ef- 
fect*’^°"^^  by  measuring  the  attenuation  of  torsional  waves  in 
Teflon™ .  I  was  first  introduced  to  the  technique  described 
here,  which  excites  and  detects  the  flexural  and  longitudinal 
modes  in  addition  to  the  torsional  mode  with  the  same  trans¬ 
ducer,  by  Professor  Isadore  Rudnick  who  used  a  similar  ap¬ 
paratus  in  a  teaching  lab  experiments^  in  an  advanced  under¬ 
graduate  acoustics  laboratory  at  UCLA. 

The  technique  can  be  extended  to  measure  the  complex 
modulus  in  a  manner  similar  to  that  used  by  Barmatz  et 
if  the  quality  factor  or  free  decay  time  is  measured  in 
addition  to  frequencies  or  if  velocity  measurements  are  made 
over  a  large  enough  frequency  span  that  the  Kramers- 
KronigS^  relations  can  be  integrated.  The  measurement  of  Q 
introduces  additional  experimental  difficulties,  since  care 
must  be  taken  to  insure  that  losses  through  the  suspension 
system  used  to  support  the  rod  are  not  significant  compared 
to  those  intrinsic  to  the  sample  material  under  study.  Be¬ 
cause  the  strain  distribution  is  known  for  each  mode,  these 
suspension  losses  can  be  reduced  to  insignificant  levels  for  all 
but  the  fundamental  torsional  and  longitudinal  modes,  since 
the  two  support  points  for  the  bar  can  be  adjusted  to  occur 
arbitrarily  close  to  velocity  nodes. 

I.  MODES  OF  A  SOLID  ROD  OF  CIRCULAR  OR 
ELLIPSOIDAL  CROSS  SECTION 

A  uniform,  rod-shaped  sample  of  a  homogeneous,  iso¬ 
tropic  solid  having  circular  cross  section  of  diameter  d  and 
length  L,  which  is  significantly  greater  than  its  diameter,  will 
propagate  three  independent  waves  if  their  wavelengths  A 
are  much  greater  than  d.  These  modes  will  exhibit  reson¬ 
ances  at  appropriate  frequencies,  depending  upon  the 
boundary  conditions  imposed  on  the  ends  of  the  rod.  For  this 
application,  the  simplest  and  most  reproducible  boundary 
condition  to  impose  on  the  rod  in  a  laboratory  measurement 
is  that  of  zero  stress  and  zero  moment  at  both  ends,  which  is 
commonly  referred  to  as  the  free-free  boundary  condition. 

The  solution  to  the  wave  equation  for  all  three  modes, 
subject  to  the  free-free  boundary  condition,  is  available  in  a 
variety  of  textbooks,  although  surprisingly  few  treat  all  three 
modes  and  those  that  do^^^^  were  all  written  before  1970. 
The  more  popular  contemporary  textbooks  in  acoustics  such 
as  Morse,^^  and  Morse  and  Ingard^^  treat  only  flexural 
waves;  Ingard,^'*  and  Feynman  cover  only  longitudinal  and 
torsional  waves;  Kinsler  et  al?^  treat  only  flexural  and  longi¬ 
tudinal  modes.  The  more  recent  graduate  level  texts^^’^*^  ig¬ 
nore  the  subject  altogether! 

A.  Nondispersive  modes 

The  displacements  associated  with  the  longitudinal  and 
torsional  modes  satsify  an  ordinary  second-order  wave  equa¬ 
tion  so,  for  a  free-free  boundary  condition,  the  resonances 
are  harmonically  related  and  correspond  to  integral 
numbers  of  half-wavelength  contained  within  the  length  of 
the  rod.  This  assumed  boundary  condition  does  not  take  the 
added  mass  of  the  transducers  and  their  adhesive  into  ac¬ 
count,  but  this  is  generally  a  small  effect  since  their  addi¬ 
tional  mass  is  rarely  more  than  a  few  percent  of  the  bare  mass 
of  the  bar.  For  the  moment,  we  will  neglect  this  effect  which 
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will  be  discussed  in  the  Appendix.  The  transducer  mass 
loading  will  lead  to  the  introduction  of  an  effective  length, 
L^ff,  which  provides  a  first-order  correction  if  accuracy  of 
greater  than  a  few  percent  is  required. 

The  phase  speed  for  the  longitudinal  waves  is  given 
by  Young’s  modulus  Ey  and  the  mass  density  of  the  rod 
material: 

c^=4^.  (1) 

This  result  is  independent  of  the  cross-sectional  shape  of  the 
rod  as  long  as  the  initial  assumptions  (>l>d<<L,  homoge¬ 
neous,  isotropic)  are  met.  Imposition  of  the  free-free  bound¬ 
ary  condition  leads  to  a  series  of  harmonic  modes  whose 
frequencies are  given  by 

/^  =  «C£,/2Z,;  «  =  1,2,3... .  (2) 

The  previous  two  equations  can  be  combined  to  provide  an 
expression  for  the  Young’s  modulus  of  the  bar  in  terms  of  its 
density,  length,  and  the  ratio  of  the  frequency  of  the  «th 
mode  to  its  mode  number  n: 

E  =  4pL^(f^/n)\  (3) 

Similarly,  the  phase  speed  for  the  torsional  waves  Cj-,  is 
given  by  the  shear  modulus  G,  and  the  mass  density />,  of  the 
rod  material: 

(4) 

From  stability  requirements,  this  speed  is  always  smaller 
than  the  longitudinal  phase  speed  by  a  factor  between  V2  and 
V3  depending  upon  the  value  of  Poisson’s  ratio.  This  equa¬ 
tion  for  the  torsional  wave  phase  speed  is  strictly  true  only 
for  a  rod  of  circular  cross  section.  If  the  rod  were  elliptical, 
with  major  and  minor  radii  a  and  b,  respectively,  the  speed  is 
modified^”  by  the  multiplicative  factor  {lab /{a-  b-)]. 

Imposition  of  the  free-free  boundary  condition  leads  to  a 
series  of  harmonic  modes  whose  frequencies/, ^  are  given  by 

/J  =  «Cr/2L;«  =  1,2,3,....  (5) 

The  previous  two  equations  can  similarly  be  combined  to 
provide  an  expression  for  the  shear  modulus  of  the  bar  in 
terms  of  its  mass  density,  length,  and  the  ratio  of  the  frequen¬ 
cy  of  the  /ith  mode  to  its  mode  number  n: 

G  =  4pL\fUnf.  (6) 

At  this  point,  if  one  can  measure  the  frequencies  of  these 
modes  along  with  the  mass  and  the  physical  dimensions  of 
the  sample,  sufficient  information  exists  to  completely  speci¬ 
fy  the  elastic  properties  of  the  isotropic,  homogeneous  mate¬ 
rial. 


The  measurement  of  the  flexural  mode  is  not  necessary, 
but  it  does  provide  another  estimate  for  the  Young’s  modu¬ 
lus,  and  its  fundamental  frequency  is  generally  an  order-of- 
magnitude  lower  than  the  longitudinal  modes.  It  can  also  be 
strongly  excited  by  this  transduction  scheme,  so  it  is  easy  to 
observe  and  can  remove  ambiguity  when  torsional  and  longi¬ 
tudinal  modes  occur  at  nearly  the  same  frequency. 

Unlike  the  torsional  and  longitudinal  modes,  the  flex¬ 
ural  waves  of  the  bar  obey  a  fourth-order  differential  equa- 
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tion  and  the  flexural  wave  phase  speed  Cf  is  dispersive.  At 
frequencies  low  enough  that  the  effects  of  rotary  inertia  and 
shear  deformations  associated  with  the  flexure“^  can  be  ne¬ 
glected,  the  flexural  wave  phase  speed  Cf  can  be  expressed  as 

Cfr  =  ,  (7) 

where  k  is  the  radius  of  gyration^^  given  by 

S  is  the  cross-sectional  area  of  the  rod,  and  z  is  the  distance  of 
an  element  above  the  neutral  axis  in  the  direction  of  flexure. 
For  a  rod  of  circular  cross  section,  /c  —  /4.  It  is  worth  not¬ 
ing  that  for  a  rod  of  elliptical  cross  section,  the  two  possible 
polarizations  of  this  mode  are  no  longer  degenerate  and  the 
phase  speed  will  also  depend  upon  whether  the  flexure  is 
along  the  major  or  minor  axes  of  the  ellipse,  in  which  case  the 
appropriate  axis  length  is  substituted  for  d. 

It  is  also  important  to  recognize  that  the  phase  speed 
does  not  increase  without  limit  as  the  frequency  becomes 
infinite.  At  high  frequencies,  the  assumption  that  A^d  fails, 
and  the  contributions  of  the  rotary  inertia  and  shear  are  no 
longer  negligible.  For  the  case  of  A  <d,  the  phase  speed  for 
flexural  waves  asymptotically  approaches  the  Rayleigh 
wave  speed“^*^^  which  varies  from  87.4%  of  Ct  to  95.5%  of 
Ct  for  values  of  Poisson’s  ratio  between  zero  and  one-half. 
All  of  the  measurements  made  using  this  technique  reported 
here  are  at  frequencies  that  are  well  below  this  limit  and  Eq. 
(7)  is  entirely  adequate. 

The  application  of  free-free  boundary  conditions  in  this 
case  leads  to  a  series  of  modes  that  are  not  harmonic.  The 
frequency  of  the  nth  mode  /^,  is  given  by 

=  7r«“c^/f/8L  ^  n  =  3.0112,4.9994,7,9,11....  (9) 

Combining  the  previous  two  equations  and  assuming  a  rod 
of  circular  cross  section,  the  Young’s  modulus  of  the  rod  can 
be  expressed  as 

s=i5l£^^f4T.  (10) 

IT  d  \  rt' / 

where,  as  in  Eq.  (9),  n  takes  the  values  3.01 12,  4.9994,  7,  9, 
11....  For  elliptical  samples  the  reader  is  again  cautioned  to 
substitute  the  length  of  appropriate  axis  for  d  depending 
upon  the  polarization  of  the  specific  mode  excited. 

II.  APPARATUS 

As  demonstrated  in  the  previous  section,  the  ability  to 
measure  the  resonance  frequencies  of  a  free-free  bar  and  the 
knowledge  of  the  mass  and  dimensions  of  the  bar  are  suffi¬ 
cient  to  completely  determine  the  elastic  constants  of  the 
material  of  the  bar  if  it  is  homogeneous,  isotropic,  and  of 
circular  or  elliptical  cross  section.  The  following  subsection 
will  describe  an  electrodynamic  transduction  scheme  that 
can  be  used  to  detect  and  excite  all  three  modes  using  a  single 
coil  of  wire  attached  to  each  end  of  the  bar  placed,  in  various 
orientations,  within  the  field  of  a  magnet.  An  overall  view  of 
the  apparatus  used  to  obtain  the  data  in  this  article,  consist¬ 
ing  of  radar-style  magnets  and  chemistry  ring  stand  sup¬ 
ports,  is  shown  in  Fig.  1.  A  complete  commercial  version  of 
the  measurement  apparatus  is  now  available.  The  cylindri- 
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FIG.  1.  Photograph  of  the  entire  physical  apparatus  shown  with  a  bar  sam¬ 
ple  that  is  approximately  30  cm  long  and  1.2  cm  in  diameter. 

cal  samples  are  typically  25-35  cm  long  and  1 .2  cm  in  diame¬ 
ter  although  there  is  no  reason  why  larger  or  smaller  samples 
should  present  any  difficulties  as  long  as 

A.  Transducer  coils  and  magnets 

The  transducers  are  formed  out  of  two  individual  coils 
of  “magnet”  wire  that  are  glued  to  the  two  ends  of  the  bar 
and  placed  in  the  magnetic  field  of  two  magnets.  The  coils 
that  were  used  to  produce  the  data  discussed  in  the  following 
section  were  fabricated  from  No.  32  gauge  copper  wire 
(nominal  diameter  0.008  in.  =0.2  mm),  about  1  m  long, 
that  were  formed  into  coils  of  approximately  ten  turns  each. 
After  winding  the  coil,  an  additional  length  ( ~  1 2  cm )  of  the 
same  wire  is  wound  helically  around  the  bundle  of  turns  to 
keep  the  coil  together  while  it  is  being  deformed  to  fit  on  the 
bar  and  then  glued.  That  wire  is  provided  only  for  packaging 
and  has  no  electrical  function.  These  coil  parameters  are  not 
particularly  important.  It  is  advantageous  to  use  as  small  a 
gauge  wire  as  possible  to  reduce  the  mass  loading  of  the 
transducer  on  the  bar  modes.  The  wire  for  the  transmitter 
coil  must  have  sufficient  current  carrying  capacity  (typical¬ 
ly  50-200  mArn,s  most  measurements). 

The  coils  are  positioned  in  the  magnetic  gap  formed  by 
two  pole  pieces  that  have  rectangular  faces  that  are  3  cm  long 
and  1  cm  wide.  The  poles  are  typically  separated  by  approxi¬ 
mately  2  cm,  although  an  adjustable  magnet  structure  is  con¬ 
venient  since  it  allows  the  gap  to  be  varied  for  larger  or 
smaller  samples.  When  configured  with  a  2  cm  gap,  the  max¬ 
imum  magnetic  induction  B  at  the  center  of  the  gap  is  typi¬ 
cally  2.0  ±  0.2  kG  (0.20  ±  0.02  T).  Since  nominally  identi¬ 
cal  transducers  are  used  for  both  excitation  and  detection  of 
the  modes,  an  increase  in  the  magnitude  of  the  magnetic  field 
improves  the  magnitude  of  the  signal  in  proportion  to  the 
square  of  the  field. 

When  the  coils  are  positioned  in  the  gap,  they  can  be 
modeled  as  a  resistor  and  inductor  in  series  that,  together, 
are  in  parallel  with  a  capacitance.  For  the  measurements 
reported  in  Sec.  Ill,  the  equivalent  coil  resistance  was  1.6  fl, 
and  the  coil  self-inductance  was  13.7  yuH.  The  value  of  the 
equivalent  parallel  capacitance  was  about  250  pF.  This  sets 
the  coil  self-resonant  frequency  at  several  megahertz,  well 
above  the  highest  frequencies  of  interest.  The  transmitter 
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coil  generates  an  oscillating  force  due  to  the  cross  product  of 
the  current  i  and  the  magnetic  field,  F  =  BX-Al,  where  TV  is 
the  number  of  turns.  The  impedance  seen  by  the  current 
generator  is  that  of  the  equivalent  series  resistor  and  induc¬ 
tor.  The  receiver  generates  an  emf  due  to  the  changing  flux 
<t>,  within  the  area  of  the  coil,  emf  =  d^/dt.  The  output  im¬ 
pedance  of  the  equivalent  generator  is  again  the  equivalent 
coil  impedance,  which  means  that  the  output  should  be 
transformer  coupled  or  a  transimpedance  (current)  pream¬ 
plifier  should  be  used  before  presenting  the  signal  to  stan¬ 
dard  measurement  electronics  (spectrum  analyzers,  volt¬ 
meters,  oscilloscopes,  etc.)  that  have  a  typical  input 
electrical  impedance  of  1  Mfl.  The  electronic  instrumenta¬ 
tion  used  in  our  measurements  will  be  described  in  Sec.  II  C. 

B.  Selective  mode  excitation  and  detection 

The  key  to  the  simplicity  and  economy  of  this  acoustical 
method  of  modulus  measurement  is  the  ability  to  selectively 
and  strongly  excite  the  three  resonant  modes  independently 
using  the  same  inexpensive  (hence  disposable)  transducer. 
Figure  2  illustrates  the  arrangement  of  the  magnet  and  coil 
required  to  transduce  the  torsional  mode.  The  bar  is  placed 
with  its  axis  at  the  center  of  the  pole-piece  faces  that  are 
aligned  along  the  bar  axis.  The  normal  to  the  plane  of  coil  is 
perpendicular  to  the  magnetic  field  lines.  This  makes  the  net 
force  on  the  coil  zero  while  producing  the  maximum  mo¬ 
ment  to  efficiently  generate  the  torsional  waves.  The  bar 
should  be  arranged  so  that  the  straight  section  of  the  coil, 
which  goes  over  the  end  of  the  bar,  is  extending  beyond  the 
end  of  the  pole  pieces  so  that  the  minimum  amount  of  longi¬ 
tudinal  force  is  generated.  For  transduction  of  the  torsional 
mode,  both  magnet-coil  transducers  should,  of  course,  be 
oriented  in  the  aforementioned  fashion.  The  receiver  gener¬ 
ates  its  emf  because  the  plane  of  the  coil  is  “rocking”  back 
and  forth  in  the  region  of  strong,  fairly  uniform  magnetic 
field.  This  change  in  angle  modulates  the  flux  in  the  coil  since 
the  projection  of  the  area,  which  the  coil  presents  in  the  di¬ 
rection  of  the  magnetic  field,  is  varying  harmonically. 


FIG.  2.  Orientation  of  the  coil  and  magnet  pole  pieces  for  the  transduction 
of  the  torsional  mode.  The  arrows  indicate  the  magnitude  and  direction  of 
the  electromagnetic  forces  on  the  two  dominant  sections  of  the  coil  for  a 
given  phase  of  driver  current.  The  forces  produce  the  moment  that  excites 
the  torsional  oscillations. 


FIG.  3.  Orientation  of  the  coil  and  magnet  pole  pieces  for  the  transduction 
of  the  flexural  mode.  The  arrows  indicate  the  magnitude  and  direction  of 
the  electromagnetic  forces  on  the  two  dominant  sections  of  the  coil  for  a 
given  phase  of  driver  current.  The  lower  section  of  the  coil  is  in  the  stronger 
region  of  the  magnetic  field  and  hence  exerts  a  greater  force  on  the  bar  than 
the  upper  section  of  the  coil,  as  indicated  by  the  shorter  arrows  above  the 
bar.  This  leads  to  a  net  force  that  excites  the  flexural  mode. 


The  flexural  mode  can  be  observed  by  rotating  the  bar 
by  90**  and  translating  it  up  or  down  by  the  diameter  of  the 
bar  as  shown  in  Fig.  3.  This  places  one  of  the  long  coil  sec¬ 
tions  near  the  top  of  the  rectangular  pole  faces  while  the 
other  section  is  well  above  or  below  the  pole  face  and  hence 
in  a  position  of  weaker  magnetic  field.  The  forces  generated 
by  these  two  sections  of  coil  are  then  in  opposition  but,  be¬ 
cause  one  of  the  sections  has  a  force  which  is  of  greater  mag¬ 
nitude,  the  net  force  causes  the  bar  to  flex.  The  receiver  coil  is 
then  raised  and  lowered  through  the  field  gradient  changing 
the  flux  through  the  coil  and  generating  the  emf. 

The  longitudinal  mode  can  be  excited  and  detected  by 
rotating  the  pole  pieces  so  that  the  long  edge  of  each  pole 
piece  is  now  vertical.  The  separation  between  the  two  mag¬ 
net  structures  at  either  end  of  the  bar  is  increased  so  that  the 
strong  region  of  magnetic  field  is  primarily  felt  by  the  short 
section  of  coil  that  crosses  the  end  of  the  bar  along  its  diame¬ 
ter.  This  configuration  is  shown  in  Fig.  4.  The  currents  in 


of  the  longitudinal  (extensional)  mode.  Note  that  the  pole  pieces  have  been 
rotated  by  90“  to  concentrate  the  magnetic  field  just  beyond  the  end  of  the 
bar.  The  arrows  indicate  the  magnitude  and  direction  of  the  electromagnet¬ 
ic  forces  on  the  dominant  section  of  the  coil  for  a  given  phase  of  driver  cur¬ 
rent.  Since  this  section  of  the  coil  at  the  end  is  shorter  than  the  other  sections 
used  to  drive  the  torsional  and  flexural  modes,  it  is  useful  to  reduce  the 
amount  of  stray  magnetic  field  that  links  the  other  portions  of  the  coil  if  the 
longitudinal  mode  spectrum  is  not  to  be  “polluted  by  the  presence  of  the 
torsional  modes. 
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that  short  section  generate  longitudinal  forces  on  the  end  of 
the  bar  that  excite  the  longitudinal  wave  mode.  Similarly,  at 
the  receiver,  the  coil  is  moved  in  and  out  of  the  strong  field 
region  by  the  wave-induced  motion  and  thereby  generates 
the  emf. 

Since  the  torsional  and  flexural  modes  use  the  longer 
section  of  the  coil,  they  are  the  most  strongly  excited  and  (by 
reciprocity"^®)  detected.  The  longitudinal  mode  is  less  re¬ 
sponsive  but  can  usually  be  detected  with  little  difficulty.  It 
is  generally  wise  to  measure  the  torsional  and  flexural  modes 
first,  since  there  are  usually  some  torsional  modes  observed 
when  longitudinal  modes  are  being  excited.  If  this  is  the  case, 
there  will  be  no  confusion  if  the  torsional  frequencies  have 
already  been  cataloged.  In  particularly  difficult  cases,  the 
expected  frequencies  of  the  longitudinal  modes  can  be  calcu¬ 
lated  based  on  the  Young’s  modulus  derived  from  the  flex¬ 
ural  modes  since  those  modes  are  always  easy  to  observe  and 
occur  at  several  frequencies  that  are  lower  than  even  the 
lowest  torsional  mode.  This  procedure  can  help  in  the  posi¬ 
tive  identification  of  the  longitudinal  modes  when  there  is 
any  ambiguity. 

C.  Instrumentation 

An  additional  advantage  of  this  technique  is  that  it  can 
be  performed  with  common  laboratory  instrumentation. 
Figure  5  provides  a  block  diagram  of  a  typical  measurement 
setup.  As  previously  mentioned,  the  only  unusual  feature  is 
the  choice  of  a  transimpedance  configuration  for  the  pream¬ 
plifier.  Since  the  output  impedance  of  the  transducer  coils 
are  typically  only  a  few  ohms,  a  current-to-voltage  converter 
is  dictated  for  low  noise  performance.  The  alternative  would 
be  a  stepup  signal  transformer  such  as  the  PAR  181,  Ref.  41 , 
but  the  availability  of  good  quality,  low  current  drain,  oper¬ 
ational  amplifiers  for  about  a  dollar"*^  (e.g.  LF  441,LM308, 
etc.)  make  a  battery  operated  preamplifier  with  a  feedback 
resistor  in  the  1-  to  lO-kfl  range  more  attractive.  Since  the 
bar  can  vibrate  at  low  frequency  due  to  the  soft  suspension,  a 
high-pass  filter  with  a  10-Hz  rolloff  frequency  will  remove 
annoying  jitter  on  the  oscilloscope  due  to  the  experimenter 
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jostling  the  work  bench  by  turning  knobs  on  the  instruments. 
On  the  transmitter  side,  any  power  amplifier  capable  of  deli¬ 
vering  a  watt  to  a  1 -ft  load,  such  as  the  HP  467,  or  any  good 
audio  transformer  is  entirely  adequate  to  couple  signal 
sources  of  typically  50-  or  600-ft  output  impedance  to  the 
low-impedance  transducer  coil. 

Beyond  this  point,  the  choice  of  instrumentation  will  be 
dictated  by  the  equipment  on  hand.  It  is  particularly  conven¬ 
ient  to  have  a  swept-sine  spectrum  analyzer  with  a  CRT 
display  of  amplitude  (linear  or  log)  versus  frequency  to  set¬ 
up  the  system,  adjust  the  coils  and  pole  pieces,  and  identify 
the  various  resonant  modes.  Due  to  the  large  signal-to-noise 
ratio,  excellent  results  with  precision  in  excess  of  0.1%  can 
be  obtained  using  only  an  ac  voltmeter,  a  signal  generator, 
and  a  frequency  counter.  A  reciprocal  counter  or  an  ordi¬ 
nary  counter  used  in  the  period  mode  is  preferable  since  the 
frequencies  of  the  flexural  modes  are  typically  100-1000  Hz. 
We  have  found  the  HP  3580A  spectrum  analyzer  (5  Hz- 
50  kHz)  particularly  useful  both  in  our  research  and  teach¬ 
ing  laboratories.  Still  better  is  the  HP  3562A  dynamic  signal 
analyzer  (0-100  kHz)  that  will  automatically  create  a  fit  to 
as  many  as  ten  resonances,  providing  their  frequency  and 
quality  factor  in  a  pole-zero  table  and  displaying  the  fit  func¬ 
tion  overlayed  on  the  acquired  spectrum  for  comparison. 
[Figures  8-10  were  generated  by  the  HP  3562A  directly  us¬ 
ing  a  digital  pen  plotter  (HP  7470A).] 

D.  Phase-locked  resonance  tracking 

As  mentioned  in  the  Introduction,  one  of  the  most  im¬ 
portant  material  measurements,  particularly  for  hydro¬ 
phone  design,  is  the  change  in  modulus  with  temperature.  In 
several  hydrophone  designs,^' the  elastic  properties  of  the 
materials  dictate  hydrophone  sensitivity  and  some  auxiliary 
element  (optical  fiber,  PVDF,  piezoresistive  strain  gauges 
etc. )  provides  the  actual  transduction  mechanism.  The  tech¬ 
nique  described  here  is  particularly  well  suited  to  such  tem¬ 
perature  dependance  measurements.  Figure  6  is  a  block  dia¬ 
gram  of  the  instrumentation  we  use  to  produce  a 


FIG.  5.  Block  diagram  of  the  typical  in¬ 
strumentation  used  to  observe  the  modes 
of  the  bar.  Transformers  can  be  substitut¬ 
ed  for  the  two  amplifiers  if  desired.  A 
swept-sine  spectrum  analyzer  with  a  CRT 
display,  such  as  an  HP  3580A  or  PH 
3562A,  is  recommended  to  optimize  the 
coil  and  magnet  setup  and  to  simplify  the 
identification  of  the  various  modes. 
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FIG.  6.  Block  diagram  of  the  phase-lock- 
loop  used  to  automatically  track  the 
change  in  the  resonance  frequency  of  a 
particular  mode  as  a  function  of  tempera¬ 
ture.  Only  the  digital  multimeter  (ther¬ 
mometer)  and  the  frequency  counter  have 
to  be  “bus  compatible”  for  computerized 
data  acquisition,  display,  and  analysis 
since  the  resonance  tracking  is  performed 
entirely  by  the  analog  electronics. 


phase-locked-loop'*^  to  facilitate  the  automation  of  such 
measurements. 

Our  usual  procedure  is  to  identify  the  modes  of  the  bar 
at  room  temperature,  as  discussed  previously,  and  then  se¬ 
lect  a  given  mode  for  automatic  tracking  with  temperature. 
This  is  done  by  turning  the  voltage  controlled  oscillator 
(VCO)  manually  to  resonance  with  the  integrator  shorted 
and  the  error  signal  feedback  path  open  so  that  there  is  no 
error  signal  presented  to  the  voltage  control  (feedback) 
point.  The  phase  shifter  is  then  adjusted  so  that  there  is  zero 
output  from  the  quadrature  signal  channel  of  the  lock-in 
amplifier.  The  integrator  can  then  be  opened  and  the  control 
loop  completed.  If  the  resonance  “runs  away”  the  signal  (ei¬ 
ther  transmitter  or  receiver)  needs  to  be  inverted.  This  is 
most  easily  accomplished  by  shifting  the  phase  an  additional 
+  180°  if  a  lock-in  analyzer  is  being  used  as  the  mixer/ 
phase-shifter/low-pass  filter.  It  may  also  be  necessary  to  ad¬ 
just  the  filter  time  constant  and  amplifier  gain  if  the  signal 
oscillates.  Once  the  control  loop  is  locked  and  stable,  the 
temperature  may  be  varied. 

One  may  elect  to  eliminate  the  error  signal  integrator 
and  place  the  output  of  the  low-pass  filter  that  follows  the 
mixer  directly  into  the  VCO  control.  Without  the  integrator, 
there  must  always  be  some  phase  error  present  to  provide  the 
required  VCO  offset  from  its  free-running  frequency.  In 
cases  with  high  Q  resonances,  the  loop  gain  can  be  made  so 
large  and  the  time  constant  so  long  ( 1-10  s)  that  the  phase 
error  is  entirely  negligible. 

We  generally  use  a  small  thermistor'*^  with  a  mass  of 
only  25  mg  to  monitor  the  temperature  of  the  sample  since  it 
introduces  minimal  perturbation  (none  if  mounted  at  the 
center  of  the  bar  and  odd  modes  are  monitored),  and  it  can 
be  read  directly  in  degrees  Celsius  or  Fahrenheit  to  a  preci- 
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the  multimeter  and  frequency  counter  are  “bus  compatible,” 


FIG.  7.  Photograph  of  one  of  our  “sample  trees.”  The  use  of  standard  chem¬ 
istry  ring  stands  and  clamps  for  sample  storage  is  particularly  convenient 
since  the  transducer  leads  do  not  tend  to  tangle  or  break  and  the  labels  are 
easily  readable. 
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FIG.  8.  Spectrum  of  the  first  five  torsional 
modes  of  the  sample  bar  between  1  and  9 
kHz.  The  solid  line  is  the  measurement 
and  the  dashed  line  is  a  fit  to  the  data 
created  by  the  HP  3562A  Dynamic  signal 
analyzer.  Notice  that  the  dynamic  range  is 
in  excess  of  70  dB,  there  is  no  noise,  the 
modes  are  harmonically  related,  and 
neither  the  longitudinal  nor  flexural 
modes  are  apparent. 


the  entire  set  of  temperature  measurement  data  can  be  ac¬ 
quired,  displayed,  and  analyzed  by  computer,  since  the  actu¬ 
al  “resonance  tracking”  is  performed  entirely  by  the  analog 
electronics. 

III.  DATA  ANALYSIS 

In  this  section  the  complete  analysis  of  the  elastic  con¬ 
stants  of  a  single  sample  will  be  described  in  the  hope  of 
making  the  actual  use  of  this  technique  more  transparent. 
The  choice  of  this  particular  composite  epoxy  sample  was 
dictated  only  by  convenience  and  by  the  fact  that  its  cross 
section  had  a  small,  but  non-negligible  amount  of  ellipticity. 
This  allows  discussion  of  the  required  corrections  for  an 
“imperfect”  sample.  Results  are  considerably  better  for  me¬ 
tallic  samples  since  their  resonances  have  higher  quality  fac¬ 
tors  and  their  densities  are  higher  than  plastics.  The  higher 
density  reduces  the  effects  of  the  added  transducer  mass 
(typically  1  g). 


A.  Sample  preparation  and  geometry 

The  sample  that  will  be  used  as  an  example  here  is  a  high 
tensile  strength  epoxy'*^  which  has  been  filled  with  1/32  in. 
glass  fibers  to  20%  by  weight  during  mixing.  It  was  cast  in  a 
plastic  tube  that  had  been  coated  prior  to  casting  with  a  mold 
release  agent."*^  The  mold  was  cured  at  room  temperature. 
The  sample  was  pushed  out  of  the  tube  and  the  ends  were 
sawed  straight  using  a  bandsaw.  Its  length  was  measured  to 
be  33.60  +  0.02  cm  and  it  was  found  to  have  a  mass  of 
55.723  ±  0.001  g.  As  can  be  seen  from  the  dozen  samples, 
shown  in  Fig.  7,  the  actual  sample  size  is  not  critical.  The 
maximum  and  minimum  diameters  were  measured  at  five 
points  along  the  sample  and  were  found  to  be  13.17  ±  0.02 
mm  and  12.77  ±  0.02  mm,  respectively,  yielding  a  mean  di¬ 
ameter  of  12.97  ±0.20  mm  and  an  average  density  of 
1.256  ±  0.004  g/cc  (  ±  0.3% ) .  It  is  not  ususual  to  have  this 
degree  of  ellipticity  in  a  sample  which  is  cast  in  a  plastic  tube. 
Glass  tubes  are  more  circular  but  are  more  dangerous  to 


FIG.  9.  Spectrum  of  the  first  three  flexural 
modes  of  the  sample  bar  between  100  and 
1300  Hz.  Notice  that  these  three  modes 
are  not  harmonically  related.  The  dynam¬ 
ic  range  is  80  dB,  and  the  first  appearance 
of  noise  is  at  least  75  dB  below  the  ampli¬ 
tude  of  the  first  mode. 
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FIG.  10.  Spectrum  of  the  first  three  longi¬ 
tudinal  modes  of  the  sample  bar  between  2 
and  10  kHz.  The  solid  line  is  the  measure¬ 
ment  and  the  dashed  line  is  a  fit  to  the  data 
created  by  the  HP  3562A  Dynamic  signal 
analyzer.  Notice  that  there  is  some  slight 
evidence  of  the  second  torsional  mode  at  a 
frequency  just  above  the  fundamental  lon- 
giudinal  mode. 


lOK 


remove  since  they  are  seldom  removed  in  one  piece.  ^ 

Transducer  coils  were  then  attached  with  Duco  ce¬ 
ment  as  described  previously.  For  the  case  of  a  sample  with 
an  elliptical  cross  section,  it  is  preferable  to  orient  the  coils 
along  either  the  major  or  minor  diameter  so  that  the  polar¬ 
ization  of  the  flexural  mode  is  known  and  the  analysis  can  be 
more  specific.  For  this  sample,  the  major  and  minor  diame¬ 
ters  differ  by  3%  corresponding  to  a  difference  of  6%  in  the 
frequencies  of  the  two  polarizations.  After  attachment,  the 
bar  should  be  reweighed  to  determine  the  added  mass  of  the 
coils  and  their  adhesive.  Although  this  measurement  can  be 
made  to  very  high  precision,  the  fact  that  the  amount  of  lead 
wire  which  participates  in  the  vibration  is  not  known  means 
that  the  added  mass  is  only  approximate.  For  this  sample  I 
have  taken  the  added  mass  to  be  1.5  ±  0. 1  g.  This  uncertain¬ 
ty  does  not  significantly  degrade  the  accuracy  of  the  results 
since  it  produces  an  error  in  the  effective  length  of  only  about 
i%. 

B.  Modal  analysis 

Figures  8-10  show  the  spectrum  of  the  gravest  tor¬ 
sional,  flexural,  and  longitudinal  modes  of  the  bar.  The  indi¬ 
vidual  spectra  are  described  in  the  figure  captions  and  the 
frequencies  of  the  modes  are  summarized  in  Table  1.  The 
standard  deviation  of  the  normalized  frequencies  are  shown 
next  to  their  average  values  followed  by  the  relative  uncer¬ 
tainty  of  the  mean  values  expressed  as  a  percent.  The  relative 
uncertainty  in  the  mean  is  derived  from  the  ratio  of  the  stan¬ 
dard  deviation  to  the  mean  divided  by  the  square  root  of  the 
number  of  measurements  minus  one.  One  can  see  from  those 
relative  uncertainties  that  the  technique  is  indeed  precise 
and  the  assumed  frequency  ratio  [Eqs.  (2),  (5),  and  (9)] 
are  correct. 

C.  Calculated  moduli 

The  shear  modulus  is  derived  directly  from  Eq.  (6)  us¬ 
ing  the  measured  density  and  the  appropriate  effective 
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length  [Eq.  (A9)],  which  for  this  sample  is  35.41  cm 
(  ^  0.4%).  The  result  is  (7  =  1.77  ±  0.02  GPa,  with  a  rela¬ 
tive  uncertainty  of  ±1%.  The  major  contribution  to  the 
uncertainty  arises  from  the  0.6%  relative  uncertainty  in  f„/n 
based  on  the  assumed  harmonicity  of  the  lowest  five  modes. 
The  correction  to  the  torsional  wave  speed,  and  hence  the 
resonance  frequencies,  due  to  the  ellipticity  of  the  sample,  is 
less  than  four  parts  in  ten  thousand. 

The  Young’s  modulus  derived  from  the  measurement  of 
the  resonance  frequencies  of  the  first  three  longitudinal 
modes  [Eq.  (3)  ]  is  =  5.23  ±  0.05  GPa,  with  a  relative 

TABLE  I.  Summary  of  the  frequencies  of  the  three  modes  of  vibration  of  the 
sample  bar  described  in  the  text.  The  number  following  the  average  of  the 
normalized  frequency  is  the  standard  deviation.  The  number  following  the 
standard  deviation  in  parentheses  is  the  relative  uncertainty  in  the  mean 
value  reported  as  a  percent.  It  is  equal  to  the  ratio  of  the  standard  deviation 
to  the  mean  divided  by  the  square  root  of  the  number  of  entries  in  the  table 
less  one. 


Modal  frequency  summary 

Mode  number  Frequency  (Hz)  Normalized  frequency  (Hz) 
In]  [/J  Lfjn] 


Torsional 

1 

1644 

1644 

2 

3341 

1670 

3 

5080 

1693 

4 

6750 

1688 

5 

8446 

1689 

Average 

1677 -h20(  ±0.6%) 

Flexural 

(3.0112)^ 

203.1 

22.40 

(4.9994)- 

(7.0000)^ 

560.4 

22.42 

1104 

22,53 

Average 

22.45  ±  0.07  (  ±0.2%) 

Longitudinal 

1 

2941 

2941 

2 

5936 

2968 

3 

8896 

2965 

Average 

2958  ±  15(  ±0.4%) 
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uncertainty  of  ±  0.9%,  with  again  the  dominant  correction 
being  due  to  the  ±  0.4%  relative  uncertainty  in  f„/n  based 
on  the  assumed  harmonicity  of  the  lowest  three  modes.  The 
effective  length  used  for  this  mode,  as  well  as  the  flexural 
mode,  is  34.51  cm  +  0.2%. 

The  flexural  mode  measurements  produce  a  Young's 
modulus  based  on  Eq.  ( 10)  of  =  5.37  +  0.09  GPa  with  a 
relative  uncertainty  of  ±  1.7%.  If  one  considers  only  the 
error  introduced  by  the  uncertainty  in  the  effective  length 
correction,  the  error  would  be  about  1%,  but  the  coils  were 
not  exactly  aligned  with  the  major  diameter  and  the  in¬ 
creased  uncertainty  is  increased  to  reflect  that  fact.  In  any 
case,  the  determinations  of  the  Young’s  modulus  differ  by 
about  2.7%  and  would  correspond  to  a  rotation  of  the  coil 
axis  by  about  30“  from  the  assumed  orientation.  Better  agree¬ 
ment  could,  of  course,  be  obtained  if  a  sample  of  circular 
cross  section  was  used,  or  if  the  orientation  of  the  coils  were 
determined  more  accurately  and  chosen  to  excite  the  mode 
polarized  so  that  the  minor  diameter  would  have  dominated 
the  flexural  resonance,  since  this  is  the  lower  energy  polar¬ 
ization,  hence  the  preferred  mode. 
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APPENDIX:  EFFECTIVE  LENGTH  CORRECTION 

In  the  development  presented  in  the  body  of  this  article, 
the  added  mass  of  the  coils  and  their  adhesive  was  neglected 
since  its  introduction  at  that  point  would  have  detracted 
from  the  development  of  the  technique.  Since  the  mass  of 
both  of  these  transducers,  m,  can  be  incorporated  into  the 
modulus  equations  [Eqs.  (3),  (6),  and  (10)]  through  the 
introduction  of  an  efiective  length  of  the  bar  the  accu¬ 

rate  value  of  the  modulus  can  be  determined  if  an  expression 
for  the  effective  length  can  be  obtained.  The  results  present¬ 
ed  below  were  first  obtained  by  Rayleigh^^  for  the  longitudi¬ 
nal  (Sec.  155)  and  flexural  (Sec.  185)  cases,  although  not 
for  the  torsional  case.  A  simple  derivation  of  the  length  cor¬ 
rection  for  all  three  cases  is  presented  here  in  the  hope  that 
the  potential  users  of  this  technique  will  be  more  confident  in 
the  application  of  these  corrections  and  also  be  aware  of  the 
limitations  inherent  in  the  assumptions  used  to  derive  them. 

All  three  corrections  will  be  obtained  by  means  of  Ray¬ 
leigh’s  method^^  that  obtains  the  resonance  frequency  by 
equating  the  maximum  kinetic  and  potential  energies  of  the 
vibrating  system.  This  result  is  most  easily  seen  for  the  case 
of  a  lumped  parameter,  simple  harmonic  oscillator  where 
the  kinetic  energy  is  {l/2)mvl  and  the  potential  energy  is 


(l/2)fcco.  For  simple  harmonic  motion  ^  ojxq,  and  the 
well-known  result  for  the  frequency  of  oscillation  is  ob¬ 
tained: 


1  2  1  22  1|2.2  k- 

— =  —kxl  .  ( Al ) 

2  2  2  m 

Since  the  perturbation  is  applied  at  the  free  ends  of  the  bar  in 
all  three  cases,  only  the  kinetic  energy  of  the  system  will  be 
effected  at  lowest  order,  which  is  adaquate  since  m/M4 1. 
The  square  of  the  relative  shift  in  the  resonance  frequency 
{8f/f)^y  due  to  the  added  mass,  therefore  depends  only  on 
the  relative  shift  in  the  kinetic  energy  caused  by  the  addition 
of  the  transducers: 


8f^  8co  ^  -  \  SKE 
f  (o^  1  KE  ' 


(A2) 


The  effective  length  is  written  in  terms  of  the  actual 
length  of  the  bar  before  attachment  of  the  coils  L,  and  the 
ratio  of  the  total  mass  added  by  both  of  the  coils  and  their 
adhesive  m,  to  the  bare  mass  of  the  rod  A/.  total  mass  of 
the  bar  after  the  transducer  coils  have  been  attached  is  then 
Mot  In  all  of  the  following  calculations  it  is  as¬ 

sumed  that  half  of  the  total  added  mass  is  applied  at  a  point 
at  both  ends  of  the  bar.  Although  this  is  not  strictly  the  case, 
since  the  length  of  either  coil  when  mounted  on  the  bar  is 
about  5%-10%  of  a  wavelength  for  the  fundamental  mode, 
the  difference  in  the  motion  of  the  various  parts  of  the  coil  is 
negligible.  This  is  because  the  effective  length  correction 
8L  =  Leff  -  is  only  a  few  percent  of  the  total  length  and 
the  neglect  of  the  variability  in  the  coil  motion  modifies  that 
correction  by  only  about  5%,  making  its  effect  on  the  order 
of  a  part  per  thousand  of  the  length. 


1.  Longitudinal  mode 

The  calculation  for  the  effective  length  of  the  bar  in  the 
lowest  frequency  longitudinal  mode  is  simplified  if  one  ex¬ 
ploits  the  symmetry  of  that  mode.  Since  the  cemter  of  the  bar 
is  at  rest,  the  entire  left  half  of  the  bar  can  be  replaced  by  a 
rigid  end  at  x:  =  0  as  diagramed  in  Fig.  Al .  The  displacement 
of  the  bar  due  to  the  acoustic  oscillations  can  be  written  as 

=  1*0  sin  kx  sin  cot,  (^3) 

where  io  is  the  displacement  of  the  free  end,  k  =  Itt/X  is  the 
wavenumber,  co  =  lirf{  is  the  frequency  of  the  fundamental 
longitudinal  mode,  and  co/k  =  is  the  phase  speed  of  longi¬ 
tudinal  waves.  The  kinetic  energy  of  the  unloaded  bar  in 


X  =  0  X  =  L 


FIG.  Al.  Schematic  diagram  of  a  fixed-free,  mass  bar  of  half  the 
length  of  the  original  free-free  bar.  The  mass  f/f  unloaded  bar  is 
M  =  {Tr/^)d  ~Lp,  and  the  added  mass  is  m.  In  this  and  m  refer 

to  one-haif  of  the  corresponding  parameters  for  the  frtc-free  case.  The 
acoustic  particle  displacement  of  the  end  of  the  bar  is  jry:xated  by 


J.  Acoust.  Soc.  Am.,  Vol.  88,  No.  1 ,  July  1990 


Steven  L.  Garrett:  Resonant  acoustic  detef^irjston 


16 


longitudinal  vibration  KE^  can  be  obtained  by  integration 
as  shown  below: 

kx  dx  =  ^  Mam,  (^4) 

where  temporarily  we  have  taken  m  to  be  the  added  mass  due 
to  a  single  coil  and  the  length  L  to  be  equal  to  half  of  the 
original  bar  length,  since  we  are  now  concerned  with  only 
half  of  the  bar.  As  before,  5  is  the  cross-sectional  area  of  the 
bar  and  p  is  its  mass  density. 

The  kinetic  energy  of  the  coil  placed  at  the  end  5KE  is 
simply  ( l/2)my^  under  the  assumption  that  all  ofthe  mass  is 
in  fact  concentrated  at  the  end.  The  relative  shift  is  simply 
SKE/KE  —  2m/ M.  From  Eq.  (2)  we  have  that  the  length  of 
the  bar  and  its  resonance  frequency  are  inversely  proportion¬ 
al,  hence, 

SL^-Sf_±8^_m  (^5) 

L  f  1  KE  M 

The  effective  length  for  the  longitudinal  mode  is  therefore 
given  as 

m^^Li\+m/M).  (A6) 

The  above  result  applies  to  the  entire  bar  since  the  length 
would  be  twice  that  in  Fig.  A1  as  would  be  the  added  mass, 
since  there  are  now  two  transducer  coils.  This  simple  result 
can  be  interpreted  as  saying  that  the  frequency  of  the  mass- 
loaded  bar,  for  small  m/M  \s  the  same  as  an  unloaded  bar  of 
equal  cross  section  that  has  been  lengthened,  so  that  its  mass 
is  now  Af  ,o,  =  M  +  m. 


2.  Torsional  mode 


The  same  style  of  argument  applies  to  the  torsional  case 
except  that  the  location  ofthe  added  mass  with  respect  to  the 
axis  ofthe  bar  is  important,  since  the  torsional  oscillations 
occur  due  to  the  restoring  torque  and  the  moment  of  inertia 
ofthe  bar’s  mass.  For  this  case  the  kinetic  energy  is  due  to 
rotation  so  that 

of  inertia  and  ado  is  the  maximum  angular  velocity.  The 
moment  of  inertia^*  of  a  disk  of  mass  m  and  diameter  cf  is  ( 1/ 
8)wd^  The  unloaded  kinetic  energy  of  rotation,  KEl,  for 
the  bar  undergoing  torsional  oscillations  can  be  obtained  by 
integration  as  in  the  longitudinal  case,  since  the  angular  dis¬ 
placement  at  each  point  along  the  bar  is  given  by  Eq.  ( A3 )  if 
6o  is  substituted  for  I’q: 


1 

KEl  =  —pSam -  s\n^  kxdx  = 

2  8  Jo 


Ma^eld'^ 


32 


(A7) 


For  an  ellipse,  would  be  replaced  by  the  product  of  the 
major  and  minor  axes. 

Since  the  coil  mass  is  located  primarily  at  the  disk  radi¬ 
us,  its  moment  of  inertia  is  (l/4)/72^^,  and  the  change  in 
kinetic  energy  would  be  {X/V^m^dco  ,  (Again,  the  fact 
that  a  small  portion  ofthe  coil  is  placed  across  the  end  of  the 
bar,  rather  than  on  its  surface,  is  neglected  since  this  would 
be  a  small  correction  to  a  small  correction.)  The  relative 
change  in  the  kinetic  energy  for  this  case  would  therefore  be 
8KE  /KE  =  4m/M  For  a  sufficiently  elliptical  sample  it 
could  be  important  to  arrange  that  the  plane  ofthe  coil  coin¬ 


cide  with  either  the  major  or  minor  diameter  of  the  ellipse, 
since  this  would  effect  the  length  correction  because  the  ^ 
terms  in  the  two  kinetic  energy  expressions  would  not  neces¬ 
sarily  cancel. 

The  frequency  of  the  torsional  mode  and  its  length  are 
inversely  related  [Eq.  (5)  ],  the  relative  frequency  shift  and 
hence  the  relative  length  change  is  given  by 

8L  ^  -Sf  ^  ^  ^  ) 

L  f  1  KE  M' 
and  the  effective  length  is, 

+  2/r2/M).  (A9) 

This  suggests  that  the  mass  of  the  coil  is  twice  as  effec¬ 
tive  in  reducing  the  frequency  of  the  torsional  mode  as  the 
same  added  mass  would  have  been  in  reducing  the  frequency 
of  the  longitudinal  mode. 


3.  Flexural  mode 

The  unloaded  transverse  displacement  function  yix,t) 
of  the  bar  for  the  gravest  flexural  mode  is  also  known  exact- 

ly26,35 

y(x,t)  =  j^o[cosh  kx  +  cos  kx 

—  5(sinh  kx  +  sin  /:x:)  ]sin  cot,  (AlO) 

where,  for  the  lowest  frequency  mode  /c  =  4.73  for  a  bar  of 
unit  length,  5  =  —  0.985,  and  yo  is  half  the  amplitude  of 
either  end  of  the  bar.  Based  on  this  function,  one  could  calcu¬ 
late  the  kinetic  energy  of  transverse  vibration  of  the  bar  from 
the  well-known‘^‘  expression: 

(All) 

To  simplify  the  calculation,  a  polynomial  approxima¬ 
tion  to  the  exact  solution  (x,^)  will  be  used.  In  contrast  to 
the  exact  expression  Eq.  (AlO)  for;^(.x,r),  which  is  written 
with  the  origin  of  the  coordinate  system  at  the  left  end  of  the 
bar,  the  origin  of  the  coordinate  system  for  y*(x,t)  will  be 
translated  to  the  center  of  the  bar  to  exploit  the  symmetry  of 
the  fundamental  mode: 

y*ix,t)  =  (A  /L^)(cL^-3Ly -h2x^)sinfi)/.  (A12) 

For  the  approximate  expression,  the  limits  of  integration  for 
the  kinetic  energy  integral  [Eq.  (All) ]  must  then  become 
±L/2.  * 

This  functional  form  has  the  advantage  that  it  automati¬ 
cally  satisfies  the  boundary  conditions  on  the  bar  since 
(^Vi9x),  =  o  =0,and  {d^y*/dx^)^^^r^n  =0.  The  value 
of  the  constant  c  =  0.2363,  is  set  by  forcing  the  two  functions 
to  have  equal  values  at  their  centers  and  their  end  points. 
Since  the  added  mass  is  applied  at  the  ends  of  the  bar,  and  the 
kinetic  energy  is  to  be  recalculated  to  obtain  the  frequency 
shift,  this  seems  to  be  the  reasonable  choice.  Here,  A  is  an 
abitrary  constant  that  determines  the  amplitude  of  the  mo¬ 
tion  and  hence  is  not  significant  in  the  linear  theory.  For  this 
case,  its  value  is  2.57  times  greater  than  the  transverse  dis¬ 
placement  of  either  end  points. 
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FIG.  A2.  Plot  of  the  exact  solution  (A  10)  for  the  transverse  displacement 
of  a  free-free  bar  executing  flexural  oscillations  and  the  polynomial  approx¬ 
imation  ( A 1 2 )  used  to  calculate  the  kinetic  energy  and  its  mass-loaded  cor¬ 
rection.  The  nodes  of  the  exact  solution  are  located  0.224  L  from  the  ends  of 
the  bar  and  the  nodes  of  the  approximate  solution  are  at  0.2 1 1  L.  The  length 
of  the  bar  has  been  normalized  to  unity  as  has  the  transverse  displacement  of 
the  free  ends  of  the  bar. 


The  polynomial  approximation  Eq.  (A  12)  and  the  ex¬ 
act  solution  Eq.  (All)  are  plotted  together  in  Fig.  A2, 
where  it  is  apparent  that  their  shapes  are  similar.  For  the 
exact  solution,  the  nodes  are  located  0. 224 L  from  either  end. 
The  nodes  of  the  approximate  solution  are  0.21 1 L  from  the 
ends.  Substitution  of  the  polynomial  approximation  into  the 
integral  for  the  kinetic  energy  [Eq.  (All)]  yields  KEq 
=  1.85  X  \0~^MA  The  maximum  velocity  at  the  end  of 
the  bar  is  simply  coy*  (  +  Z-  /2 ) ,  so  the  change  in  kinetic  ener¬ 
gy  (l/2)mi;^  =  7.56X  W.  The  relative 

change  in  kinetic  energy  8KE  /KE  is  calculated  to  be  4. 1  m/ 
M.  Since,  for  the  flexural  mode,  the  frequency  is  proportion¬ 
al  to  the  square  root  of  the  energy  ratio  and  inversely  propor¬ 
tional  to  the  length  of  the  bar  squared  [Eq.  (9)],  the  re¬ 
quired  effective  length  correction  8L,  is  given  by 

A,L  _  — I  8co_—\(  —  \  ^rn_  (A13) 

“Zr‘”2  (0  ~  1  \  1  KE) 

It  was  reasonable  to  let  4.1:=::  4.0,  since  the  Rayleigh 
method  always  generates  an  overestimate  and  the  exact 
transverse  displacement  function  would  also  have  shifted 
slightly  due  to  the  added  mass  that  would  have  changed  the 
condition  that  {d^y/dx^)^^  This  suggests  that 

the  effective  length  correction  for  the  flexural  mode  is  identi¬ 
cal  to  that  for  the  longitudinal  mode. 

-hm/M).  (A14) 

The  above  result  agrees  with  that  obtained  by  Ray- 
leigh^^  in  Sec.  186  of  The  Theory  of  Sound  where  he  makes 
the  following  statement  after  a  more  rigorous  calculation  for 
the  flexural  mode:  “If  the  load  be  at  the  end,  its  effect  is  the 
same  as  lengthening  of  the  bar  in  the  ratio  M:M  +  dM"" 
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1.0  Absorption  and  Dispersion  in  Gases 


Note:  Much  of  the  following  was  taken  verbatim  from  the  book  Physical  Ultrasonics 
by  Robert  T.  Beyer  and  Stephen  V.  Letcher  published  by  Academic  Press  in  1969.  It  is 
my  understanding  that  a  newer  version  of  this  classic  is  in  preparation.  I  would  like  to 
thank  Dr.  Beyer  for  his  permission  to  use  this  material.  I  have  made  changes  to  conform  to 
my  own  notation  and  to  emphasize  selected  points.  I  accept  responsibility  for  errors 
introduced  in  the  process. 

1.1  Wave  Equation 

In  the  early  part  of  the  nineteenth  century,  Stokes  1  in  England  analyzed  the  effect  of 
viscosity  on  the  propagation  of  a  sound  wave  in  a  gas.  This  analysis  yielded  an  absorption 
coefficient,  as  we  shall  see  later.  In  1868,  Kirchhoff^  considered  the  effect  of  heat 
conduction  in  dissipating  the  energy  of  a  sound  wave,  and  presented  a  derivation  which 
took  both  viscosity  and  heat  conduction  into  account. 

It  proved  impossible  to  test  either  of  these  theories  quantitatively  until  the  present 
century.  By  that  time,  these  theories  had  been  so  long  established  in  the  literature  that  they 
had  been  given  the  name  classical.  Although  the  presence  of  both  of  these  processes  has 
now  been  proved  experimentally,  they  are  usually  not  the  most  important  causes  of  sound 
absorption.  Nevertheless,  they  can  be  treated  simply,  and  can  also  serve  as  an  introduction 
to  the  more  complicated  processes  with  which  we  must  deal  later. 

Hopefully,  you  have  all  seen  the  equations  governing  the  propagation  of  a  plane  wave 
in  a  dissipation-free  medium.  I  will  repeat  many  of  those  equations  for  completeness,  but  I 
am  going  to  be  especially  interested  in  a  microscopic  interpretation  of  individual  terms.  Let 
us  recall  some  of  the  features  of  that  calculation.  We  begin  with  the  equation  of  continuity 
(or  conservation  of  mass): 
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-d{pO/dx  =  dp{dt.  (1) 

We  also  introduce  the  equation  of  motion  (or  conservation  of  momentum): 

(2) 

Po^  =  -  dpi  dx. 

The  first  law  of  thermodynamics  can  be  written  in  the  form 


^Q  =  dU-A}V, 

where  AQ  is  the  heat  added  (per  mole)  to  the  system  in  an  infinitesimal  process,  dU  is 
the  corresponding  increase  in  the  internal  energy  of  the  system,  and  AW  is  the  work 
done  on  the  system  during  the  same  process.  In  particular,  we  use  tliis  equation  under 
the  adiabatic  condition;  that  is,  we  assume  that  no  heat  enters  or  leaves  the  system 
during  the  process.  In  such  a  case,  AQ  =  0.  Furthermore,  AW  can  be  replaced  by 


AW  =  -p  dV  =  M{plp^)  dp,  ^  ’ 

Where  M  is  the  gram  molecular  weight  of  the  gas,  while  dU  =  Cydl,  where  C„  is  the 
heat  capacity  per  mole  at  constant  volume. 

In  the  general  case,  the  equation  of  state  is  an  expression  of  the  form 

P  =  P(P,  T). 

In  the  case  of  an  ideal  gas,  p  =  pRT/M,  where  R  is  the  gas  constant  (per  mole).  In 
many  cases  however,  the  more  general  form  of  Eq.  (5)  is  satisfactory. 


Now  let  us  suppose  that  a  plane  harmonic  wave  travels  through  the  medium  in  the 
+x  direction.  We  shall  write  the  expressions  for  the  changes  in  the  pressure 
(Pe), condensation  [s  =  (p  -  Po)/po]>  temperature  (9  =  T  -  Tq),  and  velocity  (u  =  Q 
associated  with  this  wave  in  the  complex  form: 


Pe  =  Pco  0  =  0o 

5  =  5o  ^  ^i(cot-kx)^  (6) 


We  now  substitute  these  values  in  eqs.  (1)  -  (5).  We  shall  make  use  of  the  linear 
approximation:  that  is,  we  shall  neglect  all  products  of  small  quantities.  We  then  obtain 
the  four  equations 


(a) 

(b) 


du  ds 
dx  dt 

du  1  dpe 
dt  Pq  dx 


(c)  CJ 

(d)  Pe 


Mpo 
- s 

Po 


PoS  + 

T 


and  therefore 


(7) 


ikii  —  i(os  =  0 

icon  -  (iklpo)p^  =  0 

-M(polpo)s  +C^9  =  0 

-{dpldp)j PqS  +  Pe  -  {dpldT)pe  =  0.  (8) 


A  nontrivial  solution  of  Eq.  (7)  exists  if  the  determinant  of  the  coefficients  vanishes. 
This  yields  the  following  expression  for  the  velocity  of  propagation  cq: 
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^^2  =  =  {dpldp)T  +  (MpolPo^CXSp/dT)p  •  (9) 

By  making  a  number  of  thermodynamic  transformations,  it  is  possible  to  show  that, 
to  terms  in  first  order,  Eq.  (8)  is  indeed  equivalent  to  the  general  expression  for  the 
square  of  the  sound  velocity  in  a  nondissipative  medium,  namely  cq^  =  (8p/8p)s.  In  the 
particular  case  of  an  ideal  gas, 

(dpldp)T=polpo  and  {dpldT)p=  PofT  =  PqRIM  (10) 

so  that 

^0^  =  (PoIPoX^  +  R/C^)  =  y(PolPo)-  (11) 

1.2  Classical  Absorption/Dispersion 

Now,  in  what  way  will  this  development  be  altered  by  the  presence  of  viscous  drag? 
To  answer  this,  we  must  look  again  at  the  equation  of  motion  (2).  The  presence  of 
viscosity  adds  new  force  terms  to  the  right-hand  side  of  this  equation.  In  the  most 
general  form,  the  resultant  equation  of  motion  is  known  as  the  Stokes-Navier  equation. 
For  the  one-dimensional  case,  this  can  be  written 

d{p'i)ldt  =  -dpjdx  +  (ft/  +  f]')  d^ildx^,  (12) 

where  T|  is  the  shear  viscosity  coefficient.  The  quantity  Ti'  is  known  as  the  bulk 
viscosity,  and  corresponds  to  the  viscous  drag  that  would  be  experienced  in  a  pure 
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volume  dilatation,  in  which  no  shearing  motions  can  occur. 

The  nature  and  value  of  tl'  forms  one  of  the  most  interesting  problems  in  the 
historical  development  of  uteasonic  wave  propagation.  Its  discuss, on,  however,  will  be 
postponed  undl  the  next  hour.  It  was  assumed  by  Stokes  that  n'  was  identically  zero, 
and,  to  a  large  extent,  this  assumption  marks  the  difference  between  classical  and 

modem  theories  of  ultrasonic  absorption  and  dispersion. 

Another  question  often  raised  at  this  point  is  why  the  shear  viscosity  should  enter 
into  the  desctipuon  of  the  motion  of  a  plane  wave  of  large  extent,  since  no  shearing 
motions  are  immediately  obvious.  The  answer  to  this  question  lies  in  the  fact  that  one 
cannot  restrict  all  the  motion  to  one  direction  without  doing  it  as  a  combination  of 

deformations  in  all  the  coordinate  directions. 

However,  in  a  plane  longitudinal  wave  the  particle  motion  is  in  just  one  dimension, 

and  a  one-dimensional  motion  in  either  an  elastic  or  viscous  deformation  must  be 
considered  as  a  combination  of  deformations  in  all  the  coordinate  directions.  The 
analysis  has  been  given  by  KitteP  for  the  elastic  case.  The  elasticity-viscosity  analogy 
can  then  be  used  to  obtain  the  desired  result. 


Fig.  1.  Steps  showing  U,a,  a  longitudtnal  dilation  involves  both  comptessional  and  shea,  moduli.  See 


text  for  description. 
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Le,  us  consider  a  unit  cube  of  matedal  (Fig  la)  that  is  to  be  stretched  in  the  x 
direction  to  a  strain  without  any  net  change  in  either  the  y  or  a  dttections.  Th.s  w.ll 

be  done  in  three  steps: 


1,  Uniform  strain  by  an  amount  en/S  (Ftg.  lb). 


.  ■  ■  ,be  X  direction  to  a  total  strain  2e„/3,  with  simultaneous 

!o“ion  to  aero  in  the  y  direction,  prese^ing  a  constant  volume  rn  the 

process  (Fig.  Ic). 

3.  Extension  in  the  x  direction  to  a  total  e„  and  ^ 

direction  to  zero,  again  preserving  a  constant  volume.(  g. 


In  the  first  step,  the  stresses  are  uniform  and  given  by 

t^V  B  .  ,  N  Op 

=  j  (en  +  ^22  +  £33)  = 


(13) 


where  B  is  the  bulk  modulus,  since  Z\\- ^22  ^33  present  cas 

In  the  second  step,  we  have  a  process  that  can  be  described  as  a  shear^  of  angle 
2e„/3,  so  that  the  stress  in  the  x  direction  will  be  p  2e,i/3.  where  p  is  the  shear 

modulus. 

The  situation  in  the  third  step  is  identtcal  with  that  in  the  second  except  we  have 
replaced  y  by  z.  Hence  the  total  stress  in  the  x  direction  will  be  equal  to  (B  +  -p). 

Now  elementary  viscosity  theoty  follows  directly  as  an  analog  of  elasticy.  w.th 
smains  replaced  by  the  corresponding  velocity  gmdtents  and  elasticity  coefftcents 
replaced  by  the  corresponding  viscosity  coefficients,  n',  t).  Hence  we  have  for  the 

viscous  stress  in  the  x  direction 


(14) 


^11  =  (^'  +  -3-^)  ^vjdx. 

To  proceed  to  a  discussion  of  the  effect 


of  the  shear  viscosity  on  the  propagation  of 
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sound,  we  replace  Eq.  (2)  by  (5)  with 


■  =  0,  and  make  the  linear  approximation,  thus 


obtaining 


dujdt  =  -po'‘Sp.idx  +  !(>!//>(,)  a 


for  harmonic  waves  of  frequency  co, 


Equation  (16)  is  the  appropriate  modification  ot  t  e 
corresponding  determinant  of  the  coefftcients  will  now  be 


of  the  second  of  Eq.  (8),  so  that  the 


CO  -  ^ 

0  -Po  ^IPo 

0  -{dpldp)TPo 


0  0 

-klpo  0 

0  C„ 

1  -{dpldT)p 


This  leads  to  the  result 


Tight  Side  of  Eq.  (18)  makes  k  complex.  We 


The  presence  of  .he  imaging  temr  on  dre  ngh.  stae  ot  - 

therefore  set  k  =  k,  -  lot.  so  that  all  the  Eqs.  (6)  can  he  written  in  the  form 


„  =  exp 


in  which  a  is 


the  amplitude  absorption  coefficient 


,  while  kr  is  the  real  wave  number. 
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equal  to  co  divided  by  the  phase  velocity  c. 

The  substitution  of  k,  -  ia  in  Eq.  (14)  leads  to  the  two  equations 

“c„'‘  +  (16/9){i)"/Po")®‘ 

(4/3)(i)/Po)m^ 

”  Co^  +  (16/9)(ii'/Po')®'  ■ 

In  virtually  all  cases,  k  ^  is.  a"  (and  hence  (16/9)(qW/p„^)  «  Co^)  so  that,  to  an 
excellent  approximation,  we  have 


k,  =  co/Co 

t  C(  =  i(n<oVPo  Co*)  or  “  =  IPo  Co  )• 


(22) 


I.  can  now  be  seen  that  the  approximation  in  parentheses  above  reduces  to  k2» 
4a2  For  comparison,  a  in  oxygen,  at  20»  and  at  atmospheric  pressure,  is  1.68  « 
10-lV  in  cgs  units,  while  the  corresponding  value  for  water  [both  computed  from  Eq. 

(22)  is  8  X  Hence,  for  O2, 


a/A%  =  0.88  X  10  ®v 


(23) 


(where  v  is  frequency)  and,  for  water, 

ajk,=  \.9  X  lO-r^v. 


(24) 


Each  ratio  is  usuaUy  safely  small  at  frequencies  commonly  used. 

may  also  be  obsen,ed  that  the  presence  of  v.scosity  leads  to  the  irreversible 

producUon  of  heat,  so  that  our  use  of  the  first  taw  of  thermodynamics  must  also  be 
reconsidered.  In  the  case  of  a  reversible  process,  an  adiabatic  process  (AQ  -  0)  is  also 
necessarily  an  isentropic  one  (dS  =  0).  In  the  irreversible  process,  however,  them  will 
be  a  production  of  entropy,  even  though  the  process  is  adiabatic  and  AQ  =  0.  Th.s  will 
in  turn  alter  Eq.  (7c).  Since  the  rate  of  energy  dissipahon  is  equal  to  the  product  of  the 
viscous  force  |ti  and  the  particle  velocity  u,  we  now  have 


C„  d9  -  (Mplpo^)  dp  +  ^un  d^ujdx^  dt  =  0 


(25) 


or 


C,  dOjdt  -  (Mplpo^)  dpidt  +  d^u/dx^  =  0. 

It  .s  immediately  clear,  however,  that  the  new  term  ts  of  higher  order  of  smallness  than 
.he  first  two  terms,  since  it  represents  a  product  of  u  and  dVax^  Under  the  linear 

approximation  that  we  are  using,  such  a  term  is  to  be  neglected.. 

Nevertheless,  there  are  cases  in  which  this  irreversible  heat  production  must  be  taken 
into  account.  These  include  heat  conduction,  and  the  relaxation  processes  to  be 

discussed  later. 

in  the  case  of  heat  conduction,  a  term  must  be  added  to  the  energy  conservation 
equation  which  represents  the  beat  removed  per  second  per  mole  OO'/a.).  From  the 
basic  equation  of  heat  conduction,  we  have 


dQ/dt  =  (Mk/po)  d^Oldx^, 


(27) 
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where  k  is  thermal  conductivity.  Hence  Eq.  (7c)  becomes 


—  =  0, 

.Po^dt  Po^x^ 


where  we  have  written  for  the  heat  capacity  per 
where  we  have  divided  through  by  the  gram  molecular  weight  M. 


unit  mass  (at  constant  volume),  and 


For  a  harmonic  wave  we  then  have 


[c^  -  (iKk^lPo  coW  -  (PoIPo)^  =  0 


(29) 


so  that  another  change  must  he  made  in  the  determinant  of  (8),  If  we  carry  out  the 
derivation  in  the  usual  way,  we  obtain 


e  _  1  1-/C 

o)^  “  CoM  -  KilcQ^){dpldp)j 


where 


C  =  Kk^lPo  ■ 


(31) 


As  written,  Eq.  (30)  is  not  an  explicit  soluuon  for  k^,  since  k  is  also  contained  in 
The  quantity  ;  is  smaii  however;  for  water,  C  =  6  s  iO-.  It  is  customary,  however,  to 
replace  k  in  ;  by  co/c„  so  that  ^  =  kco/poc„^c,.  Then,  if  we  set  k  =  k,  -  la,  we  have, 
for  the  case  of  thermal  conduction  (after  some  algebra), 
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V  = 


2k^a  = 


co^lco' 

Co  L 


-(r) 

\dp/ j  Cq  _ 


CO^K 


a 


2Cy  Pq  Cq' 


-(-'1 

WI- 


(32) 


For 


the  case  of  an  ideal  gas,  (1/Cq^)(9p/9p)j  1/y,  and 


(O^K 


a  = 


2Cn  Po  Co' 


(y  -  i)> 


(33) 


where  Cp  =  YCv  is 


the  heat  capacity  per  unit  mass  (at  constant  pressure). 


L.3  Relaxation  Absorption/Dispersion 


Studies  of  acoustic  absorption  and  dispersion  have  proven  to  be  an  effective  tool  u. 
developing  a  physical  description  of  molecular  interactions  in  gases  and  liquids. 
Experimentally,  absorption  or  velocity  dispersion  is  measured  as  a  function  of  frequency 
(or.  in  gases  as  a  function  of  frequency/pressure).  These  same  quantities  are  computed 
using  the  theory  outlined  below  which  requires  some  insight  into  the  particular  physical 
processes  which  gives  nse  to  the  absorption  or  dispersion  (e  g.  vibrational  relaxation). 
Computed  values  are  compared  to  experiment  and  the  assumed  physical  process  or 
interaction  parameters  are  varied  until  agreement  ts  achieved.  The  theoretical  model  which 
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gives  rise  to  predicted  abson>tion  and  dispersion  which  agree  with  experiment  are  asstimed 
to  correctly  represent  the  interactions  taking  place  at  the  microscopic  level. 

Some  of  the  microscopic  processes  studied  acoustically  can  also  be  studied  using 
optical  techniques.  In  those  cases,  the  physical  model  and  numerical  values  for  the 
parameters  describing  the  interactions  are  found  to  be  consistent  provided  a  proper 
theoretical  link  between  microscopic  model  and  measured  quantities  is  used. 

For  the  purpose  of  developing  an  undemtanding  of  relaxation  processes,  first  consider 
an  ideal  gas  made  up  of  diatomic  molecules.  The  individual  molecules  are  free  to  move 
translationally  in  tluee  directions,  rotate  about  two  perpendicular  axes  (actually  three  but  the 
.third  has  aero  moment  of  inertia  so  has  no  energy),  and  vibrate  along  the  bond  joining  the 


atoms.  Some  energy  is  associated  with  each  of  these  allowed  motions. 

Translational  motion  can  be  considered  non-quantiaed.  Any  energy  is  allowed.  As  the 
molecules  translate,  they  collide  exchanging  energy  with  their  collision  partners.  At 
atmospheric  pressure,  assuming  a  hard  sphere  molecular  model,  molecular  collisions  take 
place  at  a  rate  of  about  lO' '/second.  A  single  collision  is  typically  sufficient  to  transfer 
translational  energy  from  one  molecule  to  another.  However,  a  certain  period  of  time  is 


required  to  randomize  energy  associated  with  excess  velocity  in  a  particular  direction.  This 
lime  is  often  referred  to  as  the  translational  relaxation  time.  Kohler  following  Maxwell  , 
associates  viscosity  with  this  relaxation  time  writing  T,,  -  rj/p  -  1.25Xc  where  p  is  gas 

pressure  and  tc  is  the  time  between  collisions. 

As  the  pressure  is  lowered,  the  rate  of  collisions  decreases  proportionately.  At  1  tort 
(1/760  atm),  the  translational  relaxation  ume  is  about  lO'*  sec;  at  1  millitotr  lO'''  sec.  These 

time  regimes  can  be  effectively  studied  using  ultrasonics. 

Unlike  translational  motion,  rotation  and  vibration  are  noticeably  quantized.  During  a 
collision,  a  change  in  rotadonal  or  vibrational  state  can  only  occur  if  the  change  in  energy  of 
another  state  is  sufficient  to  allow  at  least  one  quantum  jump.  For  rotational  energy 


ttansfer,  the  spacing  between  energy  levels  is  given  by  2(Jtl)B  where  J  is  the  rotational 
quantum  number,  B=  and  I  is  the  effective  moment  of  inertia.  If  one  assumes  J  is 

the  most  probable  value  (from  a  Boltzman  distribution),  the  value  of  2(Jvl)B  for  a  typical 
molecule  (say  N2)  in  units  of  kT  is  about  I".  This  means  that  in  a  gas  above  IK, 
essenUally  all  collisions  will  have  sufficient  translational  energy  to  cause  multiple  changes 
in  J.  As  a  result,  rotation  rapidly  equilibrates  with  translation. 

An  exception  is  hydrogen  which  has  much  larger  rotational  energy  level  spacing  due  to 
the  small  moment  of  inertia.  On  the  average,  as  many  as  350  collisions^  may  be  necessary 
to  transfer  a  quantum  of  rotational  energy  in  H2.  At  a  pressure  of  one  atmosphere,  this 
gives  a  relaxation  time  of  about  2  x  10-8  sec.  It  should  be  noted  that  a  given  collision  does 
or  does  not  transfer  a  quantum  of  energy.  The  350  collision  average  means  that  only  one 
collision  in  three  hundred  and  fifty  has  the  proper  geometry  and  energy  to  cause  a  transfer 
of  one  quantum  of  rotational  energy.  The  number  of  collisions  necessary,  on  the  average, 
to  transfer  one  quantum  of  energy  is  referred  to  as  the  collision  number  Z.  When  rotational 
energy  is  involved,  the  subscript  "rot"  is  typically  added  (Z,ot).  The  inverse  of  thts 
dimensionless  quantity  is  the  probahility  of  transfemng  a  quantum  in  a  colliston  (P,„,). 
Since  rotational  energy  level  spacings  are  unequal,  a  l-»2  transition  should  be  more 

probable  than  a  2-i3  transition.  These  events  are  distinguished  by  using  the  symbols  P„, 
or  Prot  • 

Generally  speaking,  the  probability  for  transferring  a  quantum  of  energy  in  a  collision 
decreases  rapidly  with  the  size  of  the  quantum  transferred.  Since  vibrational  levels  are 
much  more  widely  spaced  than  rotational  energy  levels,  vibrational  relaxation  times  are 
much  longer  than  rotational.  Vibrational  levels  in  a  single  vibrational  mode  are 
approximately  equally  spaced.  This  means  that  energy  can  be  exchanged  between  levels 
(i.e.  the  vibrational  quantum  number  goes  up  in  one  molecule  and  down  in  the  other)  with 
very  little  energy  exchanged  between  vibration  and  translation.  The  result  is  that  such  v-v 
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exchanges  take  place  very  rapidly.  The  vibrational  relaxation  dme  is  controlled  by  the  time 
it  takes  energy  to  transfer  between  translation  and  the  lowest  lying  vibrational  level.  Since 
this  energy  level  varies  greatly  for  different  molecules  so  do  the  probabilities  of  vibrational 
energy  transfer  during  a  collision.  During  N2  collisions  with  N2,  Zjq  is  near  1.5  x  10^^  so 
the  relaxation  time  is  near  1.5  seconds^  (Z^q  is  the  number  of  collisions  needed  to  transfer 
energy  from  the  lowest  vibrational  level  to  translation).  Large  molecules  have  vibrational 
energy  levels  which  are  very  close  together.  A  molecule  such  a  C2Hg  requires  only  100 
collisions  to  transfer  a  quantum  of  vibrational  energy  from  the  first  vibration  level  into 
translation.^  This  very  wide  range  of  relaxation  times  presents  interesting  experimental 
challenges. 

To  this  point,  there  has  been  no  attempt  to  rigorously  define  relaxation  times  in  terms  of 
energy  transfer  probabilities.  In  fact,  such  a  relation  is  possible  in  a  simple  form  for  only 
the  few  cases  where  gases  exhibit  a  single  relaxation  time.  Nevertheless,  the  simple  case 
provides  valuable  insight  into  the  behavior  of  more  complex  systems  and  deserves  a 
detailed  description. 

Consider  the  case  where  the  population  of  a  vibrational  state  is  excited  to  an  energy 
which  is  greater  than  the  energy  EyCT^j.)  which  it  could  have  in  Boltzman  equilibrium  with 
translation.  In  this  case,  the  excess  vibrational  energy  will  equilibrate  with  translation 
according  to  a  standard  relaxation  equation, 

■^  =  l[EvEv(T,))  O'*) 

The  return  to  equilibrium  occurs  due  to  energy  transfer  during  individual  collisions. 

The  rate  of  energy  transfer  kjo  is  defined  as  the  rate  at  which  molecules  go  from  the 
first  excited  state  to  the  ground  state  due  to  collisions  at  a  pressure  of  one  atmosphere.  This 
rate  is  just  the  collision  frequency,  M,  times  the  probability  of  energy  transfer.  times 
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the  mole  fraction  of  molecules  in  the  first  excited  state,  x,.  During  some  collisions,  the 
reverse  process  will  occur,  that  is  some  molecules  in  the  ground  state  will  become  excited 
at  a  rate  koj.  In  equilibrium,  equal  numbers  of  molecules  go  in  both  directions  so 


kjoXi  -  koi  xo  =  0  . 


(35) 


As  explained  above,  energy  is  quickly  shared  from  the  first  excited  level  of  the  vibrational 
mode  to  higher  levels  of  the  mode  by  v-v  exchanges.  Assuming  quantum  mechanical  laws 
hold  for  probabilities  of  energy  exchanges  between  vibrational  levels  of  a  harmonic 
oscillator,  Landau  and  Teller  showed^ 


dE^ 

dt 


kio(l-e'‘’'''‘^'^)[E^-E^(T^)], 


(36) 


where  v  is  the  vibrational  frequency  of  the  relaxing  mode.  By  comparison  with  Eq.  (34), 


T  = 


,  f  1  -hv/kTv 
kio(l-e  ) 


(37) 


The  link  between  the  relaxation  time  and  ultrasonic  absorption  and  dispersion  is 
understood  by  noting  that  the  relaxation  process  makes  the  specific  heat  of  the  gas  time  (or 
frequency)  dependent.  This  time  dependence  can  be  obtained  from  the  energy  relaxation 
equation.  Consider,  as  above,  that  the  specific  heat  of  a  simple  gas  can  be  divided  up  into 
translational,  rotational,  and  vibrational  contributions.  For  now,  assume  that  the  translation 
and  rotational  energy  both  equilibrate  rapidly  enough  to  follow  any  acoustically  induced 
temperature  variations.  In  this  case,  the  effective  specific  heat  can  be  written  as 


(Cv),ff=C, 


+  c 


dll 

dT,. 


(38) 
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where  C7  is  the  sum  of  rotational  and  translational  specific  heats,  C  is  the  relaxing  specific 
heat,  and  T'  is  the  instantaneous  temperature  of  the  relaxing  mode  (in  this  case,  vibration). 
From  the  energy  relaxation  equation  (Eq.36),  for  small  periodic  variations  in  Ttj.  and  Tv 
about  their  equilibrium  values, 


(Cv).ff=Cv  + 


C 


1  +  icox 


where  (o  is  the  angular  frequency  of  the  acoustic  wave. 

The  acoustic  propagation  constant  can  be  written  in  the  form 


(39) 


=  f  i .  iec  ^  =  Pojfr  (4Q) 

odJ  Yeff  ’ 

where  c  is  the  acoustic  velocity,  a  is  the  attenuation,  pg  is  the  equilibrium  density.  Kg-  is  the 
compressibility,  and 


Yeff  “  [(^v)eff  +  R]  /  (^v)eff 


(41) 


with  R  the  gas  constant.  For  this  simple  single  relaxation,  assuming  o/co  «  1/c, 
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1  +  (COXs)^ 


(42) 


.  n2  2  2 

f£o^  (43) 

V  c  i  1  2  2 

^  I  +  0)  Xc 


where 


I  “  J 

and  where  X  is  the  wavelength,  Cq  is  the  speed  of  sound  for  C0Xs«l,  c„  is  the  speed  of 
sound  at  frequencies  much  greater  than  the  relaxation  frequency.  The  adiabatic  relaxation 
time  Xj,  is  related  to  the  isothermal  relaxation  time  x  used  earlier  by 


X3  =  (Cv  +  R)/(Cr  +  R)t.  (44) 

The  relaxation  frequency,  fp  defined  as  the  frequency  at  which  the  maximum  absorption 
per  wavelength  occurs  is  related  to  x^  by 

fr=l/27iXr  =  cJco(l/27tX3)  (45) 


Figure  2  shows  typical  curves  for  absorption  per  wavelength  and  velocity  dispersion  to  a  single 
relaxation  process.  The  example  here  is  FI2  at  102°C.  The  figure  compares  curves  representing  the  above 
theory  with  measured  values.'^ 
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In  the  case  of  polyatomic  gases  or  mixtures  of  relaxing  diatomic  gases,  the  different 
relaxing  modes  can  be  coupled  together  by  v-v  exchanges.  Such  complex  or  multiple 
relaxation  processes  exhibit  the  general  behavior  given  by  Eqs.  (42)  and  (43)  but  the 
magnitude  of  the  absorption  and  dispersion  and  the  relaxation  frequencies  can  take  on  new 
meaning.  In  this  case  of  multiple  relaxing  internal  energy  modes,  Eq.  (42)  and  Eq.  (43) 
take  on  the  form 


2 


VC  ; 


1  +X: 


5j  k^/kr 

1  +  (OiXjj)^ 


aX 


f  ^ 

oo 

VC  ) 


5j  kj/ks 
-7t  Zj - ^ - 


1  +  (COXs  j) 


(OX,: 

2 


(46) 


(47) 


where  5j  k^/k”  is  a  relaxing  adiabatic  compressibility  (negative)  and  j  indicates  that  there 
might  be  more  than  one  relaxation  process.  In  these  complex  cases,  x, j  can  no  longer  be 
related  to  a  single  energy  transfer  reaction  and  5j  k^/k^  can  no  longer  be  related  to  relaxing 
energy  of  a  specific  mode.  Instead,  the  various  modes  and  reaction  pathways  are  coupled. 
The  sums  in  Eq.  (46)  and  Eq.  (47)  are  over  eigenvalues  of  the  energy  transfer  matrix  which 
simultaneously  accounts  for  all  reactions.  Equations  (46)  and  (47)  have  been  used  to 
calculate  the  sound  absorption  in  moist  air  as  a  function  of  frequency  and  temperature.  The 
standard  for  such  calculations  is  now  based  upon  these  equations. 

Not  only  can  Eqs.  (46)  and  (47)  be  used  to  calculate  sound  absorption  and  velocity,  but 
the  reverse  process  is  also  possible,  i.e.,  the  transition  rates  can  be  extracted  from 
measured  values  of  absorption  and  velocity.  However,  the  number  of  possible  relaxation 
paths  multiplies  rapidly  with  the  increase  in  the  number  of  relaxing  modes,  and  the 
identification  of  specific  rates  becomes  a  tedious  process  and  usually  involves  some 


assumptions.  It  has  been  done  for  only  a  few  special  cases.  During  the  next  hour  we  will 
discuss  one  example,  i.e.  SO2/O2  mixtures. 

So  far,  only  relaxation  processes  which  involve  the  exchange  of  energy  in  gases  have 
been  considered.  Conceptually,  relaxation  processes  in  liquids  result  in  similar  relaxation 
equations  but  there  are  important  differences  in  detail.  These  differences  are  brought  about 
by  the  greater  density  of  molecules  which  make  multi-body  interactions  typical.  In  this 
case,  the  idea  of  a  rate  equation  is  less  precise  but  the  existence  of  a  relaxation  time  as  a 
measure  of  the  time  required  for  the  system  to  return  to  equilibrium  following  a 
perturbation  remains  valid. 

Various  interesting  relaxation  processes  occur  in  liquids.  In  some  cases,  such  as  CS2 
and  a  number  of  organic  liquids,  the  relaxation  mechanism  seems  to  be  the  same  as  that 
described  above  for  gases,  i.e.  the  internal  energy  of  the  individual  molecules  is  being 
excited  in  "collisions."  Such  liquids  generally  have  a  positive  temperature  coefficient  of 
absorption  and  are  called  Kneser  liquids.'®’^  It  is  more  common,  however,  that  in  liquids, 
molecules  temporarily  bond  to  form  large  groups  which  may  re-configure  themselves  when 
an  ultrasonic  wave  passes  through.  Such  configuration  relaxations  tend  to  be  very  fast  and 
the  frequency  dependence  of  the  absorption  and  dispersion  may  indicate  a  distribution  of 
relaxation  times.  H2O  is  an  example  of  such  a  liquid,  generally  referred  to  as  associated 
liquids.^ 

A  further  complication  arises,  from  chemical  reactions.  For  a  reversible  chemical 
reaction  with  heat  of  reaction  AH,  AH  enters  into  the  relaxation  equations  in  a  manner 
similar  to  AE  for  vibrational  relaxation.  A  major  difference  is  that  chemical  reactions  allow 
the  possibility  that  tlie  number  density  of  molecules  can  change.  Such  changes  bring  about 
additional  relaxation  absorption  and  dispersion. 
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2.0  Relaxation  Absorption  at  the  Molecular  Level 

2.1  Experimental  Techniques 

Before  modem  techniques  were  available  for  measuring  transients  most  ultrasonic 
absorption  and  velocity  measurements  were  made  with  ultrasonic 
interferometers. This  instmment  continues  to  be  used  with  refined  precision  and 
modem  methods  of  control  and  measurement.^^  Both  velocity  and  absorption  can  be 
measured  with  the  interferometer.  A  column  of  gas  or  liquid  of  varying  length  forms  the 
load  on  a  quartz  crystal  vibrating  at  its  resonant  frequency.  The  loading  effect  of  the  gas  or 
liquid  column  increases  whenever  the  length  of  the  gas  column  is  a  whole  multiple  of  a 
half-wavelength  of  the  sound.  This  loading  effect  is  reflected  in  the  driving  circuit  of  the 
crystal.  The  separation  between  the  peak  values  determines  the  sound  wavelength  and  the 
variation  of  the  magnitude  of  the  peaks  with  length  of  the  column  allows  the  determination 
of  the  absorption  coefficient  of  the  sound  in  the  test  medium. 

Another  continuous-wave-method  for  measuring  velocity  and  absorption  in  gases  uses 
a  source  and  receiver  whose  separation  can  be  varied  that  are  mounted  in  a  tube  so  as  to 
avoid  standing  waves.  See  Figure  3.  This  method  has  been  used  to  make 

measurements  at  audible  frequencies  and  reduced  pressures,  and  therefore,  is  capable  of 
measurements  over  the  f/p  range  where  many  of  the  interesting  relaxation  processes  occur 
in  gases  and  gas  mixtures.  The  absorption  is  determined  from  the  decrease  in  sound 
amplitude  at  the  receiver  as  the  source-receiver  separation  is  increased.  The  wavelength  of 
the  sound  is  equal  to  the  distance  between  points  of  equal  phase  in  the  received  sound. 
This  change  in  phase  is  easily  observed  by  comparing  the  receiver  and  source  signals. 


Figure  3.  Schematic  diagram  of  the  apparatus  for  measuring  the  attenuation  of  sound. 

With  the  development  of  the  capability  for  generating  and  measuring  tone  bursts  it  has 
been  possible  to  use  the  pulse-echo  technique's, 24  this  case  the  sound  velocity  is 
determined  from  time  of  flight  and  the  absorption  from  the  variation  of  the  tone  burst 
amplitude  with  source  and  receiver  separation. 
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Fig.  4.  Diagram  of  the  experimental  system  for  measuring  sound  absorption. 
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At  lower  frequency-to-pressure  ratios  resonant  tubes  are  used7  The  velocity  is 
determined  from  the  value  of  the  resonant  frequency  and  the  absorption  from  the  width  of 
the  resonant  peak. 

In  the  case  of  liquids,  special  techniques  have  been  developed  to  measure  absorption 
and  velocity  at  very  high  frequencies  where  many  of  the  interesting  relaxation  effects 
occur.5 

When  relaxation  effects  are  studied  in  gases  the  measurements  of  sound  absorption  are 
designed  to  provide  absorption  as  a  function  of  frequency  divided  by  pressure  over  a  range 
of  values  where  the  period  of  the  sound  wave  is  approximately  equal  to  the  relaxation  time. 
When  studying  relaxation  in  molecular  N2,  this  requires  measurements  of  very  small 
absorption  (less  than  1  dB/m)  at  f/p  values  as  low  as  a  fraction  of  a  Hertz  per  atmosphere. 
On  the  other  hand,  measurements  of  absorption  in  UF5  involve  very  large  attenuation 
(~100  dB/m)  at  f/p  values  as  high  as  10  MHz/atm.2 

In  order  to  separate  the  effects  due  to  vibrational  relaxation,  the  measured  absorption 
must  be  corrected  for; 

1 .  viscous  and  thermal  losses  in  the  body  of  the  gas 

2 .  viscous  and  thermal  losses  to  the  measuring  chamber  walls 

3 .  radiation  or  leakage  losses  from  the  chamber 

4.  spreading  losses 

5 .  losses  due  to  rotational  relaxation. 

These  different  effects  are  generally  small  enough  to  be  additive.  The  quantity  usually 
reported  is  the  absorption  coefficient,  a,  in  terms  of  which  the  amplitude  of  the  plane  wave 
is  written  as: 


(48) 


Plotting  log  A  versus  x  gives  a  as  a  slope  in  nepers/m.  The  measured  a  is  due  to  a 
combination  of  the  losses  listed  above.  Careful  design  of  the  experimental  apparatus  is 
necessary  if  accurate  corrections  are  to  be  made  for  wall  and/or  spreading  losses. 

A  common  geometry  for  sound  absorption  measurements  is  a  cylindrical  tube.  This 
method  generally  avoids  losses  3  and  4  (due  to  spreading  and  leakage)  above  and  involves 
well  known  corrections  for  1  and  2.  In  this  case,  the  total  absorption  is  given  by 

®tot  ~  ®cl  ^rot  ■*"  ^tu  ■I’Otv  >  (49) 

where  (classical  absorption)  is  the  absorption  due  to  viscosity  and  thermal  conductivity, 
a^ot  is  absorption  due  to  relaxation  processes  not  of  interest  to  the  study  (rotational 
relaxation  for  example),  is  the  tube  absorption,  and  is  the  absorption  due  to  the 
relaxation 'process  of  interest.  The  term  can  be  computed  from  known  or  measured 
values  of  viscosity  and  thermal  conductivity;^^  it  is  proportional  to  f^.  The  term 
generally  is  estimated  based  upon  other  studies.  At  frequencies  well  below  the  rotational 
relaxation  frequency  it  also  is  proportional  to  The  tube  absorption,  ,  depends  upon 
the  viscosity,  thermal  conductivity  and  tube  radius  (r).  It  varies  approximately  as^"^ 

[f/(pr2)]i/2_ 

Only  plane  waves  will  be  present  in  the  tube  if  the  sound  frequency  is  maintained  below 
the  cut-off  frequency  for  the  first  non-plane  mode,  i.e.  f  <  0.586c/d,  where  c  is  the  sound 
speed  and  d  the  tube  diameter.  Plane  waves  can  be  maintained  for  higher  frequencies  if  the 
transducer  generating  the  waves  fills  the  tube,  is  carefully  maintained  perpendicular  to  the 
tube  axis  and  its  surface  vibrates  as  a  piston.25  Interferometers  used  for  high  frequency 
measurements  in  liquids  and  gases  will  generally  satisfy  these  conditions.  As  the 
wavelength  becomes  small  compared  to  the  tube  diameter,  wall  losses  become  negligible. 

Low  frequency  absorption  measurements  in  liquids  are  difficult.  Because  of  the  high 
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sound  velocity  and  small  absorption  large  volumes  are  required.  If  the  measurements  are 
made  in  an  unbounded  liquid,  spreading  losses  will  likely  dominate.  If  they  are  made  m  an 
enclosure  the  small  compressibility  of  the  liquid  makes  invalid  the  rigid  wall  assumption 
and  it  is  difficult  to  correct  for  wall  losses. 

In  the  above  discussion  of  relaxation  in  gases  the  relaxation  absorption  and  dispersion 
of  sound  resulted  when  a  finite  time  was  required  for  the  passage  of  the  energy  of 
translation  into  the  vibrational  energy  of  the  gas  molecules.  Relaxation  mechanisms  can 
also  be  studied  in  special  cases  using  the  reverse  processes.  Laser  light  of  a  particular 
frequency  is  used  to  excite  a  vibrational  mode.  This  excess  vibrational  energy  then  relaxes 
into  translational  energy  generating  an  increase  in  translational  temperature  and  pressure.  If 
the  laser  light  is  chopped  a  sound  wave  is  generated.  This  phenomena  is  referred  to  as  the 
"optoacoustic  effect”  and  the  device  as  a  ”spectrophone”.26  The  relaxation  time  can  be 
determined  from  the  phase  relations  between  modulated  laser  light  and  the  resultmg  sound 

pressure. 

The  primary  attraction  of  optoacoustic  measurements  is  the  ability  to  excite  a  specific 
internal  mode  and  observe  how  energy  from  that  mode  makes  its  way  to  translation. 
Experimentally,  only  a  limited  number  of  internal  modes  can  be  excited  with  available 
lasers  which  limits  the  list  of  systems  which  can  be  studied. 

2.2  Typical  Results 


A  comprehensive  review  of  all  studies  of  ultrasonic  relaxation  is  far  beyond  the  scope 
of  this  article.  No  such  review  has  been  published  in  recent  years.  The  best  available  is 
that  by  Herzfeld  and  Litovitz  which  is  now  37  years  old.5  For  the  purposes  of  this  article 
specific  studies  will  be  selected  which  illustrate  the  physics  involved.  Three  cases  will  be 
treated.  The  first  is  the  halogen  family  of  diatomic  molecules,  specifically  Fo,  CI2,  Br2  and 
I2.  This  example  illustrates  the  functional  forms  presented  earlier  for  absorption  due  to 


relaxation  processes,  gives  typical  values  for  probability  of  energy  transfer,  and 

provide  some  indication  of  how  varies  with  temperature,  molecular  weight,  and 

vibrational  frequency.  The  second  example  is  a  more  complex  molecule,  SO2,  m  mixtures 
with  Ar  and  Oj.  This  example  illustrates  the  complexity  of  the  relaxation  process  when 
different  vibrational  modes  exchange  energy.  The  fmal  example  will  be  for  CSj  which 
Ulustrates  the  case  where  relaxation  has  been  studied  in  both  the  liquid  and  gas  phase. 

2.2.1  Simple  Relaxation  in  Halogen  Gases 

Shields  used  an  acoustic  traveling  wave  tube  similar  to  that  developed  by  AngonaiS  ,0 
measure  acoustic  absorption  in  Fj.  CI2,  Brj  and  h  as  a  function  of  frequency,  pressure  and 
temperature.il*  27  Results  for  CI2  at  five  different  temperatures  are  plotted  in  Fig.  5.  The 
absorption  and  velocity  in  at  102  »C  are  shown  in  Fig.  2.  The  curves  drawn  through  the 
experimental  points  were  calculated  using  the  theory  discussed  previously. 
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Fig.  5.  Relaxation  absonxion  coefficient  per  wavelength  vs  log 
solid  curves  ate  theoretical  absorption  with  values  of  Am  and  fm  adjusted  to  give  e 

experimental  points. 
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Several  features  of  these  curves  are  interesting.  First,  when  more  than  one  point  is 
plotted  for  the  same  value  of  f/p,  it  means  that  absorption  was  measured  at  two  different 
pressures  but  at  different  frequencies  so  that  the  ratio  was  the  same.  The  agreement 
between  such  measured  values  confirms  that  the  classical  and  tube  corrections  were  bemg 
made  correctly  and  that  the  relaxation  absorption  varied  as  f/p.  Second,  note  that  the 
relaxation  time  decreases  as  temperature  increases  (the  relaxation  frequency  increases). 
This  means  that  although  the  density  is  lower  for  a  given  pressure,  the  probability  of 
energy  transfer  increases  more  rapidly  than  the  collision  frequency  decreases.  Finally,  note 
that  the  maximum  absorption  increases  as  the  temperature  increases.  This  is  a  results  of 
increasing  vibrational  specific  heat.  The  Planh-Einstein  relation  predicts  that 


C^  =  R[e/Tj 

where  c'  is  the  vibrational  specific  heat,  6  is  the  vibrational  temperature,  and  T  is  the  gas 
temperature. 

Results  of  Shields’  study  are  summarized  in  Figure  6  which  shows  the  probability  for 
de-exciting  the  first  excited  vibrational  level  in  a  collision.  The  log  of  this  probability  is 
plotted  vs  T-1/3.  This  type  of  plot  was  suggested  by  an  early  theory  by  Landau  and 
Teller.^  They  predicted  an  approximately  linear  relationship  between  log  P  versus 
T-V3.From  similar  measurements  on  a  great  many  other  gas  one  can  expect  the 
following  trends  for  v-t  transitions: 

1.  The  log  of  the  transition  probability  increases  roughly  linearly  with  for  a 

particular  molecular  collision  pair.  The  reason  for  this  dependance  is  complex 
but  can  be  thought  of  in  terms  of  the  speed  molecules  are  traveling  when  they 
collide.  The  more  rapidly  they  are  moving,  the  rnore  energy  they  carry  into  the 
collision.  As  the  temperature  increases,  the  average  speed  of  each  molecule 


increases  hence,  there  is  a  greater  probability  of  energy  transfer. 

2.  The  transition  probability  is  very  sensitive  to  the  amount  of  energy  that  must  be 
transferred  between  vibration  and  translation  in  the  transition,  increasing  rapidly 
as  this  energy  decreases.  This  can  be  thought  of  the  same  as  the  temperature 
dependance.  When  two  molecules  collide  with  translational  energy  less  than  a 
quantum  of  vibration,  the  probability  of  a  transition  is  classically  zero. 

3.  The  transition  probability  is  very  sensitive  to  the  time  involved  in  the  molecular 
collision  increasing  rapidly  as  this  time  decreases.  Wheat  this  means  is  that  the 
transition  probability  increases  with  increasing  temperature  (see  1  above)  and 
with  decreasing  molecular  mass.  This  effect  is  due  to  the  requirement  that 
momentum  as  well  as  energy  be  conserved  in  the  collision. 

4.  For  polyatomic  molecules,  bending  vibration  are  more  easily  excited  than 
stretching  vibration  (as  one  might  expect  from  the  geometry  of  the  coUision 
process).  There  is  a  larger  collision  cross  section  for  excitation  of  a  bending 

mode. 

5.  Water  vapor  and  a  few  other  molecules  with  low  moments  of  inertia,  and 

therefore,  high  rotational  velocities  are  very  efficient  in  shortening  relaxation 

times  when  added  to  gases,  even  in  a  small  amounts.  For  such  mixtures  the 

relaxation  time  is  much  less  sensitive  to  temperature  change  and  can  even 

increase  with  temperature.  This  effect  is  attributed  to  the  coupling  between 

28—32 

vibration  and  rotation  in  such  collisions. 

6.  The  probability  of  the  transition  is  sensitive  to  the  nature  of  the  intermolecular 
potential.  Figure  7  shows  some  single  potentials.  These  can  give  reasonable 
results  for  atom-diatom  collisions  and  for  molecules  that  have  electron  clouds  which 
are  reasonably  spherical.  For  these  cases,  the  probability  of  a  transition  depends 
upon  the  depth  of  he  potential  and  the  steepness  of  the  repulsive  part  of  the 

potential. 
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SOUND  ADSORPTION  IN  THE  HALOGEN  GASES 


Fig  6  Log  of  collision  efficiency  vs  absolute  Kmperature  to  .he  minus  one.third  power.  The  values 

of  the  ordinate  should  be  muluplied  by  lO'^  for  Clg  and  by  1(H  for  Brj  and  Ig. 


Fig.  7.  Potential  energy  of  interaction. 

2.2.2  Relaxation  in  a  Polyatomic  Molecule 
As  an  example  of  the  use  of  sound  absorption  measurements  to  determine  the  relaxation 
scheme  in  a  polyatomic  gas  mixtum  consider  the  case  of  SOj/O^  mixtures.33  SO^  has  three 


vibrational  modes.  These  can  be  classified  as  a  bending  mode  with  a  fundamental 
vibrational  frequency  of  518  cm'l,  a  symmetrical  stretching  mode,  and  an  asymmetrical 
stretching  mode  with  frequencies  of  1 151  and  1361  cm  ^  respectively.  O2  has  a  vibrational 
frequency  of  1580  crn'T  SO2  was  one  of  the  first  gases  in  which  the  sound  absorption 
versus  frequency  curve  evidenced  more  than  one  relaxation  time.  Figure  8  shows 
measurements  in  three  different  SO2/O2  mixtures  at  500  °K.  Twelve  different  transition 
rates  were  adjusted  to  make  the  theoretical  curves  simultaneously  fit  these  data  and  the  data 

for  pure  SO2,  S02/Ar  mixtures, 34.35  and  pure  02-^^ 


Fig.  8a  Relaxation  absorption  in  75%  SOjllS%  02.at  500°K.  The  solid  curve  is  the  theoretical  curve 
for  the  series  relaxation  process  and  was  obtained  from  the  transition  probabilities  in  Table  II. 


As  an  illustration  of  the  kind  of  information  that  can  be  obtained  from  such  studies,  the 
following  conclusions  from  the  SO2/O2  and  S02/Ar  measurements  are  listed: 

1 .  The  relaxation  in  SO2  is  primarily  a  series  process  where  translational  energy  flows 
into  the  bending  mode  and  from  there  is  shared  with  the  symmetrical  stretch  with  a 
two  quantum  for  one  exchange  and  from  there  with  the  asymmetrical  stretch  with  a 

one  for  one  exchange. 

2.  Ar  is  only  about  1/10  and  O2  about  1/4  as  effective  as  another  SO2  molecule  in  de¬ 
exciting  the  bending  vibration  in  SO2. 

3 .  The  first  excited  level  of  the  O2  vibration  exchanges  energy  in  vibration-to-vibration 
exchange  primarily  with  the  first  excited  level  of  the  asymmetric  stretch  mode  of 

SO2. 

4.  The  transition  rate  for  the  SO2  vibration  to  vibration  transfer  increases  with 
temperature  faster  than  the  vibration-to-translation  rates.  This  is  a  peculiar  property 
of  SO2  and  has  been  attributed  to  its  dipole  moment. 


2.4  Relaxation  in  CS2  Gas  and  Liquid 

Gaseous  CS2  has  an  unusually  high  vibrational  specific  heat  at  room  temperature. 
From  what  has  been  said  above,  it  is  expected  therefore,  to  have  a  large  relaxation 
absorption  at  moderate  f/p  values.  Such  was  found  early  to  be  the  case.37.38  Only  a  single 
relaxation  absorption  peak  was  found,  indicating  a  series  relaxation  process  with  energy 
passing  from  translation  first  into  the  low  energy  bending  vibration  and  from  there  shared 
quickly  with  the  stretching  modes.  The  frequency  of  maximum  absorption  increased  from 
about  370  to  560  kHz/ Atm  as  the  temperature  increased  from  0  °C  to  160  C.  This 
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corresponds  to  a  dansilion  probability  that  decreases  relatively  slowly  (by  about  1/3)  in  this 
temperature  interval.^^ 

More  interesting  is  the  absorption  of  CS^  as  a  liquid.  It  is  an  example  of  a  "Kneser" 
liquid  where  the  vibrational  relaxation  can  be  identified  in  the  liquid  state  just  shifted  ,0  a 
higher  frequency  due  to  the  higher  molecular  collision  rate  in  the  liquid  state. 

The  concept  of  a  collision  loses  meaning  when  deaUng  with  hquids  since  all  molecules 
are  interacting  with  one  or  more  other  molecules  simultaneously.  If  one  does  assume  that 
the  liquid  is  a  very  dense  gas,  a  collision  frequency  in  the  range  of  1013/sec  would  be 
appropriate.  This  immediately  suggests  that  relaxauon  processes  in  liquids  wUl  be  fast.  In 
fact,  for  most  liquids  up  to  a  frequency  of  10  MHx,  no  relaxation  peak  is  observed  so  we 
must  assume  that  o)t«l.  Invoking  this  low  frequency  limit.  Eq.  42  gives 


2  (51) 

a  =  bf 

where  b  depends  upon  the  relaxation  time  and  relaxation  strength.  This  is  the  same 
frequency  dependence  exhibited  by  viscous  losses.  As  a  result,  relaxation,  viscous  and 

thermal  conduction  losses  arc  difficult  to  sort  out  for  most  liquids. 

Carbon  Disulfide  has  a  maximum  in  the  quantity  alfi  in  the  range  of  100  MHa.” 
Takagi  has  shown  that  the  experimental  data  is  best  explained  in  terms  of  two  relaxation 
processes.  The  strongest  process  is  associated  with  relaxauon  of  the  two  lowest  vibrational 
modes  (V2  and  Vi)  and  has  a  relaxation  time  of  2.2  ns.  The  weaker  relaxation  is  associated 

with  relaxation  of  V3  with  a  relaxation  time  of  30  ns. 

The  observation  that  relaxation  in  CSj  behaves  like  thermal  relaxation  in  a  dense  gas 
makes  it  a  very  interesting  liquid.  CSj  also  strongly  absorbs  337  nm  UV  which  make  it 
amenable  to  study  with  a  pulsed  Nj  laser. 40  Optoacoustic  studies  using  a  pulsed  N,  laser 
give  relaxation  times  for  the  slow  process  of  90  ns.  Given  the  difficulties  in  extracting  the 
relaxauon  time  for  this  weak  process,  a  factor  of  three  difference  should  not  be  suqanstng. 
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2.5  Example-Absorption  of  Sound  in  Air 

Combining  Eqs.  (17)  and  (24). 

a  =  [coV(2vPc)][4/z/3  +  (y  -  l)K/(yc,)] 

in  Np  m"l.  Note  that  we  now  denote  viscosity  by  p  in  place  of  7. 

The  Eucken  expression'*^ 

k  =  (15Rm/4)[4c„/(15R)  +  3/5]  (53) 

in  J  (kg  mol)-*  K-*  kg  m-*  sec"*,  can  be  used  to  relate  k  and  p  for  teal  air.  For  dry 
air  over  the  temperature  range  225-370  K,  the  ratio  cjK  has  the  value  5/2  ±  0.4%  at 
the  most.  For  moist  air,  over  the  same  temperature  range,  the  cjR  ratio  becomes 
increasingly  larger  than  the  ideal  gas  value  as  the  concentration  of  water  vapor  increases, 
but  only  by  a  small  amount.  For  example,  at  a  temperature  of  370  K  and  100%  relative 
humidity,  Cv/R  =  2.565  or  just  2.6%  more  than  the  ideal  gas  value^^.  Therefore,  if  we 
assume  cjR  =  5/2  in  Eq.  (12),  the  computed  value  for  K  cannot  be  more  than  1% 
different  from  the  value  calculated  using  the  correct  value  of  c^/R.  Using  this 
assumption  yields  k  =  19R^l/4.  For  an  ideal  gas,  Cp  =  c^  +  R.  Thus,  with  cjR  = 
5/2,  the  ratio  Cp/R  =  7/2.  Substituting  K  =  l9Rn/4  into  Eq.  (11)  and  using  (Y  - 
l)R/(YCv)  =  4/35  with  Y  =  Cp/Cv  =  1-4  gives 

(54) 

a  =  [27tVV(7'Pc)](1.88/t) 


in  Np  m 
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For  mixtures  of  gases,  there  is.  in  general,  an  additional  term  due  to  internal 
diffusion.  It  has  been  shown,  however,  that  for  air,  this  term  is  small  and  wi 

ignored  here. 

The  classical  absorption  given  by  Eq.  (54)  changes  with  temperature  due  to  changes 
in  the  speed  of  sound  c,  and  the  coefficient  of  viscosity  p.  From  Eq.  (10).  c  varies  as 
tI/2.  The  coefficient  of  viscosity  for  dry  air  can  be  written  in  the  form  of  Sutherland's 

equation 


^  =  'l  +  (S/f) 

in  kg  m-l  sec-i,  where  B  and  S  are  empirical  parameters.  For  air,  the  parameters  B  = 
1.458  X  10-6  kg  sec-l  and  S  =  110.4  K  are  standard  values^^  that  provide 

a  satisfactory  fit  to  experimental  data  and  permit  reasonably  accurate  calculations  of  ^  for 

the  range  of  temperatures  between  273.15  and  313.15  K  (0  and  40  C). 

Using  the  standard  values  of  T,  R.  and  M  for  air  from  the  Society  of  Automotive 
Engineers^^  and  defining  a  reference  temperature  Tq  to  be  293.15  K  gives 


c  =  343.23(T/To)'^' 


(56) 


in  m  sec  ^  and 


/t  =  7.318  X  10 


-3 


T  +  110.4 


(57) 


in  kg  m  sec“^  so  Eq.  (54)  becomes 


a,|  =  5.578  X  10~%  /VW^o) 

T  +  110.4  (58) 

in  Np  m-l,  where  Pq  is  the  reference  pressure  of  1.01325  x  10^  N  m  ^  or  1  atm,  the 
pressure  P  is  in  N  m“^,  and  the  temperature  T  is  in  degrees  kelvm. 

It  was  shown  earlier  that  for  a  single  relaxing  degree  of  freedom 


a  =  — 


dKJK 


00 

s 


(O^T, 


2c  1  + 


(59) 


_ 

in  Np  m-1,  where  is  the  instantaneous  adiabatic  compressibility  (in  units  of  N  m 

and  equal  to  5Ks  is  the  relaxing  compressibility;  and  t'vs  is  the  relaxation  time 

at  the  partial  pressure  of  the  reactants  in  the  mixture,  at  constant  volume  and  under 
adiabatic  conditions.  For  a  single  relaxing  degree  of  freedom,  (5Ks/K7)  = 
Rc'/[Cp(c7  +  c')],  where  c'  is  the  specific  heat  of  the  relaxing  mode  in  J  (kg  K” 

1;  Cp  is  the  specific  heat  at  constant  pressure  at  frequencies  »  l/(27cx'vs);  and  c^  is  the 
specific  heat  at  constant  volume  under  the  same  conditions.  For  frequencies  < 
1/(27CX'vs)>  specific  heat  at  constant  volume  Cy  equals  c^  +  c'. 

Oxygen,  nitrogen,  and  carbon  dioxide  all  have  rotational  degrees  of  freedom  and 
hence  a  rotational  specific  heat  c’  for  rotational  relaxation  equal  to  the  universal  gas 
constant  R.  Water  vapor  has  three  rotational  degrees  of  freedom  and  a  rotational  specific 
heat  of  3R/2;  however,  since  the  mole  fraction  of  water  vapor  in  air  is  at  most  8%  in 
the  temperature  range  273-313  K^,  the  rotational  specific  heat  of  air  can  be  closely 
approximated  by  neglecting  the  contribution  of  water  vapor. 

Each  rotational  energy  level  relaxes  with  a  different  relaxation  time,  and  the  resultant 
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absorption  as  a  function  of  frequency  can  be  quite  complex.  However,  the  principal 
constituents  of  air  (oxygen,  nitrogen,  and  water  vapor)  have  rotational  energy  levels  that 
are  closer  together  than  the  average  thermal  energy.  As  a  result,  the  rotational  relaxation 
process  for  air  behaves  as  though  the  rotational  energy  levels  were  continuous  and  can 
be  described  by  a  single  relaxation  time  for  isometric  and  adiabatic  conditions  x'vs,  rot- 
At  all  frequencies  less  than  10  MHz,  x'yj  rot-^^  ^  co“^.  For  this  case,  and  the  value  of 
5Ks/K“  discussed  above,  with  Cv  =  c“  +  c’  =  c^  +  R  and  R/cy  =  Y  -  H  Eq  (59) 
becomes 

aro.  =  {[7t/?(y  -  !)]/«)}(/ V/,.o.)  (60) 


in  Np  m"^  where 

ft, vox.  ^/(^^^ys.rot ) 


(61) 


in  Hertz  in  the  rotational  relaxation  frequency. 
Now  consider  again,  Eq.  (59).  Write 


a  =  (-2-)  (- 


c^  -  co^ 


co^ 


27t%s 
1  +  W^T^s 


(62) 


Experimentally,  one  finds  that  x  for  rotational  relaxation  is  very  small  so  that  below  10 
MHz,  co^x^s  “  0-  Thsii 


a  =  const  •  f2  •  Xps 


(63) 


If  we  write  Xps  =  const  •  Zrot/P,  where  Zrot  is  the  rotational  collision  number,  we  find 
that 


=  l2n^Pl{yPc)]n\y(y  -  l)R/{1.25c°)]Z„,  (64) 

in  Np  m-1.  Again,  assuming  that  y  =  1.4  and  c^  =  7/2,  the  term  in  brackets  becomes 
0.128,  a  value  which  is  independent  of  temperature  since  the  specific  heat  of  rotation 
does  not  change  with  temperature.  Comparing  Eqs.  (34)  and  (64),  we  can  now  write 

a.o./aci  =  0.128Z,,,/1.88  =  0.0681Z,„.  (65) 


For  dry  air,  the  rotational  collision  number  Zj-ot  has  been  measured  near  room 
temperature  by  Greenspan"*^  and  at  higher  temperatures  by  Bass  and  Keeton"*^.  A 
summary  of  these  experimental  results  can  be  written  in  the  form 

,  /.i  (66) 

Z,,,  =  61.1  exp(- 16.87'/") 

over  the  temperature  range  293-690  K. 

Acknowledging  the  presence  of  water  vapor  but  ignoring  the  relaxation  of  the  small 
water-vapor  rotational  specific  heat,  the  rotational  collision  number  can  be  written  as 

Z,„  =  {[X(N,  +  0,)/Z„,(N,  +  OJ 

+  [X(H,0)/Z„,(N2  +  02  +  H,0)])-«  (67) 


where  X(N2  +  O2)  is  the  mole  fraction  of  nitrogen  plus  the  mole  fraction  of  oxygen:  Zro, 
(N2  +  O2)  is  the  rotational  collision  number  for  dry  air;  X(H20)  is  the  mole  fraction  of 
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water;  and  Z^t  (N2  +  O2  +  H2O)  is  the  number  of  H2O  collisions  required  for  N2  and 
O2  to  establish  rotational  equilibrium.  This  latter  quantity  can  take  on  values  from  to 
1  (probability  0-1).  The  resultant  Zj-ot  will  be  most  dependent  on  X(H20)  if  ^rot(f^2  + 
O2  +  H2O)  =  1.  Since  Z^t  (N2  +  O2)  =  5,  when  X(H20)  <  0.02,  the  rotational 

collision  number  for  the  mixture  can  change  by  no  more  than  2%,  so  Z^ot  =  (N2  +  02)» 
hence,  we  are  justified  in  ignoring  the  effect  of  water  vapor  on  the  rotational  collision 
number. 

Combining  Eqs.  (65)  and  (66)  with  Eq.  (58)  gives  the  combined  absorption  due  to 
classical  absorption  factors  and  rotational  relaxation  as 


a. 


5.578  X  10' 


T/Tq  [1  +  4.16 exp(- 16.87 


T  +  110.4 


P/Po 


(68) 


Evaluating  Eq.  (68)  for  various  temperatures  indicates  that  a  simplified  empirical 
equation  of  the  form 


P/Po 


a,,  =  1.83  X  10 


(69) 


in  Np  is  within  2%  of  Eq.  (33)  for  temperatures  between  213  and  373  K. 

The  relaxation  strengths  of  the  two  processes  important  in  air  are  near  to  those  one 
would  expect  for  a  simple  single  relaxation  of  N2  and  O2.  With  X  =  c/f  and  co  =  2jtf, 
Eq.  (59)  can  be  written  as 


^vib.y 


nsj 


f"/Lj 


1  +  if/frjY 


(10) 
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in  Np  m~l,  where  j  =  O  or  N;  sj  =  CjR/[c“(c“  +  Cj)];  and  frj  =  l/(27i:Xvs,j)  •  The 
relaxation  strength  sj  can  be  related  to  the  particular  atmospheric  constituent  and  the 
temperature  by  using  the  Planck-Einstein  relation^^, 


(1  _ 


(71) 


where  Xj  is  the  mole  fraction  of  the  component  considered;  i.e.,  0.20948  for  oxygen 
and  0.78084  for  nitrogen^^;  0j  is  the  characteristic  vibrational  temperature  (2239.1  K  for 
oxygen  and  3352.0  K  for  nitrogen).  For  the  temperature  range  0-40°C,  Cj  is  small  with 
respect  to  c“  and  thus  c”  =  Cp  and  c~  +  Cj  =  Cv.  Therefore,  sj  =  (Cj/R)(RVcpCv). 
Using  the  same  reasoning  that  led  to  the  approximations  described  in  developing  Eq. 
(13),  the  quantity  (RVcpCy)  can  be  set  equal  to  (y  -  l)R/cp,  which,  with  ycy  =  Cp,  was 
shown  to  be  equal  to  4/35.  Thus,  with  Eq.  (71),  Eq.  (70)  can  be  written  as 

_  4nXj  (0j/Tfe->4r  . 

35c  (1  - 

in  Np  m“^.  Using  Eq.  (56),  the  absorption  due  to  vibrational  relaxation  can  be 
computed  if  the  ffj  frequencies  for  oxygen  and  nitrogen  are  known. 

The  frequencies  of  maximum  absorption  for  oxygen  and  nitrogen  vibrational 
relaxation  have  been  computed  by  using  the  general  theory  described  earlier  (Evans  et 
al.,  1972).  To  a  good  approximation, 


/r.o  =  iP/Po){24  +  4.41  X  10^/i[(0.05  +  /i)/(0.391  +  /?)]} 


(73) 
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in  Hertz,  where  h  is  the  mole  fraction  of  water  vapor  in  percent.  The  various  constants 
in  Eq.  (73)  can  be  determined  from  the  general  theory  or  from  experimental 
measurements  in  air. 

The  frequency  of  maximum  absorption  for  nitrogen  is  theoretically  less  difficult  to 
determine  than  that  for  oxygen,  since  it  is  dominated  by  direct  vibration-translation  (V- 
T)  deexcitation  of  the  excited  nitrogen  molecules  by  water  vapor  (or  a  one-step  V-V 
transfer  to  H2O).  Carbon  dioxide  provides  an  alternate  relaxation  path  at  very  low 
water-vapor  concentrations.  The  form  of  the  relaxation  frequency  is 

/,.N  =  iP/Po)iT/To)-^/^[9  +  350/1  exp{-6.142[T'/ro)"''^  -  1]}]  (^4) 

in  Hertz. 

An  alternative  model  for  nitrogen  relaxation  gives 

/r.N  =  (P/Po)i9  +  200/2)  (Hz) 

The  contribution  to  atmospheric  absorption  due  to  vibration  relaxation  processes  can 
now  be  determined  from  Eqs.  (72)-(75)  if  the  percent  mole  fraction  of  water  vapor  is 
known.  By  Avagadro's  law,  the  percent  mole  fraction  is  equal  to  the  ratio  of  the  partial 
pressure  of  water  vapor  to  the  atmospheric  pressure  P  of  the  sample  volume  of  moist 
air,  in  percent.  Thus, 

h  =  lOOP^/P  (76) 

in  percent.  Introducing  the  saturation  vapor  pressure  of  pure  water  over  liquid  water 
Psat>  Eq.  (76)  can  be  written  as 


h  =  {mpjp,j{p,jp) 


(77) 


or 


h  =  KiP^JP) 

in  percent,  where  hr  is  by  definition  the  relative  humidity  for  a  given  sample  of  moist  air 
under  pressure  P  and  at  a  temperature  T,  in  percent,  a  quantity  that  is  usually  available 
from  experiments.  For  convenience,  Eq.  (78)  is  written  in  terms  of  the  standard 
atmospheric  pressure  Pq  as 

^  _  K(P.JPo) 

p 

^0  (79) 

in  percent.  The  quality  Pggt  can  be  determined  from  standard  reference  or  computed. 

If  we  now  combine  forms,  we  find  that 


logio(^sa./^o)  =  10.79586[1  -  (ToJT)] 


-  5.02808  logar/To,) 

+  1.50474  X  lO'^^Cl  -  )  -  1]) 

+  0.42873  X  -  ToJT)']  -  1) 

-  2.2195983 


(80) 


where  f  is  the  acoustic  frequency  in  Hz,  p^  is  the  atmospheric  pressure,  p^^  is  the 
reference  atmospheric  pressure  (1  atm),  T  is  the  atmospheric  temperature  in  K,  Tq  is  the 


reference  atmospheric  temperature  (293.15  K),  fj.Q  is  the  relaxation  frequency  of 
molecular  oxygen  and  fj-  jvj  is  the  relaxation  frequency  of  molecular  nitrogen. 

Figure  9a.  shows  the  relative  contributions  of  the  different  relaxation  mechanisms. 
Figure  9b.  shows  comparison  between  theory  and  experiment. 


Frequency  (Log  Scale) 


Frequency  (Log  Scale) 


Fig.  9a.  Components  and  general  behavior  of  total  air  absorption  in  air  in  terms  of  (a)  loss  per 
wavelength  and  (b)  loss  per  unit  distance:  (»  (w 
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Figure  9b.  Total  free-field  sound  absorption  in  air  at  266.5°  K  and  69.9%  relative  humidity;  points 
represent  experimental  data;  solid  line  calculated  using  the  computational  technique  of  Ref.  12. 

Hopefully  you  will  agree  that  the  results  are  pretty  impressive. 

To  this  point,  I  have  been  emphasizing  acoustic  studies  of  the  transfer  of  energy 
between  molecules.  We  have  learned  a  lot  about  molecular  collision  this  way  and  will 
learn  more  in  the  future.  During  our  final  session,  I  would  like  to  touch  on  some  less 
developed  aspects  of  the  subject. 
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3.0  Classical  Absorption  at  Low  Pressure 


3.1  Diffusion 


There  is  yet  another  source  of  sound  absorption  which  must  be  considered  in  gas 
mixtures.  When  there  is  local  pressure  or  temperature  gradient,  less  massive  molecules 
with  their  higher  thermal  speeds  move  toward  a  condition  of  equilibrium  more  rapidly 
than  heavier  molecules.  The  diffusion  due  to  the  pressure  gradient  is  accompanied  by 
preferential  diffusion  of  the  lighter  molecules  due  to  the  thermal  gradient.  The  result  is 
an  additional  absorption  due  to  this  diffusion  given  by"^^ 


a  = 


In^ryX.X^PDy 

Pc^ 


'M,  -  M,  ^  (y-  l)k. 


M 


yD,2X,X, 


(81) 


in  Np  m~^,  where  Xi,  X2  and  Mj,  M2  are  the  mole  fractions  and  molecular  weights  of 
gases  1  and  2,  respectively;  M  is  the  molecular  weight  of  the  mixture  of  gases  1  and  2; 
Dj2  is  the  concentration  diffusion  coefficient  and  the  product  of  pressure  P  and  is  in 
units  of  N  sec  and  k-j-  is  the  thermal  diffusion  coefficient  in  m^  sec“^. 

The  calculation  of  absorption  due  to  the  combination  of  pressure  and  thermal 
diffusion  terms  requires  that  PDj2  and  the  ratio  k-j-/D^2  known.  These  quantities  can 
be  calculated  from  kinetic  theory^^  but  experimental  values  are  sparse.  For  air,  the  term 
PDj2  is  largest  when  considering  O2/H2O  collisions;  however,  in  this  case,  not  only  is 
the  product  X^X2  small,  but  the  ratio  kY/(XiX2)  is  also  small.  For  O2/N2  collisions, 
Xj  and  X2  are  both  relatively  large  in  air,  but  the  differences  in  molecular  weights  (M2 
-  M^)  and  kT  are  both  small.  Ignoring  relaxation,  Bauer^®  has  shown  that  for  air, 
99.5%  of  the  total  classical  absorption  can  be  attributed  to  the  viscosity  and  thermal 


conduction.  Hence,  additional  absorption  due  to  diffusion  need  not  be  considered  for 
air.  For  mixtures  where  M2  -  Mj  is  large,  however,  this  situation  could  change 
dramatically. 


3.2  Sound  Propagation  in  Gases  with  Large  Mass  Disparity 

When  M2  and  Mj  differ  by  a  large  amount,  there  arises  the  possibility  for  added 
affects.  This  is  an  unexplored  area  and  I  will  draw  upon  analogies  to  make  my 
argument. 

Perhaps  you  are  familiar  with  work  explaining  the  interaction  of  sound  waves  with 
the  surface  of  the  earth.  Sound  causes  air  to  pulsate  in  the  pores  of  the  ground.  There 
is  viscous  drag  at  the  pore  walls  as  well  as  direct  momentum  transfer  if  the  pores  are  not 
vertical.  The  result  is  energy  transfer  to  the  matrix  or  frame.  Acoustic  waves  in  the 
frame  travel  with  much  different  speed  than  that  in  the  pores  so  there  are  effectively  two 
propagation  speeds  allowed.  In  practice,  a  buried  sensor  will  be  affected  to  some  extent 
by  both  waves.  This  has  been  observed.  The  first  description  of  this  type  was 
developed  by  Biot^^ 

Now  suppose  that  we  fill  the  soil  with  water  and  conduct  our  experiment  at  the 
bottom  of  the  ocean.  Same  principle  applies  but  now  the  fluid  is  water.  The  Biot 
model  has  also  been  successfully  applied  to  this  case. 

Now  suppose  that  the  ocean  floor  is  not  consolidated.  A  frame  exists  only  to  the 
extent  that  gravity  causes  the  particles  to  be  in  contact.  Even  then,  one  can  envision  a 
frame  wave  transmitted  through  the  contact  points.  So  our  picture  should  still  be  valid- 
two  modes  are  still  allowed. 

But  how  far  can  we  carry  this  model?  What  if  the  ocean  floor  is  a  suspension? 
This  corresponds  to  what  is  often  referred  to  as  dusty  gases.  These  are  very  massive 


66 


molecules  but  transfer  of  energy  during  collisions  with  other  large  particles  is  not  very 
effective.  This  regime  is  common  for  aerosols  in  air  or  real  ocean  floors  but  a  good 
description  and  experimental  data  remains  elusive. 

3.3  Boltzmann's  Equations  for  Dilute  Gases 

This  lecture  started  with  a  mathematical  description  of  the  wave  equation  which  has 
as  a  fundamental  basis  the  Navier-Stokes  Equation.  The  Navier-Stokes  Equation 
provides  a  good  link  between  stress  and  strain  in  the  limit  of  high  gas  density.  More 
specifically,  the  results  described  in  the  first  lecture  are  adequate  when  the  mean  distance 
between  collision  is  very  small  compared  to  a  wavelength.  When  this  condition  is  no 
longer  met,  treating  the  gas  as  a  continuous  media  is  no  longer  accurate.  One  must 
resort  to  a  microscopic  description  of  molecular  energy  and  momentum  transfer  even  for 
the  transfer  of  translational  energy.  In  this  case,  the  governing  equation  is  the 
Boltzmann  Equation. 

3.3.1  Experimental  Results 

Sound  propagation  in  dilute  gases  has  been  investigated  by  Greenspan^^  (Helium  at 
1  MHz;  He,  Ne,  Ar,  Kr,  X  at  11  MHz),  Meyer  and  Sessler^^  (Ar  at  100  and  200  kHz), 
and  Hassler^'^  (Ar  at  100  and  200  kHz)  (cf.  the  review  by  Greenspan).  These  data  are 
plotted  in  Fig.  10  on  the  universal  abscissa  Tif/p  =  (hxJIk.  One  sees  that  the  rare  gases 
obey  the  Kirchhoff-Stokes  theory  for  cox^  (  0.2. 
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Fig.  10  Sound  propagation  in  monatomic  gases  (Greenspan).-Kirchhoff-Stokes  theory.  By  courtesy  of  the 
author  and  Academic  Press,  Inc.,  New  Yoilc. 


In  Fig.  10  only  those  measurements  which  correspond  to  the  conditions  "inside"  the 
gas  are  included.  In  dilute  gases  the  experimental  conditions  are  very  unfavorable:  the 
small  density  and  the  large  absorption  reduces  the  signal  so  much  that  measurements  are 
taken  more  and  more  in  the  very  neighborhood  of  the  sound  transmitter,  i.e.  at  the 
"margin"  of  the  gas.  Here,  where  the  molecules  coming  from  the  sound  transmitter 
have  not  suffered  a  collision  with  other  molecules,  special  phenomena  show  up. 


3.3.2  Boltzmann's  Transport  Equation  (From  Ref.  50.) 

The  most  detailed  description  of  a  system  containing  a  single  monatomic  ideal  gas  is 
given  by  the  distribution  function  f(c,  r,  t),  f  represents  the  number  of  molecules  in  the 
differential  space  dr  at  r  which  possess  at  t  a  velocity  within  dc  of  c.  f  can  be 
understood  as  the  density  of  particles  in  |i  space.  The  thermodynamic  variables  and  the 
irreversible  fluxes  are  given  by  the  moments  of  the  distribution  function.  The  zero 
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moment  yields  the  number  density 


the  first  moment  yields  the  mean  (macroscopic)  velocity 


V  = 


c(f/n)dc 


(82) 


(83) 


The  kinetic  energy  relative  to  a  frame  moving  with  v  defines  the  kinetic  temperature, 


lkT  =  ffi.  (c- v)^(f/n)dc. 
2  2 


(84) 


Internal  friction  means  transport  of  a  component  of  the  linear  momentum  m(Cj^  -  v^)with 
the  speed  (c^  -  Vy)  (u,  v  =  x,  y,  z).  In  tensor  notation  that  establishes  the  pressure 
tensor 


g  = 


(c  -  v)(c  -  v)fdc 


(85) 


The  trace  of  Eq.  (84)  is  the  threefold  static  3p  =  3nkT.  The  heat  conduction  stems  from 
the  transport  of  kinetic  energy  (relative  to  v)  m(c  -  v)^/2  in  the  direction  (c  -  v). 
Therefore  the  transport  of  kinetic  energy  is  represented  by  q 

(86) 

where  q  is  the  trace  of  the  third  tensorial  moment.  Higher  moments  do  not  possess  a 


(c  -  v)(c 


v)^fdc 


particular  thermodynamic  meaning  and  therefore  have  no  names.  If  we  succeed  in 
finding  an  equation  for  f(c,  r,  t),  by  insertion  of  the  solution  into  Eqs.  (85)  and  (86), 
the  friction  tensor  and  the  heat  current  can  be  calculated.  Together  with  the  conservation 
equation,  which  also  represents  equations  between  the  moments,  the  dispersion  equation 
for  sound  propagation  is  obtained.  For  that  purpose  the  moments  may  be  linearized: 
since  f  contains  members  proportional  to  the  sound  amplitude,  we  can  substitute  (c  -  v) 
by  c  in  Eqs.  (84)-(85).  In  the  case  of  Eq.  (86),  the  same  procedure  would  include 
convective  energy  transport. 


^  = 


\nkTv 


(86a) 


Where  5/2nkT  denotes  the  enthalpy  per  unit  volume. 

A  complete  description  of  momentum  and  energy  transport  requires  a  knowledge  of 
the  distribution  f.  The  equation  for  F  is  the  Boltzmann  equation.  We  report  in  the 
following  some  of  its  properties;  more  details  can  be  gathered  from  the  literature  (e.g. 
Ref.  55,  56). 

The  local  variation  of  the  distribution  function  with  time  is  effected  (neglecting 
external  fields  and  walls) 

(a)  by  the  flight  of  the  molecules-when  the  time  dt  has  elapsed,  dr  now  contains 
molecules  formerly-cdt  apart; 

(b)  by  collisions  between  two  molecules  which  throw  these  out  of  or  into  the 
velocity  range  dc  at  c. 

(c)  by  the  action  of  external  fields,  which  we  assume  to  be  absent. 

If  one  neglects  the  duration  of  a  collision  against  the  mean  free  time  (or  the  range  of 
the  intermolecular  potential  against  the  mean  free  path),  the  changes  (a)  and  (b)  are 
independent  of  each  other. 


(87) 


IL 

dt 


-  c  grad  / + 


5/ 


In  elastic  collisions  of  identical  particles  (velocities  c  and  Cj),  the  motion  of  the  center  of 
mass  and  the  amount  of  the  velocity  difference  is  maintained,  thus  only  that  velocity 
difference  c  -  c^  =  g  is  rotated  by  angle  X  into  a  new  direction  (unit  vector  e').  The 
velocities  of  both  particles  c'  and  c'j  after  the  collision  are,  therefore, 


^  =  i(c  +  Ci)±^\c-Ci\e' 


(88) 


The  probability  of  such  rotation  can  be  expressed  in  a  differential  cross-section  a(g,  X) 
which  depends  on  the  intermolecular  potential.  Now  we  can  formulate  the  loss  of 
molecules  out  of  dc. 


i  =  dc 

j  loss 


6^<^/W/(c,)dc'dc, 


(89) 


g  stems  from  the  proportionality  between  collision  rate  and  velocity  difference, 
f(c)f(ci)dcdc|  is  the  density  of  the  colliding  and  the  target  molecule;  the  integration  over 
the  angle  (de')  takes  into  account  all  products  of  the  collision,  the  integration  over  dc, 
considers  all  velocities  of  the  target  molecules.  To  calculate  the  gain  we  have  to  look  for 
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collisions  which  force  the  colliding  molecules  into  dc  at  c.  If,  in  addition,  the  target 
molecules  changes  its  velocity  into  dcj  atCj,  then,  for  molecules  without  spin,  we  look 
for  the  "inverse"  collisions,  which  we  obtain  from  eqn.  (88)  by  time  reversal.  Since  the 
equations  of  motion  of  the  molecules  are  reversible,  those  "inverse"  collisions  possess 
the  same  probability  a.  By  multiplication  with  the  distribution  function  of  colliding  and 
target  molecule  at  those  c’  and  c'^  values  compatible  with  eqn.  (88),  and  integration 
overall  possibilities  (de')  and  final  velocities  of  the  target  molecules  (dcj),  we  obtain  the 
production  rate  of  molecules  at  c. 


d 


ct 


gain 


(90) 


The  loss-gain  balance  is  the  Boltzmann  equation  in  the  absence  of  external  fields 


--  +cgrad/=  ('^o-(/'/,'-//i)de'dc, 

at  J  (91) 

As  usual,  the  argument  of  f  is  abbreviated,  i.e.,  fj  =  f(Cj),  f  =  f(c').  ff^  therefore 
corresponds  to  eqn.  (88).  The  non-linear  integro-differential  equation  for  f  is  highly 
complex,  and  for  our  purpose  linearization  is  allowed. 

Equation  (91)  possesses  one  simple  (and  the  only  exactly  known)  solution,  the 
Maxwell  distribution 


0^ 

exp  (-^(c-u)^),  ft  =.  ni/lkT 


(92) 
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with  number  density  n,  mean  velocity  v,  and  temperature  T  constant  in  time  and  space. 
For  the  Maxwell  distribution  (ff  j  -  ffi)  vanishes  identically.  However,  there  are 
systems  with  n,  v,  T  =  F(r,  t)  for  which  eqn.  (92)  is  a  good  zero-order  approximation. 
That  is  the  case  if  he  left-hand  side  of  eqn.  (91)  is  so  small  that  a  minute  deviation  of 
the  distribution  function  from  the  Maxwellian,  if  inserted  into  the  then  non— vanishing 
collision  integral,  is  sufficient  to  satisfy  eqn.  (91).  Since  the  collision  integral  implies 
the  division  of  the  distribution  function  by  a  mean  free  time  (in  the  sense  of  a 
dimensions  analysis),  we  can  think  of  two  cases. 

(a)  The  variations  of  n,  T,  and  v  in  time  and  space  are  small  within  a  mean  free  time 
or  a  mean  free  path,  respectively,  while  the  total  variation  may  be  considerable.  Then 
we  suppose  the  solution  to  be  a  small  deviation  from  a  local  Maxwellian  Eq.  (92)  with 
n,  V,  P  =  n,  V,  P  (r,  t)  and  have 

'■•')]  (93) 

(b)  The  amplitudes  of  the  variables  n,  v,  T  are  small.  Then  even  with  "steep" 
gradients  and  "fast"  variations  the  deviation  from  an  absolute  Maxwellian  (constant  in 
time  and  space)  will  be  small. 

/  =  /o[l+'^(^-  0]  (94) 

That  is  the  case  in  the  propagation  of  small-amplitude  sound.  We  therefore  introduce 
Eq.  (94)  into  Eq.  (91)  and  obtain  by  neglection  of  terms  quadratic  in  O,  because  fofoi 
=  fgfop  the  linearized  Boltzmann  equation 


/o 


+  c  grad 


^7 tt/o  /o  1  ', )  4-  0(c ' )  -  0(c , )  -  <?>(c )]d e '  d c , 


f95) 
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The  collision  integral  on  the  right-hand  side  of  eqn.  (95)  represents  the  rate  of 
change  of  a  deviation  from  the  Maxwellian  distribution  foO(c)  at  the  velocity  c.  It 
depends  on  the  shape  of  that  deviation,  and  consists  of  four  parts:  encounters  with 
Maxwellian-distributed  target  molecules  diminish  an  excess  of  the  colliding  molecules 
fQ<I>(c)  at  c  (last  term  of  eqn.  (95);  an  excess  in  other  velocity  ranges  consistent  with 
eqn.  (88);  <I>(c');  increases  in  the  excess  at  c  (second  term).  The  collisions  of  the 
Maxwellian-distributed  part  of  the  colliding  molecules  against  target  molecules 
distributed  according  to  fQ(l  +  O)  produce  a  gain  (first  term)  and  a  loss  (third  term)  at  c. 
In  general,  the  rate  of  change  of  the  relative  deviation  from  the  Maxwellian,  0(c),  will 
be  different  at  different  velocities.  Such  relative  deviations  which  change  at  every 
velocity  with  a  rate  proportional  to  0(c),  conform  to  the  eigenfunctions  of  the  collision 
operator.  They  decay  under  retention  of  their  shape. 

1.  Free-molecule  propagation 

We  consider  a  region  near  the  sound  transmitter  in  which  most  of  the  molecules 
come  directly  from  the  oscillating  surface  without  a  binary  collision  in  between.  The  the 
Boltzmann  equation  is 


of  ^ 


ot 


ox 


(96) 


A  solution  is  any  distribution  function  which  contains  the  combination  c^^  -  x/t.  Special 
solutions  are  gained  by  the  boundary  conditions  at  the  transmitter.  The  simplest 
assumption  is  the  emission  of  a  Maxwellian  from  the  transmitter  surface  oscillating 
according  to 


w  =  \v  sin  CO/' 


(97) 
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Then  the  molecules  with  direction  to  the  right  side  (coming  from  the  transmitter)  have  a 
distribution  in  the  laboratory  frame^^ 


/+(jc  =  0)  = 


no 


exp  [-/?(Cj,-vv  sin 


(98) 


while  the  molecules  flying  to  the  left  do  not  have  any  harmonic  history,  they  shall  be 
Maxwellian 


/-(^  =  0)  = 


(99) 


Half-range  expansions  of  the  form  of  eqs.  (98)  and  (99),  but  with  more  complicated  f+ 
and  other  forms  of  accommodation  at  the  oscillating  surface  have  been  introduced  by 
Maidanik  et  al.^"^  For  small  amplitudes,  w,  eqn.  (98)  may  be  linearized 


/+(a-  =  0)  =  /to 


exp  -2/?vvc^  sin  cot'  - /icj  - 


(100) 


or 


f(x  —  0)  — /o[I  +  U(c^)2j]wc^.  sin  cot''] 


(101) 


U(x)  is  the  unit  step.  The  propagator  5(t'  -  t  +  x/c^)  moves  the  distribution  function 


(100)  from  the  point  x  =  0  to  x. 


(102) 


The  received  pressure  is  the  flux  of  linear  momentum  per  unit  time  and  area,  if  we 
assume  full  accommodation  again.  It  contains  a  part  oscillating  with  co,  the  amplitude  of 
which  is 


AF,,  =  2/?we'“"  \f,cic 


•  joxjCx^ 


(103) 


Higher  harmonics,  expected  by  Kahn  and  Mintzer^^  are  not  present.  The  integral  (103) 
cannot  be  solved  in  closed  form.  First  we  discuss  the  situation  close  to  the  transmitter, 
(a)  Short  distance  to  the  transmitter 

For  small  values  of  x,  the  factor  exp(-j(0x/Cj^)  can  be  expanded  for  almost  all 
molecules  except  the  very  slow  ones.  The  integration  can  then  be  performed.  If  we 
force  the  result  into  an  exponential  representation  again,  we  obtain  (with  the  mean 

velocity  Cm  =  (4/7tP)2 ) 


P 


exp 


2  \  CD^X^ 

sJ 

(104) 


The  phase  is  no  longer  a  linear  function  of  the  distance,  from  the  phase  term 


exp  -j 


/c(x')d.x'j  = 

0  / 


exp 


.cox  /I 
~  \l'  n) 


2\  Oi^x^ 


(O^X^ 
-3-  + 


(105) 
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we  gain  differentiation  as 


k(x)  = 


0) 


(106) 


This  result  is  obvious.  The  phase  velocity  is  at  first  the  mean  velocity  of  the  molecules. 
It  increases  with  increasing  distance,  and  we  notice  an  absorption  proportional  to  the 
distance.  That  behavior  results  from  the  fact  that  in  the  region  cox/c^^  1  almost  all 
molecules  contribute  to  the  propagation,  while  for  increasing  x  the  phase  factor  exp(- 
jcox/cjj)  oscillates  already  for  the  slow  molecules.  Fewer  molecules  support  the 
propagation,  and  these  are  faster  in  the  mean. 

(b)  General  solution 
Because 


4F„  -  AP„ 


e'“  exp 


(107) 


we  obtain  k;(x)  from  Eq.  (104)  by 


/»  CO 


K^)  =  Pxx  = 

ox 


(108) 


A  relation  similar  to  Eq.  (108)  but  with  modified  accommodation^^  and  without  the 
factor  Cx  resulting  from  the  weighting  of  the  momentum  transport,  has  been  given  by 
Meyer  and  Sessler^^  and  solved  by  expansion  techniques.  The  real  part  has  also  been 
plotted  in  Fig.  9;  it  deviates  from  eqn.  (108)  only  for  small  distances.  Apparently 


variation  of  the  accommodation  plays  a  role  only  for  small  distances. 

There  are  two  standard  methods  of  solution  of  the  linearized  Boltzmann  equation  and 
its  application  to  the  problem  of  sound  propagation  in  rarefied  gases.  These  various 
methods  differ  considerably  in  the  path  of  the  calculation,  but  they  all  yield  the  same 
class  of  solutions,  the  so-called  normal  solutions,  and  the  same  expressions  for  the 
pressure  tensor  and  the  heat  current  Bauer  discusses  them  in  the  Chapman- 
Enskog  version,  and  applies  them  to  the  Boltzmann  equation  linearized  about  an  absolute 
Maxwellian,  eqn.  (96).  Then  the  calculation  gains  in  simplicity,  and  the  method 
becomes  clear  (the  original  method  was  based  on  the  nonlinear  Boltzmann  equation  itself 
or  a  linearization  about  a  local  Maxwellian).  In  principle,  the  method  is  an  iteration:  a 
lower-order  approximation  (j)(‘  “  ^Hs  inserted  into  the  differential  part;  in  doing  that  the 
integro-differential  equation  is  converted  into  an  ordinary  integral  equation  for  a  higher- 
order  solution  ({)(‘\  The  dispersion  relations  obtained  by  that  method  and  also  the 
pertinent  literature  have  been  listed  by  Greenspan.^^ 
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4.0  Discussion 

4. 1  Negative  Absorption 

To  this  point,  I  have  restricted  this  lecture  to  propagation  in  systems  which  are  in 
equilibrium,  on  a  scale  large  compared  to  a  mean  free  path.  Modem  research  is  much 
more  involved  with  propagation  in  systems  far  removed  from  equilibrium.  You  have 
heard  Professor  Atchley  describe  thermoacoustics  where  sound  propagates  through  a 
region  where  there  is  a  temperature  gradient.  Let's  consider  that  case  just  a  moment. 

One  way  of  looking  at  a  thermoacoustic  prime  mover  is  in  terms  of 
counterpropagating  plane  waves.  The  effect  of  the  stack  in  this  picture  is  to  amplify  the 
incident  acoustic  wave.  The  wave  propagates  through  a  region  of  negative  absorption. 
Rather  than  extracting  energy  from  the  wave,  energy  is  added  to  the  wave.  A  system  in 
equilibrium  could  not  do  this  without  violating  the  third  law  of  thermodynamics  but 
when  a  temperature  gradient  is  present,  energy  flow  occurs,  and  acoustic  gain  can  result. 
There  are  other  cases  where  negative  absorption  has  been  observed.  Doug  Shields^^  has 
observed  gain  for  a  wave  propagating  through  a  gas  vibrationally  excited  by  an  electric 
discharge.  Fig.  11  shows  amplitude  as  a  function  of  time  following  an  electric 
discharge. 
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Fig.  11.  Filtered  microphone  response.  In  moving  from  the  central  graph  (e),  only  one  of  the  four 
variables  changes.  For  (c),  (e),  and  (0  the  sound  frequency  increases;  (d)  is  the  fundamental  of  the  60-cm 
tube;  (e)  is  the  fundamental  for  the  30-cm  tube.  Corresponding  frequencies  are  approximately  340,  680, 
and  1360  Hz.  For  (b),  (e),  and  (h)  the  pressure  increases  from  20  to  40  to  80  Torr.  For  (a),  (e),  and  (i)  and 
H2  concentration  increases  from  0  to  10%  to  20%.  For  (g),  (e),  and  (c)  the  energy  per  mole  deposited  by 
the  discharge  in  the  gas  increases  from  3700  to  7000  to  9000  J/mol.  If  all  of  this  energy  were  to  go  into 
vibrations,  the  corresponding  initial  vibrational  temperatures  would  be  1600,  2100,  and  2400  K. 


At  this  point  in  time,  we  can  predict  and  observe  negative  gain  from  different 
mechanisms: 

(a)  Can  you  think  of  other  mechanisms  which  might  provide  negative  absorption? 

(b)  What  can  we  use  this  for? 


4.2  Electrical  Discharge 

One  of  the  most  dramatic  sources  of  sound  is  lightning.  This  huge  electrical 
discharge  gives  rise  to  thunder  which  can  be  heard  for  miles.  Electrical  discharges  can 
also  be  good  laboratory  sources  of  N  waves.  The  fundamental  processes  involved  in 
electrical  discharges  are  quite  complicated  and  interesting. 
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To  treat  this  problem,  ignore  coronal  discharge  and  space  discharge,  and  make  some 
assumptions  about  the  lighting  being  nice  and  symmetrical,  et  cetera.  Then  what  one 
does  is  take  the  driving  term  as  electrical  heating  of  the  discharge  channel  and 
numerically  integrate  the  equations  of  gas  dynamics.  From  that  point  of  view  it  sounds 
fairly  straightforward  and,  conceptually,  it  is  pretty  straightforward. 


Energy 


Conservation 


at 


q  =  pseudoviscous  term 

^  =  rate  at  which  energy  is  added  to  or  taken  from  element 
3i 

Conductivity  of  plasma 

a  =  e^n.X.(3m^T)'‘" 

=  electron  mean  free  path 

_  4.173  X  10'‘°  (Ai  +  A;)  T'*” 

2xl0''(l-A,)  +  A,(ai)av 

A I  =  fraction  of  atoms  which  have  been  ionized 
Aj  =  fraction  of  atoms  which  have  lost  second  electron 
(aj)av  =  average  electron-ion  cross  section 

=  2.8  X  l(r'6  T-2  [(A,  +  Aj)  /  (A,  +  A2)]2 
X  log  {1.727  X  10-5  [(A[+A2)/(Ai  +3A2)I  r(A|P)-l/2  ) 


Fig.  12.  A  few  equations. 


The  problem  comes  computationally  in  trying  to  describe  the  conductivity  of  the 
channel  as  a  function  of  time  as  the  electric  discharge  progresses.  There  are 
successively  greater  states  of  ionization  as  the  discharge  progresses,  and  so  the 

conductivity  is  a  very  strong  function  of  time  throughout  the  discharge  process. 

Basically  one  takes  into  account  energy  conservation.  The  p  there  is  acoustic 
pressure,  or  pressure,  whatever,  q  is  a  pseudoviscous  term  which  hydrodynamicists 


love  to  put  in  to  make  everything  work.  The  desired  quantity  is  the  conductivity  of  the 
plasma  that  results  from  the  discharge  as  a  function  of  time. 

In  order  to  get  the  conductivity  we  need  an  accurate  equation  of  state.  One  which 
involves  all  the  ionized  species  that  are  available  in  the  atmosphere  as  the  temperature 
and  current  ramp  up. 

For  air,  the  ionization  cross  sections  for  the  different  species  are  known.  Those 
have  been  measured  individually  in  the  laboratory. 

Knowing  all  the  cross  sections,  one  can  get  rate  equations  and  from  those  derive  an 
equation  of  state.  The  types  of  information  needed  are  things  like  fractions  of  atoms 
which  have  been  ionized,  the  secondly  ionized  fractions  (of  course,  you  start  out  with 
dissociation  first,  but  we  know  dissociation  rates  and  the  energies  required  for  that  ). 
Most  of  these,  in  the  case  of  air,  can  be  measured  individually  in  a  laboratory  setting. 
That  made  the  calculation,  do-able,  because  those  measurements  are  independent  of  the 
prediction  of  lightning  and  thunder  itself. 


Input 

Io  =  4x  10^  A 
a  =  4  X  10^  sec“^ 
p  =  4  X  10^  sec“* 

(  ^  where  j  is  a  zone  outward  from  center  of  discharge 

\  el  Pj 

Losses 

Thermal  conduction 
Radiative  Energy  Transport 

Bremsstrahlung  -  Increases  as  T 
Black-body  type  radiation  -  Increases  as  T^ 


Fig.  13.  Energy  balance. 
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In  order  to  drive  the  whole  thing,  one  assumes  some  type  of  current  input.  The 
current  input  waveform  that  is  often  assumed  is  two  exponentials.  There  are  some 
logical  reasons  for  this  but  the  primary  reason  is  the  need  to  express  the  current 
mathematically  and  numerically  in  the  integration  process. 

The  equation  of  state  depends  upon  the  temperature  and  the  state  of  ionization,  which 
also  depends  on  temperature.  We  treat  a  cylindrically  symmetric  problem,  letting  current 
flow  down  through  the  center  with  a  radius  of  the  current  flow  on  the  order  of  a  fraction 
of  a  centimeter. 

The  differential  equations  are  solved  moving  outward  from  the  center  of  the 
discharge.  Then  we  get  the  temperature  and  pressure  change.  We  solve  for  heat 
generated  as  a  function  of  time  in  each  of  J  zones,  where  J  is  measured  outward  from 
the  discharge  itself. 

It  was  found  early  on  that  there  are  some  important  loss  mechanisms  that  must  be 
accounted  for  to  get  decent  results.  These  are  radiation  loss  mechanisms.  Specifically, 
black-body  radiation  from  the  channel  can  become  very  important  when  the  temperature 
gets  very  high.  It  can  become  the  term  that  limits  the  magnitude  of  the  pressure  pulse. 

The  assumed  channel  radius,  determined  photographically,  is  somewhat  less  than  a 
centimeter,  maybe  a  half-centimeter  or  so. 

The  conductivity  as  a  function  of  time  comes  out  of  the  calculation  based  on  the 
equation  of  state.  Where  the  conductivity  is  increasing  very  rapidly  as  the  temperature 
goes  up,  resistance  is  changing  very  rapidly  with  time.  So  resistance  and  time  are 
strongly  related. 


Fig.  14.  Computed  conductivity. 

Some  sampling  of  results.  Energy  for  lighming  is  probably  about  27  J/cm.  Prior  to 
these  calculations  by  Plooster,  that  number  was  assumed  to  be  about  two  orders  of 
magnitude  larger.  That  orders  of  magnitude  larger  assumption  was  based  on  two  bad 
errors.  One  was  that  the  thermal  conduction  was  basically  linear  with  temperature 
without  limit.  The  other  mistake  was  that  people  did  not  read  Dave  Blackstock's  papers 
on  nonlinearity.  It  turns  out  that  when  you  start  generating  pressure  pulses  that  have 
overpresures  on  the  order  of  10  to  15  atm,  you  can  no  longer  assume  that  it  is  a  linear 
acoustic  wave  as  it  propagates  away. 

As  a  matter  interest,  the  acoustic  energy  generated  goes  approximately  as  the  current 


to  the  1.2  power. 
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Typical  Lightning  Energy  ~  27  J/cm  =  2.7  kJ/m 


Eo-Io'-2 


Fig.  15.  Sampling  of  results. 

That  is  an  empirical  result.  The  point  is  that  you  do  not  get  a  square-type  relationship 
between  acoustic  energy  and  current. 

Based  upon  the  microscopic  model,  one  can  predict  waveforms,  pressure,  density,  et 
cetera,  as  a  function  of  radius  moving  outward  from  the  discharge  channel. 
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ACOUSTICS  DEMONSTRATIONS 
Abstract 

Bent  Tuning  Curves.  At  small  amplitudes,  the  resonant  frequency  of  a  mass 
on  a  spring,  a  pendulum,  or  other  such  oscillator,  is  independent  of  the  amplitude  of 
motion.  If  we  sweep  the  drive  frequency  we  get  the  familiar  Lorentzian  tuning  curve.  But 
at  larger  drives,  nonlinear  contributions  to  the  restoring  force  change  the  resonant 
frequency  as  a  function  of  the  response  amplitude,  and  the  tuning  curve  bends  to  the  right 
or  the  left,  for  hardening  or  softening  nonlinearities,  respectively.  This  leads  to  hysteresis, 
which  will  be  demonstrated  with  the  aid  of  a  loudspeaker  and  a  rubber  band. 

Parametrically  Driven  Oscillator.  If  we  oscillate  the  stiffness  or  mass  of  an  oscillator 
instead  of  directly  driving  it  with  a  force,  we  can  pump  energy  into  the  system  when  the 
oscillations  are  strong  enough  and  occur  close  enough  to  double  the  system’s  resonant 
frequency.  The  response  will  grow  exponentially  with  time  until  a  nonlinearity  limits  the 
response.  The  tuning  curves  have  an  unusual  shape  and  they  display  hysteresis  as  well. 
This  will  be  demonstrated  with  a  parametrically  driven  rigid  rod  pendulum. 

Doubly  Bent  Tuning  Curves.  The  pendulum  has  a  softening  nonlinearity  and  its 
tuning  curve  initially  bends  to  the  left.  But  if  the  pendulum  should  hit  a  hard  stop  at  larger 
amplitudes,  giving  a  hardening  nonlinearity,  the  tuning  curve  bends  back  on  itself  and  goes 
off  to  the  right. 

Parametric  Stabilization.  With  really  large  drive  levels,  with  accelerations  large 
compared  to  g,  it’s  possible  to  make  a  pendulum  defy  gravity  and  stand  upside  down. 

Velocity  Feedback  and  Self  Maintained  Oscillators.  Many  of  the  properties  of  the 
simple  harmonic  oscillator  as  well  as  self  maintained  oscillations  (negative  damping)  and 
the  active  damping  of  vibrations  (positive  damping)  can  be  shown  with  a  tuning  fork 
instrumented  with  an  electromechanical  drive  and  pickup.  The  drive  and  pickup  consist  of 
fixed  coils  of  wire  taken  from  relays  and  small  but  powerful  rare  earth  magnets  on  the 
tuning  fork  tines.  An  eraser  between  the  tines  can  be  used  to  vary  the  passive  Q.  By 
amplifying  the  signal  from  the  pickup  coil,  compensating  for  inductively  induced  phase 
shifts,  and  applying  this  signal  back  to  the  drive  coil,  a  force  proportional  to  the  velocity  of 
the  tines  can  be  used  to  subtract  from  or  add  to  the  passive  damping,  resulting  in  a  self 
excited  tuning  fork,  a  tuning  fork  with  infinite  Q,  or  one  with  very  low  Q. 

Phase  Locking.  A  self  maintained  oscillator,  such  as  a  beating  heart,  influenced  by 
another  oscillator,  such  as  a  pacemziker,  may  adjust  its  frequency  so  that  the  phase  between 
two  oscillators  is  constant,  thus  making  their  frequencies  identical.  In  general,  the  two 
oscillators  will  synchronize  if  the  coupling  between  them  is  strong  enough  and  their  natural 
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frequencies  ate  close  enough.  This  phase  locking  or  entrainment  phenomenon  is  fairly 
common.  Two  clocks  on  die  same  wall  can  force  each  other  to  tick  in  unison,  the  moon 
shows  us  only  one  face  because  its  spin  and  orbital  frequencies  are  locked,  two  people 
walking  together  unconsciously  adjust  their  pace  until  their  feet  hit  the  ground 
simultaneously,  and  our  sleep-wake  cycle  is  synchronized  with  the  rotations  of  the  earth. 
Here,  phase  locking  will  be  demonstrated  with  an  organ  pipe  and  a  loudspeaker. 

Shock  Waves  and  Sound  Eating  Sound.  With  large  enough  amplitude,  the 
propagation  of  sound  becomes  nonlinear;  superposition  breaks  down  and  sound  interacts 
with  sound.  Shock  waves,  N  waves,  and  the  interaction  of  sound  with  noise  will  be 
shown  in  a  long  nonlinear  acoustic  wave  tube. 
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Resonant  Ultrasound  Spectroscopy 
Albert  Migliori 

Los  Alamos  National  Laboratory,  MS  K764,  Los  Alamos,  New  Mexico  87545 

The  use  of  mechanical  resonances  to  test  properties  of  materials  is  perhaps  older 
than  the  industrial  revolution.  Early  documented  cases  of  British  railroad  engineers 
tapping  the  wheels  of  a  train  and  using  the  sound  to  detect  cracks  perhaps  mark  the  first 
real  use  of  resonances  to  test  the  integrity  of  high-performance  alloys.  Attempts  were 
made  in  the  following  years  to  understand  the  resonances  of  solids  mathematically, 
based  on  the  shape  and  composition.  But  Nobel  Laureate  Lord  Rayleigh  best 
summarized  the  state  of  affairs  in  1894,  stating  "the  problem  has,  for  the  most  part, 
resisted  attack".  More  recently,  modern  computers  and  electronics  have  enabled 
Anderson  and  co-workers  with  their  work  on  minerals,  and  our  work  at  Los  Alamos  on 
new  materials  and  manufactured  components  to  advance  the  use  of  resonances  to  a 
precision  non-destructive  testing  tool  that  makes  anisotropic  modulus  measurements, 
defect  detection  and  geometry  error  detection  routine.  The  result  is  that  resonances  can 
achieve  the  highest  absolute  accuracy  for  any  dynamic  modulus  measurement 
technique,  can  be  used  on  the  smallest  samples,  and  can  also  enable  detection  of  errors 
in  certain  classes  of  precision  manufactured  components  faster  and  more  accurately 
than  any  other  technique. 

The  mechanical  resonances  of  a  freely  suspended  solid  object  are  special 
solutions  to  the  equations  of  motion  in  the  absence  of  energy  loss  mechanisms  that 
depend  only  on  the  density,  elastic  moduli  and  shape.  It  is  these  resonances  that  will  be 
discussed  here.  These  modes  include  all  the  possible  frequencies  at  which  such  an 
object  would  “ring”  at  if  struck.  Because  a  solid  with  N  atoms  in  it  has  6N  degrees  of 
freedom,  there  are  6N-6  resonances  (we  remove  6  frequencies  that  correspond  to  3 
rigid  rotations  and  three  rigid  translations).  Most  of  these  resonances  cannot  be 
detected  as  individual  modes  because  dissipation  in  the  solid  broadens  the  higher- 
frequency  resonances  so  that  they  overlap  to  form  a  continuum  response.  For  a  typical 
solid  object,  of  the  10^^  modes  possible,  perhaps  10'*  or  so  are  very  special  because 
they  are  isolated  from  other  modes  and  hence  can  be  individually  studied.  These  special 
modes  or  resonances  are  not  uniquely  determined  in  the  sense  that  there  are  many 
different  solid  objects  that  can  produce  identical  resonance  spectra.  However,  the 
information  content  remains  important  and  extensive.  For  example,  if  the  lowest  50  or  so 
resonances  of  a  single  crystal  solid  of  known  shape  and  density  are  measured,  even  if 
the  solid  is  orthorhombic  with  nine  separate  elastic  moduli,  ail  the  moduli  can  be 
determined  uniquely  with  unprecedented  absolute  accuracy  in  samples  as  small  as 
0.5mm  on  a  side.  Or,  consider  a  solid  object  with  nearly  perfect  cylindrical  symmetry  and 
constructed  of  an  isotropic  material  such  as  a  cylindrical  roller  bearing  element.  The 
cylindrical  symmetry  produces  many  groups  of  measurable  modes  that  should  be 
degenerate.  Deviations  from  perfect  cylindrical  symmetry  of  as  little  as  1  part  in  10® 
break  the  degeneracy  to  produce  multiple  resonance  peaks  where  only  one  should  be. 
The  measurement  of  one  such  set  of  modes  can  detect  this  tiny  cylindricity  error  in  less 
than  1  second  in  a  1  cm  diameter  bearing.  The  means  to  perform  such  powerful 
measurements  is  possible  today  because  recent  advances  in  electronic  instrumentation. 
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transducers,  and  computational  techniques  have  replaced  the,  previous  centuryDs 
railroad  engineer  and  his  practiced  ear  for  a  dull  ring  produced  by  a  cracked  train  wheel 
with  precision,  quantitative  and  reliable  measurement  systems.  We  describe  here  the 
present  state-of-the-art  for  modem  mechanical  resonance  measurement  processes, 
loosely  called  resonant  ultrasound  spectroscopy  or  RUS. 
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The  mechanical  resonant  response  of  a  solid  depends  on  its  shape,  density,  elastic  moduli  and 
here  instrumentation  and  computational  methods  for  acquiring  and  analyzing  the  resonant  ultrasound  ^ 

small  (0.001  cm’)  samples  as  a  function  of  temperature,  and  provide  examples  to  demonstrate  the 
The  information  acquired  is  in  some  cases  comparable  to  that  obtained  from  other 

measurement  techniques,  but  one  unique  feature  of  resonant  ultrasound  U 

determined  simultaneously  to  very  high  accuracy.  Thus  in  circumstances  '^'•‘ere  high  rd^ve  or 
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The  mechanical  resonant  response  of  a  solid  depends  on  its  shape,  density,  elastic  moduli  and  dissipation.  We  describe 
here  instrumentation  and  computational  methods  for  acquiring  and  analyzing  the  resonant  ultrasound  spectrum  of  ven* 
small  (0.001  cm^)  samples  as  a  function  of  temperature,  and  provide  examples  to  demonstrate  the  power  of  the  technique. 
The  information  acquired  is  in  some  cases  comparable  to  that  obtained  from  other  more  conventional  ultrason:c 
measurement  techniques,  but  one  unique  feature  of  resonant  ultrasound  spectroscopy  (RUS)  is  that  all  moduli  are 
determined  simultaneously  to  very  high  accuracy.  Thus  in  circumstances  where  high  relative  or  absolute  accuracy  :i 
required  for  very  small  crystalline  or  other  anisotropic  samples  RUS  can  provide  unique  information.  RUS  is  also  sensiti^e 
to  the  fundamental  symmetry  of  the  object  under  test  so  that  certain  symmetry  breaking  effects  are  uniquely  observable, 
and  because  transducers  require  neither  couplant  nor  a  flat  surface,  broken  fragments  of  a  material  can  be  quickly  screened 
for  phase  transitions  and  other  temperature-dependent  responses. 


1.  Introduction 

Large  single  crystals  are  always  highly  prized, 
in  part  because  of  their  appearance,  but  also 
because  usually  they  are  the  result  of  consider¬ 
able  effort  on  the  part  of  the  grower.  Such  effort 
is  justified  because  the  usual  implementation  of 
many  measurement  techniques,  for  various  com¬ 
plex  and  often  mundane  reasons,  requires  sam¬ 
ples  with  dimensions  in  the  centimeter  range. 
Ultrasound  measurements,  traditionally  of  great 
importance  because  of  their  connection  to 
thermodynamics,  transport  properties  and  mi- 
crostructural  effects,  are  typically  subject  to  this 
size  constraint.  When  only  small  samples  are 
available,  it  is  possible  to  perform  pulse-echo 
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ultrasound  measurements  at  GHz  frequencies  [i] 
or  to  use  the  vibrating  reed  and  related  methods 
[2],  but  the  cost  to  the  scientist  is  either  instru¬ 
ment  complexity  or  loss  of  information.  There 
are,  of  course,  other  nonacoustic  techniques  for 
obtaining  sound  velocity  and  attenuation  data 
such  as  Brillouin  scattering  [3],  inelastic  neutron 
scattering  [4],  X-ray  based  methods  [5]  and 
others.  Each  of  these  nonacoustic  techniques  has 
advantages  and  disadvantages.  Among  the  dis¬ 
advantages  common  to  all  of  them  is  the  lack  cf 
high  precision.  Only  the  acoustic  techniques  can 
achieve  10”^  or  better  reproducibility.  Because 
the  speed  of  sound  may  vary  only  a  percent  cr 
less  at  a  phase  transition  [6]  or  a  few  percer.: 
from  300  K  to  4  K,  this  lack  of  precision  can  be  i 
serious  failing.  On  the  other  hand,  neutron  scat¬ 
tering  can  provide  the  entire  dispersion  cune 
from  Brillouin-zone  center  to  edge,  but  win 
worse  than  percent  accuracy,  Brillouin  scattering 
can  obtain  data  at  frequencies  in  the  tens  of  GHz 
range  with  1%  accuracy  on  very  small  samples 
but  suffers  at  cryogenic  temperatures  or  win 
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opaque  samples,  and  X-ray  techniques  achieve 
moderate  accuracy  on  very  small  samples.  Thus 
each  of  these  techniques  retains  an  important 
place  in  elasticity  studies  (or  it  would  not  be 
used,  of  course). 

Of  the  acoustic  techniques,  such  methods  as 
the  vibrating  reed  and  torsion  pendulum  can 
measure  only  some  of  the  elastic  moduli,  while 
pulse-echo  ultrasound  and  most  of  the  nonacous¬ 
tic  techniques  can  measure  all  of  them.  This  is 
not  a  particularly  important  constraint  for  iso¬ 
tropic  materials  such  as  glasses,  polycrystalline 
metals  and  ceramics.  However,  for  single  crys¬ 
tals,  textured  alloys  and  the  like,  the  value  of 
ultrasound  measurements  is  often  critically  de¬ 
pendent  on  measurement  of  all  moduli  with  both 
precision  and  accuracy. 

This  requirement  for  accuracy  and  precision  is 
exemplified  by  ultrasonic  studies  of  the  physics 
surrounding  second-order  phase  transitions.  At 
such  transitions,  there  are  no  microscopic  discon¬ 
tinuities  in  the  material.  No  atoms  suddenly 
change  position,  magnetism  and  ferroelectricity 
do  not  suddenly  appear,  and  electrical  conduc¬ 
tivity  in  a  superconductor  becomes  infinite  only 
for  infinitesimal  currents  carried  at  zero  magnetic 
field.  However,  several  thermodynamic  second 
derivatives  do  exhibit  discontinuities.  For  a  liq¬ 
uid,  with  only  one  elastic  modulus,  it  is  simple  to 
write  down  the  important  relations,  using  pres¬ 
sure  (P),  volume  (K)  and  temperature  (T)  in¬ 
stead  of  stress  <7,^,  strain  e,^  and  T.  They  are 

d-  AGIdP^  =  dAVIdP  =  -llB  ,  (1) 

a^AG/ar'  =  -dA5/ar=-Cp/r,  (2) 

^GIdPdT  =  dAVIdT=a  ,  (3) 

where  AG  is  the  Gibb’s  free  energy  difference 
per  unit  volume  across  the  phase  boundary  and 
is  continuous,  AK  is  the  fractional  volume  dis¬ 
continuity  across  the  phase  boundary,  equal  to 
zero,  AS  the  entropy  discontinuity,  also  zero,  Cp 
is  the  specific  heat,  a  is  the  volume  thermal 
expansion  coefficient  and  B  the  bulk  modulus. 
Each  of  the  quantities  Cp,  a  and  B  can  exhibit 
discontinuities  at  T^,  the  second-order  phase 


transition  temperature  at  which  the  high- 
temperature  (usually  the  so-called  symmetric) 
phase  transforms  to  the  low-temperature  (usually 
the  unsymmetric)  phase. 

Discontinuities  are  of  great  importance  to  the 
experimentalist  because  they  are  often  the  most 
unambiguous  of  measured  quantities.  Moreover, 
in  general  Cp  is  a  scalar,  a  a  vector  and,  if  we 
were  to  write  eq.  (1)  for  stress  and  strain  rather 
than  pressure  and  volume,  we  would  find  that 
the  right  side  of  eq.  (1)  would  be  a  tensor.  That 
the  modulus  is  a  tensor  and  is  discontinuous  at  a 
second-order  phase  transition  is  a  key  motivating 
factor  for  the  development  of  RUS.  To  see  why, 
consider  a  simple  soft-mode  structural  phase 
transition  such  as  occurs  in  La2Cu04.  This  tran¬ 
sition,  described  in  more  detail  below,  arises 
from  a  zone-edge  double-well  [7]  potential  V  for 
one  phonon  branch.  As  the  material  in  its  tetra¬ 
gonal  phase  is  cooled,  the  thermal  excitation 
level  drops  through  the  point  where  the  double 
well  becomes  important.  The  free  energy  G  ex¬ 
hibits  a  single-well  behavior  from  thermal  smear¬ 
ing  at  high  temperature  and  a  double-well  be¬ 
havior  cold.  At  the  temperature  T,  where  the 
behavior  just  switches  over,  the  phonon’s  fre¬ 
quency  decreases  to  zero  resulting  in  a  static 
displacement.  This  static  displacement  increases 
from  zero  as  the  material  is  cooled  further, 
doubling  the  unit  cell  to  an  orthorhombic  struc¬ 
ture.  What  is  of  most  interest  here  is  that  the 
zone-edge  static  displacement,  coupled  with 
group  theoretical  considerations  including 
phonon  and  crystal  symmetry,  Ginsburg-Landau 
theory  [8]  and  fluctuation  theory  [9],  forces  very 
specific  predictions  about  which  moduli  exhibit 
discontinuities  and  how  big,  and  the  temperature 
dependence  of  the  moduli  as  T,  is  approached 
from  either  direction.  Such  an  analysis  can  be 
made  for  any  second-order  phase  transition,  and, 
if  the  full  response  of  the  modulus  tensor  is 
available,  one  can  work  backwards  to  extract 
much  of  the  physics  driving  the  transition.  With¬ 
out  a  discontinuous  tensor  to  work  from,  such  an 
analysis  would  be  more  subject  to  interpretation- 
al  errors. 

RUS  can  determine  the  full  elastic  tensor  in  a 
single  measurement  with  unprecedented  absolute 
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and  relative  accuracy  from  cryogenic  to  very  high 
temperatures.  The  basic  principle  behind  this 
simple,  inexpensive  bench-top  measurement 
technique  is  that  the  mechanical  resonances  of  a 
solid  depend  on  its  shape  and  moduli  in  a  way 
sufficiently  complex  such  that  a  measurement  of 
the  resonant  frequencies  of  a  carefully  made 
sample  can  be  used  to  determine  the  full  elastic 
tensor.  To  illustrate  this  we  show  in  table  1  the 
results  of  such  a  measurement  on  a  Si3N4  ball 
bearing.  These  data  represent  our  current  state- 
of-the-art  for  accuracy,  primarily  because  this 
object,  a  nominal  5/16  inch  diameter  sphere,  is 
spherical  to  a  few  parts  per  million  and  is  made 
from  a  carefully  controlled  ceramic  with  very 
isotropic  properties.  Thus  only  two  moduli,  the 
density  and  the  diameter  are  required  to  fully 
characterize  its  resonances.  As  can  be  seen  from 
the  columns  labelled  /„  and  f^,  agreement  be¬ 
tween  experiment  and  computation  is  of  order 
0.01%  after  a  best  fit  to  the  moduli  (in  this  case, 
we  use  the  shear  modulus  and  Poisson’s  ratio  cr 
as  the  independent  parameters)  is  found.  Density 
and  diameter  are  measured  independently.  For  a 
larger  1/2  inch  nominal-diameter  sphere  of  the 
same  material,  we  obtain  0.004%  agreement, 
primarily  because  the  larger  object  is  less  pertur¬ 
bed  by  air  and  transducer  contact  and  because  its 
temperature  cannot  change  as  quickly. 


2.  Measurement  techniques 

Current  practices  in  the  design  of  the  hard¬ 
ware,  data  analysis  and  sample  preparation  sys¬ 
tems  required  to  make  and  interpret  RUS  mea¬ 
surements  have  not  been  described  in  detail 
anywhere.  Because  of  the  novelty  of  the  tech¬ 
nique,  and  because  of  its  utility,  it  is  important 
to  understand  the  measurement  system  in  order 
to  appreciate  the  data  produced  by  it.  Because 
an  example  is  often  the  best  focus,  a  state-of-the- 
art  apparatus  for  making  low-temperature  RUS 
measurements  on  rectangular  parallelepiped 
(RP),  spherical  and  cylindrical  samples  with 
smallest  dimension  of  about  0.05  cm,  from  20  K 
to  400  K,  will  be  described  schematically.  Using 
data  on  SrTiOj,  La2Cu04  and  La2_4Sr,Cu04 
single  crystals,  we  will  illustrate  what  can  be 
learned  with  RUS  including  certain  effects  relat¬ 
ing  to  crystal  symmetries  not  accessible  by  any 
other  measurement  method. 

2.1.  Data  analysis 

The  key  to  the  successful  application  of  RUS 
is  the  ability  to  compute  mechanical  resonances 
from  a  body’s  shape,  density  and  moduli.  For 
solids,  such  as  a  sphere  or  RP,  having  a  shape 
sufficiently  simple  to  enable  description  by  a  few 


1  tlUlC  1  .1  .r  J 

Resonant  ultrasound  measurement  of  a  0.63500  cm  diameter  Si,,N,  ceramic  sphere  with  a  density  of  3.2325  g/cm  .  /„  are  measured 
frequencies,  f,  are  fitted,  n  is  the  mode  number,  k  is  our  designator  (to  be  discussed  below)  for  the  symmetry  of  the  mode  and  /  is 
in  essence  the  harmonic  number  of  each  symmetry  type.  Multiple  entries  indicate  the  mode  degeneracy.  The  fit  for 
H  =  1.2374  X  10'-  dyne/cm=  and  a  =  0.2703  has  a  x'  W  =  0.0124.  This  is  sufficient  to  determine  ^  to  about  0.01%  and  a  to 
about  0.05%.  There  are  no  corrections  so  these  values  are  absolute.  _ 


n 

/,  (MHz) 

L  (MHz) 

%  error 

(kj) 

1 

0.775706 

0.775707 

-0.000138 

(6,1),(1,1),(4,1),(4,2),(7.1) 

6 

0.819567 

0.819983 

-0.050778 

(5,1),  (3.1).  (5. 2),  (8.1),  (2.1) 

11 

1.075664 

1.075399 

0.024614 

(1.2),  (7, 2),  (6. 2) 

14 

1.198616 

1.198505 

0.009239 

(5, 3),  (2. 2),  (3. 2),  (8. 2),  (3. 3),  (8. 3),  (2. 3) 

21 

1.217375 

1.217850 

-0.039042 

(1,3),  (6, 3),  (7, 3),  (1, 4),  (6. 4),  (7. 4),  (4, 3) 

28 

1.440760 

1.440750 

0.000712 

(5,4) 

29 

1.527080 

1.526474 

0.039695 

(5. 5).  (8. 4),  (3. 4),  (5. 6),  (2. 4) 

34 

1.558358 

1.558848 

-0.031448 

(5.  7),  (5, 8),  (5, 9),  (3, 5),  (8. 5),  (2, 5),  (3, 6),  (8. 6),  (2, 6) 

43 

1.580067 

1.579871 

0.012426 

(6. 5),  (7. 5),  (7. 6),  (1. 5),  (4, 4),  (1. 6),  (6. 6),  (4. 5).  (4. 6) 
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mathematical  functions,  an.  approach  based  on 
work  by  Holland  [10],  Demarest  [11],  Anderson 
et  al.  [12]  and  Ohno  [13]  is  used.  This  procedure 
does  not  use  finite-element  methods  but  instead 
seeks  stationary  points  of  the  Lagrangian  for  a 
solid  with  free  surfaces  [14],  and  with  a  nondis- 
sipative  symmetric  elastic  tensor  with  no  far-field 
effects  such  as  those  associated  with  ferromag- 
nets  or  ferroelectrics.  Far-field  systems  [15]  and 
the  dissipative  problem  [16]  have  been  analyzed 
successfully,  but  will  not  be  discussed  here.  Once 
the  mechanical  resonances  are  computed  (the 
direct  problem),  carefully  constructed  fitting  pro¬ 
cedures  can  be  used  to  work  backwards  to  find 
moduli  from  resonant  frequencies  (the  inverse 
problem). 

The  procedure  for  solving  the  direct  problem 
for  an  arbitrarily  shaped  elastic  solid  with  vol¬ 
ume  V,  elastic  tensor  c,,*„  density  p,  and  with  a 
free  surface  S  begins  with  the  Lagrangian 

L  =  |(KE-PE)dV'  (4) 

V 

where  the  kinetic  energy,  KE,  is  given  by 


plus  higher-order  terms  in  8m,  .  The  elastic  wave 
equation  is 


pa)^Ui  +  ij-  0  , 

and  the  vanishing  of  the  ith  component  of  the 
surface  traction  vector  is  expressed  by 


where  («,}  is  the  unit  outer  normal  to  5. 

Because  of  the  arbitrariness  of  Su^  in  V  and  on 
S,  the  u,’s  which  correspond  to  stationary  points 
of  L  (i.k  8L  =  0)  must  satisfy  eq.  (8)  in  V  and 
eq.  (9)  on  5.  There  are  no  such  m,’s,  of  course, 
unless  is  one  of  a  discrete  set  of  eigenvalues, 
the  normal  mode  frequencies  of  free  vibration  of 
the  system.  This  simple  result  makes  possible  the 
following  powerful  procedure  for  obtaining  the 
free  vibrations  of  an  object. 

Following  the  Rayleigh— Ritz  prescription,  we 
expand  the  displacement  vector  in  a  complete  set 
of  functions  {^x}’ 


M,  =  «A,^A 


(10) 


KE=  . 

and  the  potential  energy,  PE,  by 

PE  =  ■ 

Here  u,  is  the  fth  component  of  the  displacement 
vector,'the  usual  summation  convention  applies, 
indices  following  a  comma  denote  differentiation 
with  respect  to  that  coordinate  and  the  time 
dependence  of  the  displacements  is  assumed  to 
be  e‘“'  where  to  is  the  angular  frequency  and  t  is 
time. 

Following  Hamilton,  we  allow  u,  to  vary  arbit¬ 
rarily  in  the  volume  V  and  on  the  surface  5 
u.  -1-  8m,)  and  calculate  the  variation  8L  in 
L.  The  result  is 

8L  =  J  (left  side  of  eq.  (8)), 8m,  dV 

V 

+  J  (left  side  of  eq.  (9)),Sm,  d5  (7) 


(5) 

(6) 


and  choose  as  our  basis  functions  powers  of 
cartesian  coordinates: 

(P,  =  x‘y"'z\  (11) 

where  A  =  (/,  m,  n)  is  the  function  label,  a  set  of 
three  nonnegative  integers.  After  substituting 
eq.  (10)  into  eq.  (4),  we  obtain  (a  becomes  a 
column  vector) 

(12) 

where  E  and  T  are  matrices  whose  order  R  is 
determined  by  the  truncation  condition 

I  +  m  +  n  ^  N  ,  (1^) 

with  R  =  3(N+l)(N  +  2)(N  +  3)/6.  We  have 
found  that  N  =  10  gives  a  good  compromise  be¬ 
tween  computational  accuracy,  computing  time 
and  typical  sample  preparation  errors  consistent 
with  data  spanning  the  first  50  or  so  modes. 
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The  matrix  E  has  elements 

=  S„./4>.P‘fvdF.  (14) 

V 

If  we  had  chosen  <P^  to  be  an  orthonormal  set 
with  respect  to  the  density  p  (for  example,  nor¬ 
malized  Legendre  polynomials  [13]),  E  would 
have  been  the  unit  matrix,  simplifying  sub¬ 
sequent  manipulations.  Our  choice  of  al¬ 
though  extracting  a  moderate  computational 
penalty,  is  more  easily  applied  to  complex  shapes 
than  an  orthonormal  set. 

The  matrix  F  has  elements 

r  ,  =  c .  f  <P.  dV  .  (15) 

V 

The  volume  integrals  which  appear  here  are 
quite  tractable  for  many  shapes  if  the  choice  (11) 
is  made. 

The  expression  (12)  for  the  Lagrangian  is 
stationary  if  the  displacements  m,  are  solutions  of 
the  free-vibration  problem.  These  solutions  may 
be  obtained  by  setting  the  derivatives  of  eq.  (12) 
with  respect  to  each  of  the  R  amplitudes 
equal  to  zero.  This  yields  the  following  eigen¬ 
value  equation: 

o}^Ea  =  Fa  .  (16) 

The  matrix  E  is  symmetric  and  positive  definite 
and  r  is  symmetric,  so  a  standard  eigenvalue- 
eigenvector  subroutine  package  (RSG  in  EIS- 
PACK-[17])  can  be  used  to  solve  (16). 

For  our  choice  of  the  matrix  elements  of  E 
and  F  are  all  of  the  form 

fip,q,r)  =  lxYz^dV,  (17) 

V 

where  /?,  q  and  r  are  nonnegative  integers.  This 
integral  can  be  evaluated  analytically  for  a  varie- 
ty  of  shapes  [14].  For  the  RP  with  sides  2d^y 
2^3,  it  is 

(/7  4-l)(^  +  l)(r  +  l)  * 


To  solve  the  inverse  problem,  the  derivatives  of 
the  eigenfrequencies  (where  o)^  is  an 

eigenvalue  of  eq.  (16))  with  respect  to  parame¬ 
ters  of  the  sample  are  required.  These  can  be 
obtained  easily  in  the  following  way.  First,  dif¬ 
ferentiate  eq.  (16)  with  respect  to  one  of  the 
sample  parameters  p  (an  elastic  constant,  dimen¬ 
sion  or  angle  specifying  the  orientation  of  the 
crystallographic  axes  with  respect  to  the  paral- 
lelepipedal  axes)  to  obtain 

da}^ldp  Ea  +  (jj^E  dal  dp  +  ao)^  dE!  dp  a 

=  dn  dp  r  dal  dp  .  (19) 

Then  multiply  this  from  the  left  with  a^  and 
compare  with  the  transpose  of  eq.  (16)  to  get 

dw^ldp  =  {a^\dridp  —  0}^  dE! dp\a) .  (20) 

Because  we  have  already  computed  the  eigen- 
vectors  a  and  the  volume  integrals  occurring  in 
dFIdp  and  dEIdp  are  trivial,  the  computation  of 
the  derivatives  represents  only  a  minor  increase 
in  computational  time. 

We  can  speed  up  the  calculation  immensely  by 
exploiting  the  symmetries  x^-x,  y-*-y, 
z— z  that  occur  if  the  crystal  is  of  ortho¬ 
rhombic  or  higher  symmetry  and  the  crystallo¬ 
graphic  axes  are  aligned  with  those  of  the  sam¬ 
ple.  Then  by  inspection  of  the  PE  in  eq.  (6)  we 
see  that  if  is  characterized  by  a  parity  triplet 
(-^,  /u,  v)  where 

-^  =  (-!)',  M  =  (-!)”  «'  =  (-!)". 

the  matrix  F  only  connects  this  with  Uy  and  Uj 
having  the  following  parities: 

Uy:{^,-p,v) ,  (21) 

:  (^,  p,  -v)  . 

Thus  the  matrix  F  degenerates  into  a  block- 
diagonal  matrix  with  eight  blocks,  each  charac¬ 
terized  by  one  parity  triplet,  say  the  parity  of  u^. 
We  label  this  parity  as  follows: 


(18) 
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fc=  12  345678 


(22) 

The  modes  for  each  /:-value  (22)  are  uncoupled, 
so  that  the  maximum  order  for  which  we  need  to 
solve  the  eigenvaliie  problem  (16)  and  the  total 
computational  time  are  much  reduced  even 
though  we  now  have  8  eigenvalue  problems  to 
solve. 

Each  of  the  8  /c-values  represents  a  different 
symmetry  for  the  displacement  of  the  material  in 
the  object.  For  example  a  uniform  translation  in 
the  jc-direction  will  have  with  (/,  m,  n)  = 
(0, 0, 0)  or  A:  =  1.  A  translation  in  the  y-direction 
has  A  =  7,  and  a  translation  in  the  z-direction 
A  =  6.  Similarly,  a  rotation  about  the  z-axis  will 
have  A  =  3,  one  about  the  y-axis  has  A  =  2,  and 
one  about  the  x-axis  A  =  4.  These  six  special 
eigenvectors  all  have  an  eigenvalue  of  zero.  One 
other  special  case  occurs  for  A  =  5  which  has 
div  M  7=^  0  after  averaging  over  V,  so  it  is  the  only 
A-value  for  which  the  volume  oscillates. 

This  very  fast  and  accurate  solution  to  the 
direct  problem  is  the  key  tool  for  solution  of  the 
inverse  problem.  However,  the  inverse  problem 
is  not  at  all  straightforward.  First  note  that  there 
is  no  unique  solution  to  the  inverse  problem 
because  all  the  frequencies  scale  inversely  with 
the  linear  dimensions  of  the  sample  and  with  the 
square  root  of  the  elastic  constants.  This  simple 
scaling  problem  is  easily  dealt  with,  but  for  real 
data  on  imperfect  objects,  other  uniqueness 
problems  arise  that  are  difficult  to  circumvent. 
The  best  procedure  we  have  found  is  to  begin 
with  a  ‘figure  of  merit’: 

f-SH'.CZ-S,)'.  (23) 

i 

Here  the  sum  is  over  a  sufficient  number  of 
measured  frequencies,  w,.  is  a  weighting  factor 
chosen  (usually  either  0  or  l/g“,  so  that  F  is  a 
measure  of  fractional  deviation)  to  reflect  one’s 
degree  of  confidence  in  the  measured  frequency 
g.  (a  function  of  signal  strength  and  resonance 


width)  and  /  =  (o-12'n  is  the  iih  calculated  fre¬ 
quency.  Note  that  the  derivatives  computed  in 
eq.  (20)  are  such  that  several  resonant  fre¬ 
quencies  depend  in  almost  exactly  the  same  way 
on  certain  weighted  sums  of  the  c^j.  Thus  many 
more  than  M  resonances  (where  M  is  the  number 
of  parameters  to  be  fit)  must  be  measured  for  a 
meaningful  fit  to  be  achieved. 

A  systematic  scheme  is  used  to  locate  the 
minimum  of  F  in  the  space  of  chosen  parame¬ 
ters.  This  can  be  a  1-dimensional  space  if  all  we 
need  to  find  is  the  compressibility  of  a  fluid,  or  a 
24-dimensional  space  if  we  need  the  21  in¬ 
dependent  elastic  constants  of  a  triclinic  crystal 
plus  its  three  dimensions.  The  method  we  pres¬ 
ent  here  works  in  both  these  cases  as  well  as 
many  intermediate  ones.  In  the  process  of 
searching  for  a  viable  minimization  recipe  we 
have  tried  several  and  settled  on  the  Levenberg- 
Marquardt  scheme  [18]  because  it  is  relatively 
flexible,  controllable,  stable  and  reliable. 

First  we  expand  F  in  a  Taylor  series 

F{x)  =  F(xo)  +  (x  -  Xo)„F„(xo) 

+  -  JCo)a^.ap(^o)(^  -  ■«o)0  +  •  •  •  ■  (24) 

X  is  the  vector  whose  components  {x^},  a  = 
1, .  .  .  ,  M,  are  the  parameters  we  need  to  esti¬ 
mate  (elastic  constants,  dimensions  and  Euler 
angles  relating  crystallographic  axes  to  sample 
surfaces  in  a  misaligned  sample  have  all  been 
successfully  determined).  This  expansion  is  valid 
only  in  a  limited  domain  such  that  x  -  x^  is  in 
some  sense  small,  thus  it  is  important  to  use  any 
available  information  to  guess  accurately  x^  at 
the  start. 

If  F  is  a  minimum  at  x,  then 
^,a(^)  =  0’  a  =  l,...,M.  (25) 

Using,  eq.  (24), 

-  Xq)p  =  0  (26) 

which,  when  solved  iteratively  for  x,  is  just  New¬ 
ton’s  method  in  M  dimensions.  The  derivatives 
are 
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P.a  =  ,  (27) 

P.a,  =  2h^,/;,„  +  2 w,(/;-  -  •  (28) 

The  first  derivatives  /  „  are  given  by  eq.  (20);  we 
drop  the  second-derivative  term  /  „p.  One  may 
make  four  arguments  to  justify  this.  First,  the 
second  term  in  eq.  (28)  is  a  sum  over  the  mea¬ 
sured  frequencies;  this  sum  will  probably  include 
about  as  many  positive  terms  as  negative  ones, 
and  consequently  should  be  small.  Secondly, 
dropping  the  second  term  will  never  affect  the 
position  of  the  minimum,  only  the  route  and 
speed  of  getting  to  it.  Third,  although  /  can  be 
expressed  in  terms  of  already  computed  eigen¬ 
vectors  and  eigenvalues,  actually  evaluating  it 
requires  considerably  more  computer  time  than 
the  evaluation  of  /  „.  Finally,  to  implement  the 
minimization  scheme  one  must  obviously  solve 
eq.  (26)  for  x,  which  may  involve  finding  the 
inverse  of  F  ,  often  a  difficult  thing  to  do  if  F 
is  not  positive  definite  (the  first  term  in  eq.  (28) 
is  positive-definite,  but  not  the  second).  Follow¬ 
ing  ref.  [18],  let 

5„  =  w,(/-g,)/,„,  (29) 

and  the  solution  of  eq.  (26)  is 

Xa=Xna-  (2^) 

This  equation  is  valid  whenever  eq.  (24)  is  a 

good  approximation,  i.e.  when  is  close  to  the 
minimum.  If  not,  a  best  guess  is  to  move  in  a 
direction  opposite  to  the  gradient  (downhill),  i.e. 

“  constant  *  ,  (32) 

where  the  positive  constant  has  dimensions  x^l F. 

^aa  summation)  has  dimensions  F!x^  and  is 
a  measure  of  the  aath  element  of  the  F-surface 
curvature  tensor.  It  therefore  may  be  reasonably 
used  to  limit  the  distance  moved  in  the  ath 
direction  in  parameter  space  (this  is  important 
because  there  are  many  shallow  local  minima 
available  to  trap  the  solution.  Such  minima  ap¬ 


pear  if  a  mode  is  too  weak  to  be  detected  and  no 
allowance  is  made  for  a  missing  mode  in  the 
group  of  measured  frequencies,  or  if  large  steps 
are  taken  in  following  the  gradient  ‘downhill’). 
Following  Marquardt,  introduce  a  dimensionless 
positive  quantity  Q  and  replace  eq.  (31)  with 


Bp 

(33) 

where 

G:^  =  A^pil^n8^p). 

(34) 

without  a  sum  in  eq.  (34).  Equation  (33)  is 
identical  to  eq.  (31)  if  =  0  and  is  very  much 
like  (32)  for  large  /2,  when  G  becomes  nearly 
diagonal.  By  choosing  a  large  FI  we  can  proceed 
as  cautiously  as  we  like  along  the  Af-dimensional 
surface  F,  only  decreasing  (1  to  zero  when  in  the 
neighborhood  of  the  minimum. 

If  by  iterating  eq.  (33)  a  number  of  times 
convergence  is  achieved  at  a  point  x^^J^  in  M- 
dimensional  parameter  space  where  the  gra¬ 
dients  =  0,  a  ==  1, . . .  ,  M,  then  F  may  be 
expanded  about  that  point: 

Fix)  =  Fix„i„)  +  8xp  +  •  •  •  (35) 

where  bx  =  x- 

Because  the  curvature  of  F  in  different  direc¬ 
tions  varies  over  as  much  as  two  orders  of  mag¬ 
nitude  at  the  minimum,  the  accuracy  for  de¬ 
termining  is  very  different  for  different  pa¬ 
rameters.  Recognizing  that  2A  is  just  the  inverse 
of  the  covariance  matrix  for  this  problem, 
diagonalizing  it  (or  equivalently,  G)  yields  M 
eigenvectors  and  eigenvalues  <t^.  Specifically, 

G.,y;=2aly:^  (36) 

In  terms  of  these  variances  and  eigenvectors  eq. 
(35)  becomes 

Fix)  =  F(x„,„)  +  (Sx,  y‘"fl2(T\  .  (37) 

Here  (8x,  y^)  is  the  inner  product  of  two  vec¬ 
tors,  and  because  y^  is  a  unit  vector  it  is  just  the 
projection  of  8x  in  the  direction.  So  eq.  (37) 
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tells  US  the  shape  of  the  surface  F  near  the 
minimum.  The  surfaces  of  constant  F  are  ellip¬ 
soids  in  Af-dimensional  parameter  space  with 
semi-major  axes  in  the  (j''*}  directions.  The 
lengths  of  the  semi-major  axes  are  given  by 

.,  =  o-,(28F)''^  (38) 

where  8F  is  the  amount  by  which  F  exceeds  the 
minimum.  In  practice  it  is  often  true  that  one  or 
more  of  the  o-^’s  is  quite  large,  meaning  that  a 
large  uncertainty  is  attached  to  the  correspond¬ 
ing  linear  combination  of  the  ;c,’s  given  by 
(8x,  y'*).  Thus  probable  errors  cannot  be  at¬ 
tached  easily  to  individual  elastic  constants  (and/ 
or  dimensions),  but  only  to  these  linear  combina¬ 
tions  of  them.  We  estimate  the  error  for  a  par¬ 
ticular  parameter  x,  by  examining  several  of 
these  linear  combinations.  In  this  way  the  sharp¬ 
ness  of  the  minimum  for  a  particular  parameter 
and  thus  an  error  estimate  for  that  parameter 
may  be  determined.  The  error  estimate  is  very 
sensitive  to  sample  geometry  errors  including 
chipped  corners  for  a  RP  and  inhomogeneities. 
Such  errors  may  make  the  absolute  minimum  for 
F  shallow  and  introduce  other  local  minima  that 
may  trap  the  solution  in  the  wrong  place.  The 
effect  is  compounded  if  a  mode  is  missed.  For  a 
measurement  with  one  or  two  missing  modes  and 
a  5  p.m  parallelism  error  in  2  mm  it  is  essentially 
impossible  to  obtain  an  accurate  (20%  errors  are 
easy  to  get)  value  in  a  cubic  material  for  c,,  or 
c,2;  however  C44  is  always  reasonably  accurately 
obtained.  Typically  with  a  ‘good’  fit  and  where 
not  more  than  two  modes  are  missed  out  of  30, 
the  RMS  error  between  fitted  and  measured 
frequencies  is  less  than  0.1%,  the  solution  does 
not  get  trapped  in  a  local  minimum,  and  a 
change  in  this  error  of  2%  is  larger  than  all 
reproducibility  and  other  error  sources  occurring 
in  the  measurement.  Thus  an  A/-dimensional 
ellipsoid  in  parameter  space  surrounding  the 
minimum  in  F  with  a  surface  corresponding  to  a 
2%  increase  in  provides  a  realistic  error  esti¬ 
mate  for  determination  of  parameters.  Using  this 
criterion,  the  compressional  moduli  (c,i,  i  =  1, 3) 
are  determined  to  better  than  1%,  shear  moduli 
(c..,  1  =  4,6)  to  0.02%  and  off-diagonal  moduli 


to  better  than  3%.  This  way  of  determining 
errors  can  be  tested  directly  by  making  the  di¬ 
mensions  of  the  sample  free  parameters.  To 
circumvent  the  ambiguity  mentioned  above,  we 
add  to  eq.  (23)  a  term  4(<ij<i2^3  ~  which, 
for  large  A,  has  the  effect  of  fixing  the  volume  of 
the  RP.  Using  measured  values  as  the  initial 
guess,  for  good  data  on  a  sample  with  good 
geometry,  the  fitted  dimensions  are  typically 
within  2  [im  (0.1%)  of  the  measured  value,  the 
limit  of  our  accuracy  for  length  measurement. 

2.2.  Sample  preparation 

As  described  above,  one  can  easily  fit  to  a 
local  and  incorrect  minimum  in  modulus  space 
with  very  large  concommitant  errors  in  parame- 
ter  determination  if  (1)  the  sample  geometry  and 
properties  are  not  consistent  with  the  mechanical 
model  used  for  the  computation,  (2)  some  reso¬ 
nances  are  missed  (i.e.  /;  is  paired  with  the  wrong 
gi  in  eq.  (23))  or  (3)  the  resonant  frequencies  are 
incorrectly  measured.  To  achieved  an  accurate  fit 
the  faces  of  a  millimeter-sized  RP  sample  must 
be  accurate  to  2p.m  or  better.  This  is  easily 
accomplished  using  ground  steel  shims  and  a 
glass  plate  as  shown  in  fig.  1.  The  shims,  surface- 
ground  to  be  10  to  50  pm  thinner  than  the 
distance  between  sample  faces  to  be  polished, 
and  with  edges  squared  up  in  an  ordinary  milling 
machine,  are  arranged  as  shown  on  a  flat  glass 
plate  coated  with  molten  wax  [19]  and  held  down 
with  a  large  magnet.  The  X-ray  oriented  sample 
is  trapped  by  the  shims  and  polished  on  15  pm 
and  then  3  pm  optical  lapping  paper  [20]  using 
an  appropriate  lubricant  such  as  kerosene.  That 
the  shims  can  force  a  sample  face  to  be  either 
parallel  or  perpendicular  to  the  glass  depending 
on  how  pressure  is  applied  to  the  sample  as  the 
wax  cools  is  crucial.  In  addition,  as  the  sample 
nears  completion,  the  shims  support  the  sample 
edges,  ensuring  that  sharp  edges  and  corners  are 
produced,  especially  for  brittle  materials  such  as 
La2Cu04.  This  appears  to  be  important  both  for 
accuracy  and  to  minimize  the  number  of  missed 
modes.  There  is  no  definite  way  that  we  know  of 
for  the  quantifying  requisite  comer  and  edge 
sharpness. 
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Sample  (to  be  polished) 


Fig.  1,  Shown  is  the  arrangement  of  ground  steel  shims  on  a 
glass  plate  used  for  obtaining  an  accurate  rectangular  paral- 
lelipiped  from  an  as-grown  oriented  single  crystal. 

2.3.  Hardware 

Even  with  a  well-prepared  sample,  certain 
modes,  especially  those  having  k-5  (the  only 
mode  type  where  the  volume  oscillates)  may 
have  nodes  near  the  corners  of  the  sample. 
Computation  of  the  mode  shape  is  a  simple 
addition  to  the  codes  used  to  find  resonant  fre¬ 
quencies,  and  the  result  for  two  mode  types  is 
shown  in  fig.  2.  Because  the  task  is  to  excite 
resonances,  it  is  important  to  drive  the  sample  at 
a  low-symmetry  location  to  excite  as  many 
modes  as  possible.  The  lowest  symmetry  point 
on  a  RP  sample  is  the  corner,  thus  this  is  the 
most  desirable  point  to  drive  and  detect,  an 
important  principle  discovered  by  Demarest  [11] 


Fig.  2.  Eigenvectors  (local  instantaneous  peak  displace¬ 
ments)  for  ^  =  4,  a  pure  shear  mode  and  A:  =  5,  the  only 
mode  type  for  which  the  volume  oscillates  are  displayed.  The 
A:  =  5  mode  illustrates  how  a  node  can  occur  near  a  corner, 
making  it  very  difficult  to  observe  that  mode. 


and  Anderson  et  al.  [12],  and  derived,  group- 
theoretically,  by  Mochizuki  [21].  Moreover,  the 
comers  have  a  low  mechanical  impedance  so  that 
touching  them  with  a  transducer  has  minimal 
(less  than  a  10”’  fractional  frequency  shift)  effect 
on  the  free-surface  boundary  conditions  if  the 
contact  force  is  low  (lO’  dynes  or  less).  Other 
excitation  schemes  have  also  been  used,  such  as 
electromagnetic  [22]  and  polyvinylidene  fluoride 
strips  [23],  with  mixed  sucess,  in  the  sense  that 
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the  ultimate  accuracy  of  determination  of  the 
free-sample  resonances  is  not  as  good  as  for 
point  contact. 

Surprisingly,  the  lowest  modes,  even  for  an 
RP  sample,  are  usually  pure  shear  modes.  Thus 
even  if  moduli  and  shape  conspire  to  force  a 
node  to  be  near  a  corner,  thereby  making  it  so 
weak  that  it  may  be  missed,  the  first  several 
modes  will  generally  determine  the  shear  moduli 
to  1%  or  so,  providing  a  good  guess  for  them  in 
the  inversion  calculation.  The  inversion  code 
now  has  somewhat  less  work  to  do,  making  it 
harder  to  fall  into  a  false  minimum.  More  im¬ 
portant,  though,  is  that  anything  that  helps  en¬ 
sure  a  good  initial  guess  for  the  moduli  should  be 
used,  including  published  values,  because  with  a 
good  starting  point  and  the  use  of  only  the  first 
five  or  ten  resonances,  the  first  pass  of  the  code 
may  help  identify  places  where  a  mode  is  miss¬ 
ing.  Then  a  more  careful  scan  or  a  remount  of 
the  sample  may  reveal  the  mode.  There  are 
other  ways  of  finding  missing  modes  using  simple 
modifications  to  the  apparatus  described  below 
[24],  or  by  simply  inserting,  measuring  and  re¬ 
moving  the  sample  several  times.  We  cannot 
overstress  the  importance  of  finding  nearly  (95% 
or  better)  all  modes  before  relying  on  the  analy¬ 
sis  of  the  data. 

The  hardware  and  electronics  used  to  obtain 
accurate  resonance  data  include  a  cryostat  or 
furnace,  transducers,  a  preamplifier,  amplifier 
and  mixer/filter  or  some  equivalent.  The  elec¬ 
tronic  components  and  transducers  used  in  our 
and  Anderson’s  systems  [25]  are  now  commer¬ 
cially  available  from  Quatro  Corp.  [26].  We  will 
begin  the  hardware  discussion  with  the  transduc¬ 
ers  and  work  our  way  back  to  the  PC- AT  com¬ 
patible  computer  used  as  a  controller.  Although 
other  approaches  will  work,  the  one  described 
here  has  been  demonstrated  to  produce  suffi¬ 
ciently  high  relative  and  absolute  accuracy  that 
overall  errors  are  determined  by  temperature 
shifts  and  intrinsic  sample  preparation  problems. 

To  measure  resonances  of  the  sample  it  is 
important  to  eliminate  the  resonant  response  of 
the  apparatus,  or  extra  modes  may  be  observed. 
Because  most  samples  in  the  size  range  of  1  mm 
have  resonances  above  about  0.4  MHz,  and  30  or 


more  resonances  below  3  MHz,  the  transducers 
used  to  excite  and  detect  must  be  either  damped 
or  nonresonant  in  this  frequency  range.  Damp¬ 
ing  does  not  work  well  over  such  a  large  range  of 
frequencies  or  at  20  K,  thus  the  nonresonant 
approach  is  best.  However,  all  transducer  ma¬ 
terials  have  sound  velocities  comparable  to  the 
samples  measured.  One  cannot  get  around  this 
by  using  electrostatic,  magnetic  or  optical  detec¬ 
tion  schemes.  The  optical  ones  are  much  too 
noisy.  Magnetic  schemes,  occasionally  used  by 
others  [22],  suffer  from  two  serious  problems. 
The  first  is  that  the  sample  must  be  either  fer¬ 
romagnetic  or  conducting  or  coated  with  a  fer¬ 
romagnetic  or  thick  conducting  layer.  Even  1  jxm 
of  ferromagnetic  layer  can  be  a  0.2%  perturba¬ 
tion  on  small  samples,  but  worse  still,  the  fer- 
romagnet  does  not  have  a  symmetric  elastic  ten¬ 
sor.  Second,  the  coil  used  to  drive  or  detect 
interacts  mechanically  with  the  sample  via  a 
magnetic  field.  Thus  the  usually  numerous  coil 
resonances  shift  and  degrade  the  sample  modes 
as  well  as  perhaps  introducing  some  new  ones. 
This  is  known  as  ‘coil  disease’  in  NMR  measure¬ 
ments  [27].  Electrostatic  systems  have  similar 
problems.  The  solution,  applicable  to  direct  con¬ 
tact  (and  electrostatic  and  magnetic  drive  sys¬ 
tems  as  is  obvious  after  a  moment’s  reflection)  is 
not  to  make  very  small,  and  therefore  very  weak 
transducers  but  to  construct  the  transducer  most¬ 
ly  out  of  single-crystal  diamond.  Our  system  [25] 
uses  commercial  30  MHz  compressional  mode 
LiNb03  discs  1.5  mm  in  diameter  and  approxi¬ 
mately  0.1mm  thick  [28].  Such  discs  have  a 
thickness  mode  of  30  MHz  but  bending  modes 
near  180  kHz.  However,  using  our  cylinder  code 
we  know  that  a  diamond  cylinder  1.5  mm  in 
diameter  and  1.0  mm  long  has  a  lowest  mode  of 
4.47  MHz.  Thus  if  we  bond  the  diamond  to  the 
transducer,  the  assembly  has  a  lowest  mode  near 
4  MHz.  The  diamond  also  acts  as  an  inertial 
load,  so  that  the  response  of  the  LiNb03  in 
direct  contact  with  the  sample  is  enhanced  by  the 
diamond  behind  it.  We  also  use  a  Ag-coated 
polyimide  film  25  |xm  thick  with  1  p.m  of  evapo¬ 
rated  Ag  as  the  ground  plane,  and  a  strip  of  this 
material  1.5  mm  wide  as  a  low  inductance,  low 
mechanical  Q  electrical  contact  by  inserting  the 
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Strip  between  diamond  and  LiNbOj.  This  strip 
also  helps  damp  the  4  MHz  and  above  assembly 
resonances.  All  joints  are  made  with  a  noncon¬ 
ducting  epoxy  [29]  because  at  these  frequencies 
no  direct  electrical  contact  with  the  transducer  is 
required,  capacitive  coupling  is  sufficient.  The 
transducer  assembly  is  shown  in  fig.  3. 

In  order  to  minimize  transducer  loading  effects 
on  the  sample,  we  mount  the  transducers  in  a 
Mg  machined  ‘tone  arm’  assembly,  shown  in  fig. 
4  schematically.  This  assembly  provides  of  order 
1  g  of  unbalanced  mass  above  the  transducer  to 
provide  a  low  contact  force.  The  tone  arm  is 
suspended  on  1  mm  wide  strips  of  Ag-coated 
polyimide  film,  the  same  used  in  the  transducer. 
The  width  of  the  film  provides  a  low-inductance 
electrical  ground  with  excellent  low-temperature 


Lithium  Niobate  Disc 

_  i 


Silvered  Kapton  Film 


Diamond 

Cylinder 


1.5  mm 


Silvered 
Kapton 
Electrical 
.  Lead 


Fig.  3.  Shown  is  a  schematic  of  the  diamond/polyimide/ 
LiNbO  ,  composite  transducer  used  for  all  the  measurements. 


Ag/ POLYIMIDE  TORSION 
HINGE  - 


Ag/POLYIMIDE 

TRANSDUCER 


LEAD 


:  AND  GROUND 


TRANSDUCER 

ASSEMBLY 


TRANSDUCER  HOUSINGS 


Fig.  4.  The  sketch  here  roughly  illustrates  how  mechanical 
contact  is  made  to  the  sample  while  preserving  electrical 
shielding  and  maintaining  a  low  contact  force.  This  arrange¬ 
ment  works  well  from  2  K.  the  lowest  temperature  we  are  set 
up  to  reach,  up  to  the  temperature  at  which  the  epoxy  bonds 
in  the  transducers  fail. 


properties.  The  combination  of  low  contact  force 
and  small,  nonresonant  transducers  produces  sig¬ 
nals  that  are  much  weaker  than  those  used  by 
Ohno,  Sumino  and  colleagues  [15,30].  Their 
measurements  were  always  made  using  a  force 
balance  that  enabled  resonant  frequencies  to  be 
measured  at  successively  lower  contact  forces. 
The  frequencies  shifted  substantially  (0.1%- 
0.5%)  as  force  decreased,  and  the  extrapolated 
asymptote  was  used  as  the  zero-force  frequency. 
With  our  system,  even  at  comparable  contact 
force,  we  observe  less  than  20  ppm  frequency 
shifts  for  changes  in  loading  from  2g  to  0.5  g. 
The  shifts  observed  in  refs.  [15]  and  [30]  appear 
to  be  primarily  associated  with  high  drive  levels, 
and  are  absent  for  us.  This  is  important  because 
it  greatly  reduces  both  the  amount  of  data  re¬ 
quired  and  the  possibility  of  shifting  the  sample 
accidentally  during  a  run,  a  problem  that  can 
cause  artificial  discontinuities  in  both  frequencies 
and  Q.  Another  effect  appearing  in  Anderson’s 
system  is  associated  with  alumina  buffer  rods 
[31].  These  rods  were  necessary  to  isolate  the 
transducers  from  temperatures  exceeding  an  as¬ 
tonishing  2000  K,  the  highest  temperatures  ever 
used  in  a  conventional  ultrasound  measurement 
system.  Because  the  rods  were  long  (i.e.  several 
orders  of  magnitude  longer  than  the  largest  sam¬ 
ple  dimension)  they  operated  in  the  reverbera¬ 
tion  limit.  That  is,  at  the  frequencies  of  interest 
for  sample  resonances,  the  rods  themselves  had 
such  a  higher  mode  density  that  the  modes  over¬ 
lap  strongly.  As  frequency  is  swept,  the  response 
of  the  buffer  rods  is  convoluted  with  the  sample 
response  producing  essentially  random  am¬ 
plitude  and  phase  mechanical  motion,  but  with 
resonances  still  clearly  detectable.  The  result  is 
the  observation  of  non-Lorentzian  line  shapes 
for  the  sample  resonances,  making  it  difficult  to 
determine  accurately  either  the  center  frequency 
or  the  Q.  However,  considering  the  tempera¬ 
tures  reached,  and  with  no  obvious  cure,  Ander¬ 
son  was  forced  to  use  such  an  approach.  For 
most  other  system  designs,  buffer  rods  should  be 
avoided.  A  similar  effect  in  our  system  is  associ¬ 
ated  with  the  gas  surrounding  the  sample  which 
provides  an  undesirable  ultrasound  path  between 
transducers  in  the  reverberation  limit.  A  disk  of 
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ordinary  filter  paper  with  a  small  hole  punched 
in  the  center,  and  split  in  half  was  constructed 
and  inserted  between  transducer  assemblies  and 
surrounding  the  sample.  This  completely  elimi¬ 
nates  the  gas  path  for  ultrasound  and  thus 
minimizes  gas  resonances. 

To  access  temperatures  from  20  K  to  400  K, 
our  measurement  cell  is  inserted  into  a  vacuum- 
insulated  cylinder.  One  end  of  the  cylinder  (or 
flow  cryostat)  is  open,  the  other  end  is  connected 
via  vacuum  insulated  tubing  (a  conventional 
liquid-He  transfer  line)  to  the  gas  space  above  a 
liquid-He  storage  dewar.  Inside  the  dewar, 
below  the  liquid  level  is  a  1  kft,  2  W  carbon 
resistor.  This  resistor  is  heated  using  an  ordinary 
power-line-type  variable  autotransformer,  with 
applied  voltages  up  to  about  30  VAC.  The  cold 
boil-off  gas  passes  through  the  transfer  line  into 
the  insulated  cylinder  and  around  the  measure¬ 
ment  cell.  A  second  500  heater,  constructed  of 
lOO/m  cotton-insulated  resistance  wire  (the 
wire  is  simply  wadded  up  into  a  rough  ball)  is 
inserted  in  the  gas  flow  path  at  the  flow  cryostat/ 
transfer  tube  joint  and  is  controlled  using  any 
commercial  cryogenic  temperature  controller. 
Temperature  sensing  is  via  a  silicon  diode  ther¬ 
mometer  mounted  inside  the  RUS  cell  within  a 
few  millimeters  of  the  sample.  This  arrangement 


is  shown  schematically  in  fig.  5,  and  is  capable  of 
20  mK  temperature  control. 

The  weak  signals  produced  by  our  transducers 
and  low  contact  force  require  the  best  possible 
signal/ noise  ratio  (s/n)  for  the  receiver  elec¬ 
tronics  to  ensure  detection  of  as  many  modes  as 
possible.  The  electronics  design  is  centered 
around  the  electrical  equivalent  circuit  for  our 
transducer  assembly  over  the  frequencies  of  in¬ 
terest,  essentially  a  pure  10  pF  capacitor.  Signals 
produced  are  in  the  tens  of  microvolt  range  and 
up.  To  detect  such  signals,  two  basic  approaches 
can  be  taken.  The  one  we  reject  is  to  use  a 
broadband  excitation  pulse  and  Fourier  trans¬ 
form  the  result.  This  is  the  best  approach  if  large 
signals  and  overlapping  modes  are  present  [32]. 
However,  to  ensure  that  we  do  not  miss  even  the 
weakest  modes,  and  because  the  most  usable 
samples  have  a  mechanical  Q  in  excess  of  500, 
mode  overlap  is  not  a  problem  but  s/n  is.  The 
broadband  approach  must  have  an  electronic 
bandwidth  exceeding  that  of  the  group  of  reso¬ 
nances  to  be  measured,  and  must  also  signal 
average  a  measurement  having  a  low  duty  cycle. 
That  is,  to  average  the  signal  (and  noise  over  the 
receiver  bandwidth)  for  some  amount  of  mea¬ 
surement  time,  many  excitation  pulses  must  be 
generated,  digitized  time  series  taken,  data 


Fig.  5.  Shown  is  the  arrangement  of  the  He  storage  dewar,  transfer  line  and  simple  vacuum-insulated  chamber  that  make  up  the 
flow  cryostat  that  is  so  convenient  for  RUS. 
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transferred  between  pulses  etc.  Thus  most  of  real 
time  is  spent  with  no  signal  present.  Moreover, 
because  measurements  are  made  only  in  regions 
of  frequency  space  where  the  sample  exhibits 
mostly  well-separated  very  sharp  modes,  any 
broadband  system  is  acquiring  much  data  that 
contains  no  information.  Finally,  for  sharp,  Lor- 
entzian,  well-separated  modes,  phase  informa¬ 
tion  is  unnecessary.  We  have,  therefore,  chosen 
to  use  a  swept  sine  approach  based  on  a 
heterodyne  receiver. 

A  heterodyne /swept-sine  receiver  (HSSR)  can 
have  an  arbitrarily  narrow  bandwidth,  has  a  duty 
cycle  of  unity,  need  only  measure  where  reso¬ 
nances  exist,  and  can  signal  average  for  arbitrari¬ 


ly  long  times  a  signal  from  which  most  of  the 
noise  is  already  eliminated  using  digital  detection 
of  the  final,  high-amplitude  information-contain¬ 
ing  output  of  the  analog  section  of  the  receiver. 
As  with  any  receiver,  the  unavoidable  noise  is 
controlled  primarily  by  the  preamplification 
stage.  The  best  approach  for  preamplification  is 
to  locate  a  JFET  preamp  very  close  to  the  re¬ 
ceive  transducer.  In  this  way,  the  shunt  effect  of 
the  capacitance  (easily  100  pF)  of  cables  connect¬ 
ing  the  10  pF  transducer  to  the  preamp  is  elimi¬ 
nated.  However,  this  would  require  a  warm  pre¬ 
amp  to  be  located  inside  the  flow  cryostat,  a 
complication  we  chose  to  forego.  Instead,  we  use 
an  accurately  unity  gain  preamp  at  the  end  of  a 


Fig.  6.  We  show  here  the  schematic  diagram  of  the  low-noise  unity-gain  preamplifier  used  to  IxtotsUap  the  cable  capacitance  of 
the  transducer  connection.  The  construction  of  this  device  requires  very  careful  layout  to  prevent  instabilities. 
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triaxial  cable  connecting  preamp  to  transducer. 
By  connecting  the  preamp  output  to  the  inner 
shield  of  the  triax,  we  eliminate  cable  capaci¬ 
tance  effects  (this  is  known  as  a  bootstrap  or 
guard).  This  is  only  important  because  the  pre¬ 
amp  is  voltage  sensitive.  For  a  current  sensitive 
preamp  or  an  op-amp  type  preamp,  cable  shunt 
capacitance  has  no  effect  on  overall  s/n.  But  for 
any  type  of  preamp  used  with  so  much  cable 
capacitance,  much  care  must  be  taken  to  elimi¬ 
nate  high-frequency  phase  shifts  that  could  cause 
oscillation.  This  is  why  we  have  used  low-induct¬ 
ance  leads  on  the  transducers  and  also  why  we 
find  it  easier  to  design  a  good  JFET  front  end. 
The  JFET  unity-gain  preamp  shown  schematical¬ 
ly  in  fig.  6,  modified  from  one  described  in 
Horowitz  and  Hill  [33],  is  designed  to  have  a 
bandwidth  of  50  MHz,  ensuring  no  unwanted 
phase  shifts  below  4  MHz,  and  has  an  input  noise 
figure  of  a  few  nV/Hz''^  controlled  primarily  by 
the  dual  JFET.  Because  the  triax  effectively 
connects  the  output  directly  to  the  input,  the 
design  and  layout  of  the  circuitry  is  crucial.  The 
inherent  response  of  a  HSSR  is  such  that  it  is  not 


the  full  bandwidth  of  the  preamp,  but  instead  the 
noise  per  unit  bandwidth  that  is  important  for 
overall  s/n. 

The  preamp  is  followed  by  a  simple  but  quiet 
RF  amplifier  with  a  bandwidth  of  about  20  MHz 
based  on  an  application  note  for  the  MAR-6 
amplifier  made  by  Mini-Circuits  [34].  This  stage, 
shown  in  fig.  7,  has  a  voltage  gain  of  100. 

Following  the  preamp  is  a  mixer /filter  shown 
in  fig.  8  adapted  from  the  data  sheets  from 
Motorola  [35]  and  National  Semiconductor  [36]. 
This  mixer  performs  an  instantaneous  multiplica¬ 
tion  of  the  RF  transducer  signal  at  frequency  /, 
including  whatever  noise  is  present,  with  a  (noise 
free)  local  oscillator  (LO)  signal  at  /  +  A/,  where 
A/  is  the  intermediate  frequency  or  IF.  The 
output  of  the  mixer  is,  then,  the  amplifier  noise 
upshifted  in  frequency  by  /  -l-  A/,  and  informa¬ 
tion-containing  signals  at  2/  -i-  A/,  and  A/.  Be¬ 
cause  the  noise  is  basically  white,  noise  per  unit 
bandwidth  is  unaffected.  After  the  mixer  is  a 
state-variable  analog  filter  tuned  to  A/.  Because 
the  LO  source  is  of  constant  amplitude,  the 
amplitude  of  the  mixer/ filter  IF  output  at  A/  is 
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Fig.  7.  Shown  is  the  schematic  diagram  of  the  low-noise  RF  amplifier  used  for  our  RUS  measurements,  based  on  the  MAR-6 
integrated  circuit.  The  layout  of  this  circuit  is  extremely  important. 
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proportional  to  the  resonance  signal  at  /.  We  use 
an  IF  frequency  of  1  kHz  and  a  filter  bandwidth 
of  100  Hz.  This  yields  a  noise  bandwidth  100  Hz 
wide  at  the  filter  output,  but  also  limits  the 
receiver  response  time  to  of  order  10  ms.  This  is 
not  a  real  limitation  on  the  data  acquisition  rate 
because  each  sample  resonance  is  stepped 
through  using  steps  much  narrower  than  the 
resonance  width.  Thus  the  receiver  need  only 
respond  to  incremental  signal  amplitude  changes 
at  sample  resonance  (i.e.  if  n  steps  are  taken 
through  one  resonance  then  the  receiver  re¬ 
sponse  time  required  is  reduced  by  a  factor  of  n). 

At  this  point  the  resonance  information  wan¬ 
ted  appears  at  a  fixed  IF  frequency  of  1  kHz 
combined  with  a  100  Hz  wide  slice  of  noise.  To 
get  the  amplitude  of  the  IF  signal  into  a  PC-AT 
type  computer  requires  that  it  be  ‘detected’.  The 
best  approach  is  to  use  an  analog  to  digital 
converter  (ADC)  to  digitize  the  filter  output 
such  as  an  Analogic  LSDAS-16,  a  16-bit,  16 
Channel,  50  kHz  ADC  [37].  By  running  the  con¬ 
verter  at  32  kHz  and  taking  320  readings,  we 
acquire  10  cycles  of  the  IF  signal.  We  also  ac¬ 


quire  almost  exactly  320  cycles  of  the  most  im¬ 
portant  interference  source,  the  electric  field  as¬ 
sociated  with  the  VGA  monitor  of  the  computer. 
The  absolute  value  of  the  320  readings  is  aver¬ 
aged  with  software  to  generate  the  resonance 
amplitude  at  the  frequency  step  chosen.  The 
effect  of  this  is  (1)  to  produce  a  constant  back¬ 
ground  offset  arising  from  VGA  interference, 
and  (2)  to  signal  average  (equivalent  to  another 
100  Hz  bandpass  filter)  the  IF  signal  over  10 
cycles  with  no  analog  time  constants  to  generate 
glitches  if  the  measurement  is  started  with  un¬ 
controlled  phase  of  the  IF  signal  (which  it  is). 

A  complete  sweep  through  each  individual 
mode  is  made  using  the  above  system  and  a  dual 
digital  synthesizer  card  to  generate  the  LO  and 
RF  signals.  The  card  we  use  was  designed  by  us, 
is  capable  of  32  bit  frequency  and  phase  control 
and  15  bit  amplitude  control  of  two  separate 
outputs,  and  is  commercially  available  [26].  The 
card  fits  in  a  standard  PC-AT  slot,  is  controllable 
by  Microsoft  QuickBASIC  or  other  languages  and 
has  a  maximum  output  of  1  VAC  (sufficient  to 
drive  the  transducers  directly)  up  to  about 
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Fig.  9.  A  typical  (and  definitely  not  the  best)  resonance  in  the  La,  ,,Srg  uCuOj  single  crystal  is  shown  to  illustrate  the  quality  of 
the  data  obtainable  from  a  RUS  measurement. 


8  MHz.  Other  computer-controlled  frequency 
synthesizers  can  be  used  successfully.  A  typical 
resonance  is  shown  in  fig.  9. 

The  resonance  data  acquired  is  processed  to 
subtract  background  and  then,  using  all  the  data 
acquired,  a  first  moment  of  the  usually  Lorent- 
zian  resonances  is  computed.  In  this  way,  further 
noise  reduction  occurs  so  that  we  can  determine 
reliably  the  center  frequency  of  a  resonance  to 
about  3%  or  less  of  the  line  width.  A  complete 
experimental  run  would  consist  of  (1)  a  search 
for  all  modes  at  room  temperature,  (2)  acquisi¬ 
tion  of  a  data  file  produced  by  a  narrow  sweep 
through  each  resonance  found,  (3)  a  room- 
temperature  fit  to  the  moduli  (and  iteration  of 
(1)  and  (2)  if  the  fit  is  inadequate  or  predicts 
missing  modes,  and  (4)  a  repeat  of  (2)  for  each 
temperature  desired  using  sufficiently  small  tem¬ 
perature  steps  so  as  not  to  lose  track  of  mode 
identifications. 


3.  Typical  results 

Having  described  the  principles,  procedures 
and  hardware  for  making  RUS  measurements 
and  analyzing  the  data,  we  present  here  some 
examples  of  the  application  of  RUS  to  the  study 


of  structural  phase  transitions  (SPT).  The  exam¬ 
ples  reviewed  here  are  the  soft-mode-driven 
SPTs  in  the  perovskite  system  La2Cu04,  which 
includes  several  high-temperature  superconduc¬ 
tors,  and  in  SrTiOj. 

SrTiOj  is  a  perovskite  that  undergoes  a  SPT 
from  cubic  (the  high-temperature  or  ‘symmetric’ 
phase)  to  tetragonal  (the  low-temperature  or 
‘unsymmetric’  phase)  crystal  symmetry  at  105  K. 
This  material  is  particularly  interesting  because 
its  SPT  is  a  canonical  example  of  a  soft-mode 
[38]  phase  transition  and  has  been  well  studied 
both  theoretically  [39]  and  experimentally  using 
conventional  ultrasonic  techniques  [40,41,42]. 
Furthermore,  the  perovskite  structure  and  un¬ 
derlying  titanium-oxygen  octahedra  in  SrTiOj 
are  very  similar  to  the  structure  of  the  high- 
temperature  superconductors  La2Cu04  and 
La2_^Sr^Cu04  to  be  discussed  below.  On  a  more 
practical  level,  large  high-quality  single  crystals 
are  readily  available  commercially,  and  no 
macroscopic  fields  develop  at  the  SPT  to  compli¬ 
cate  data  analysis.  We  obtained  a  large  single 
crystal  [43]  and  prepared  several  RP  samples 
(1.9  mm  X  1.5  mm  X  1.0  mm)  as  was  described 
above. 

The  sample  geometry  was  accurate  to  about 
2  (xm  and  the  intrinsic  quality  was  high  so  that 
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we  were  able  to  measure  and  fit  the  first  33 
resonant  frequencies  at  room  temperature  with 
an  rms  error  of  0.075  percent.  The  values  of  the 
elastic  moduli  determined  by  the  fit,  as  well  as 
several  sets  of  values  from  measurements  by 
others,  are  shown  in  table  2.  The  agreement  is 
excellent. 

Our  real  interest  in  this  material  is  not  so 
much  a  test  of  RUS  but  rather  a  study  of  the 
details  of  the  temperature  dependence  of  the 
elastic  moduli  through  the  SPT.  Because  of  the 
unique  capability  of  RUS  to  determine  all  mod¬ 
uli  simultaneously,  precise  comparisons  between 
moduli  can  be  made  and  compared  to  Ginsburg- 
Landau  (G-L)  type  predictions.  The  SPT  in 
SrTi03  occurs  as  a  result  of  the  softening  of  a 
particular  zone  edge  lattice  vibration,  the  tilting 
of  the  titanium-oxygen  octahedra  around  the 
(100),  (0  1 0)  or  (001)  axes.  As  the  frequency 
of  this  phonon  decreases  to  zero,  these  octahed¬ 
ra  develop  a  static  displacement,  reducing  the 
crystal’s  symmetry  to  tetragonal  and  doubling 
the  size  of  the  unit  cell.  Because  of  the  three-fold 
degeneracy  of  this  octahedral  tilt  (rotation  about 
jc,  y  or  z)  the  material  also  twins  as  it  goes 
through  the  SPT,  making  RUS  measurements 
difficult  in  the  low-temperature  phase. 

Theoretically,  this  transition  is  well  under¬ 
stood.  The  soft-mode  description  coupled  with  a 
G-L  free  energy  enables  accurate  quantitative 
predictions  to  be  made  for  the  elastic  response  of 
the  material  through  the  transition.  Rather  than 
work  with  the  complete  expression  for  the  free 
energy  including  all  possible  strains  and  the  full 
three-component  order  parameter,  discussed  in 
detail  elsewhere  [39],  we  will  focus  here  on  a 
qualitative  understanding  by  considering  a 

Table  2 

Room  temperature  elastic  moduli  (all  values  are  in  units  of 
10*^  dyne/cm’)  of  SrTi03  determined  by  RUS  as  well  as  by 
conventional  ultrasonic  techniques.  The  percentages  after  our 
data  are  the  error  estimates  for  the  individual  moduli,  de¬ 
termined  as  discussed  above. 


^11 

^12 

C44 

Source 

3,17 

1.02 

1.23 

Ref.  [40] 

3.31 

1.05 

1.26 

Ref.  [41] 

3.15  (0.2%) 

1.02(0.7%) 

1.22  (0.01%) 

This  work 

single-strain  and  one-component  order  parame¬ 
ter.  This  is  more  than  casually  justified  because  if 
one  knows  which  way  the  octahedra  tilt,  then  use 
of  a  single-component  order  parameter  causes  no 
loss  of  generality.  Because  in  an  unstrained  sin¬ 
gle  crystal  the  order  parameter  does  develop  in  a 
single  direction,  one  certainly  knows  its  direction 
after  the  fact.  It  is  only  important  that  one  is 
careful  with  the  group  theory.  That  is,  the  full 
symmetry  and  number  of  required  components 
of  the  order  parameter  are  use  to  determine 
what  terms  must  be  included  in  a  single-order- 
parameter  description.  Thus  an  accurate  single- 
component-order-parameter  free  energy  can  be 
written 

F=  +  \a{T-  +  iJ^q^ 

(39) 

where  s  is  the  strain,  q  the  order  parameter  and 
a,  p,  y  and  Cq  temperature-independent  con¬ 
stants.  The  first  term  in  eq.  (39)  represents  the 
usual  elastic  energy,  the  second  and  third  an 
expansion  in  the  order  parameter,  and  the  last 
term  the  strain-order  parameter  coupling.  Be¬ 
cause  the  order  parameter  in  this  transition  is  a 
tilt  in  a  mirror  plane,  only  even  powers  appear 
(positive  or  negative  tilts  are  equivalent  energeti¬ 
cally).  Given  such  a  free  energy,  the  change  in 
elastic  moduli  can  be  calculated  by  minimizing 
eq.  (39)  with  respect  to  strain  [44].  Such  a 
minimization  gives 


T>T,, 

(40) 

r<  r, . 

(41) 

Thus,  a  Ginsburg-Landau  analysis  of  this  phase 
transition  predicts  a  step  decrease  in  elastic  mod¬ 
uli  at  the  transition  and,  using  the  full  crystal 
symmetry,  predicts  the  relative  size  of  the  step 
for  each  individual  modulus.  Our  data  for  the 
elastic  moduli  of  SrTi03  as  a  function  of  tem¬ 
perature  are  shown  in  fig.  10.  Each  modulus 
increases  with  decreasing  temperature  from  ther¬ 
mal  contraction  and  then  exhibits  a  sharp  (but 
not  step-like)  decrease  in  the  region  near  the 
transition,  in  agreement  with  the  above  analysis 
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Fig.  10.  The  three  elastic  moduli  of  a  single  crystal  of  SrTiO,  near  the  structural  phase  transition  are 
temperature.  These  data  were  obtained  using  RUS. 


shown  as  a  function  of 


as  well  as  with  the  experimental  work  of  others. 
Unfortunately,  twinning  of  the  crystal  at  the  SPT 
prevents  RUS  from  accessing  the  moduli  in  the 
unsymmetric  phase  so  that  some  quantitative 
predictions  of  the  Ginsburg-Landau  theory  can¬ 
not  be  tested  by  us.  This  has,  however,  been 
done  by  other  groups  using  pulse-echo  measure¬ 
ments  and  the  results  are  in  accord  with  theory 
[41].  Note  that  any  ultrasound  measurements  in 
a  twinned  sample  average  over  some  set  of  mod¬ 
uli.  and  that  to  obtain  useful  information,  some 
detailed  knowledge  of  the  twinning  pattern  and  a 
model  for  backing  out  moduli  are  required.  RUS 
is  so  sensitive  to  macroscopic  twinning  that  us¬ 
able  data  of  any  sort  often  cannot  be  obtained  in 
a  twinned  sample  because  of  substantial  degra¬ 
dation  of  the  resonance  signals.  This  is  typically 
not  the  case  for  pulse-echo,  nor  for  RUS  on 
microtwinned  or  polycrystal  materials. 

The  departure  from  true  step-like  behavior 
can  be  attributed  to  both  thermal  fluctuations 
and  to  imperfections  or  defects  in  the  crystal 
[45].  In  order  to  verify  this  fact  and  to  demon- 
gtrarg  the  fundamental  difference  between  this 
rounding  and  the  effects  observed  in  l^&2-x 


Sr^CuO^,  discussed  below,  we  vacuum-annealed 
a  RP  of  SrTiOj  to  create  oxygen  vacancies  in  an 
attempt  to  braden  the  transition.  While  a  sharp 
decrease  remains  after  annealing,  the  decrease  is 
distinctly  broader  in  the  annealed  sample,  in 
agreement  with  previous  work  [42].  Having  dem¬ 
onstrated  that  there  are  no  surprises  in  a  RUS 
study  of  SrTiOj,  we  describe  similar  measure¬ 
ments  on  a  more  difficult  system  with  results  that 
prove  to  be  not  so  accommodating. 

Unlike  SrTiOj,  La2Cu04  and  also  its  high- 
temperature  superconducting  relative  Laj-, 
Sr^Cu04  are  not  readily  available  as  untwinned, 
morphologically  perfect  single  crystals.  The  only 
such  samples  extant  are  in  the  1  mm  size  range 
and  require  very  considerable  effort  to  produce. 
Thus  conventional  ultrasound  techniques  must 
be  applied  to  either  large,  poor-quality  twinned 
samples  or  not  at  all.  In  this  system,  the  tetra¬ 
gonal  to  orthorhombic  (TO)  SPT  occurs  at  223  K 
for  X  =  0.14  and  about  530  K  for  x  =  0.0  [46].  In 
table  3  are  the  elastic  moduli  for  an  untwinned, 
orthorhombic  crystal  of  La2Cu04  (1.735  mm  x 
1.536  mm  X  1.108  mm,  7.026  g/cc)  and  also 
for  a  tetragonal  crystal  of  La,  g5Sro.,4Cu04 
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The  fuU  elastic  moduli  of  La,  ,Sro,,CuO,  and  LaXuO,  in  units  of  lO'Myne/cm^  f IJch‘’thlt*rS^^^^^ 
La,  8,Sr„  „CuO,  is  for  the  usual  tetragonal  basis.  The  second  entry  is  simply  the  ^  .  3 

comparison  to  the  orthorhombic  stoichiometric  compound  can  be  made.  The  errors  are  about  1.3%  for 

1  =  4  6  and  3.1%  for  the  off-diagonal  moduli  for  LaXuO,.  The  corresponding  error  estimates  for  La,.„Sr„  ,4^.00,  are  u.zo  /«, 


0.01%  and  1.0%  respectively.  _ _ — - - - - 

^33 

^23 

Cl3 

^12 

C44 

C55 

1 ,86^^n. 

La^CuO^ 

2.666 

2.245 

1.747 

1.730 

2.571 

2.571 

2.662 

0.991 

0.992 

0.992 

0.928 

0.649 

1.071 

0.900 

0.677 

0.677 

0.653 

0.669 

0.587 

1.009 

0.992 

(2.470  mm  x  2.267  mm  x  2.192  mm,  6.946  g/cc) 
determined  using  RUS.  The  La2Cu04  crystal 
was  grown  by  Canfield,  Fisk  and  Kodali  from  a 
flux  [47].  The  Sr  doped  crystal  was  produced  by 
Tanaka  and  Kojima  using  a  travelling  solvent/ 
floating  zone  system  [48].  We  note  that  the  axes 
of  the  La2Cu04  sample  were  not  aligned  with 
the  crystallographic  axes.  Thus  the  fitting  proce¬ 
dure  had  to  determine  not  only  the  moduli  and 
dimensions  but  also  the  crystal  orientation.  This 
takes  far  more  computer  time  because  the  mat¬ 
rices  to  be  inverted  are  no  longer  block  diagonal. 
Nevertheless,  the  errors  for  the  determination  of 
moduli  and  angles  are  low  because  over  35  reso¬ 
nances  were  used  in  the  fit. 

We  review  here  the  microscopic  deformations 
at  the  SPT  in  the  La,Cu04  compounds,  the 
Ginsburg-Landau  Hamiltonian,  and  the  expec¬ 
ted  effects  on  the  sound  velocities.  Using  RUS 
measurements  on  La2_4SrjCu04  and  a  com¬ 
parison  with  SrTiOj,  we  present  direct  evidence 
for  breakdown  of  tetragonal  symmetry  at  the 
Brillouin  zone  center,  show  how  this  can  explain 
the  very  strong  temperature  dependence  of 
above  the  TO  SPT,  and  discuss  some  implica¬ 
tions. 

To  understand  what  drives  the  TO  transition 
in  La2Cu04,  consider  first  (fig.  11)  the  four 
Cu-O  bonds  that  lie  in  the  Cu-O  plane  and  also 
form  part  of  the  O  octahedra.  Through  the  TO 
transition,  these  Cu— O  bond  lengths  remain 
fixed  [49].  What  does  change  is  the  angle  be¬ 
tween  the  two  O-Cu-O  diagonals  of  the  octa¬ 
hedra.  In  the  tetragonal  phase,  the  diagonals  are 
perpendicular.  In  the  orthorhombic  phase  they 
scissor  slightly,  doubling  the  unit  cell.  This  Jahn- 


Fig.  11.  We  illustrate  here  the  arrangement  of  ions  (not  to 
scale)  of  La.CuOj.  Cu  is  the  solid  circle,  the  open  circles  are 
O  and  the  shaded  circles  are  La. 

Teller-like  distortion  has  the  effect  of  increasing 
the  length  of  either  the  (1  1 0)  or  the  (1  iO)  axis. 
This  is  shown  schematically  in  fig.  12.  For  the 
crystal  to  accomodate  this,  the  Cu-O  plane  also 
buckles  in  the  corresponding  direction,  taking 
the  octahedra  with  it  so  that  they  tilt.  This  tilt  is 
the  x-point  soft  mode.  Of  course,  a  given  oc¬ 
tahedron  could  tilt  in  either  of  four  possible 
directions,  i.e.  in  the  positive  (110)  direction, 
the  negative  (110)  direction,  the  positive  (110) 
direction,  or  the  negative  (ll'O)  direction.  Thus 
both  kinks  (positive-negative  tilt  phase  error) 
and  twins  (110)  versus  (110)  tilt  are  possible, 
and  the  order  parameter  must  have  two  com¬ 
ponents,  qi  and  q2- 

Because  any  possible  tilt  preserves  mirror  sym¬ 
metry,  either  sign  of  tilt  is  equivalent.  Therefore 
any  coupling  of  the  Brillouin-zone-edge  oc¬ 
tahedron-tilt  phonon  mode  to  any  zone-center 
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Fig.  12.  Shown  is  a  diagram  showing  the  O  atoms  in  the 
Cu— O  plane  (solid  circles)  and  the  O  atoms  at  the  apices  of 
the  O  octahedra  (shaded  circles)  projected  onto  the  Cu-O 
plane.  The  Cu  atoms  are  directly  beneath  the  undisplaced  O 
atoms  and  are  not  shown.  Upon  transition  to  the  ortho¬ 
rhombic  state,  the  apical  O  atoms  displace  as  shown  by  the 
arrows  (a  twin  would  have  displacements  in  the  Cu-O  plane 
perpendicular  to  those  shown,  i.e.  turn  the  figure  on  its  side). 
The  tetragonal  unit  cell  is  the  smaller  dashed  square,  the 
orthorhombic  one  is  the  larger  dashed  square,  although  it  is 
really  a  rectangle  with  the  longer  sides  parallel  to  the  arrows. 

acoustic  phonons  must  be  quadratic  in  lowest 
order.  Moreover,  most  of  the  effects  of  the 
phase  transition  are  seen  in  the  shear  mod¬ 
ulus  for  deformations  of  the  Cu-O  plane.  This  is 


also  easily  seen  because  when  the  0-Cu— O 
diagonals  scissor,  the  square  base  of  the  tetra¬ 
gonal  unit  cell  becomes  a  rhombus  in  the  ortho¬ 
rhombic  phase  (fig.  12).  Deforming  the  square 
into  a  rhombus  is  exactly  equivalent  to  a 
shear.  We  have,  as  yet,  no  measurements  above 
the  TO  transition  in  La2Cu04  because  our  RUS 
cell  cannot  handle  such  temperatures.  However, 
in  La,  geSro.i4Cu04  the  TO  transition  occurs  at 
223  K,  a  very  convenient  temperature. 

In  fig.  13  we  show  the  resonant  frequency  of 
an  eigenmode  of  the  single  crystal  of  La,  gg 
Sro  14CUO4  as  a  function  of  temperature  T  and  in 
fig.  14  we  show  lIQvsT  where  Q  is  the  quality 
factor  for  the  resonance.  Numerical  analysis  of 
the  motion  establishes  that  the  eigenmode  of  fig. 
13  depends  almost  purely  on  c^.  Absent  dy¬ 
namical  effects,  we  would  treat  the  tempeature 
dependence  of  with  the  same  Ginsburg— 
Landau  (G-L)  Hamiltonian  used  for  SrTiOj.  As 
with  SrTiOg,  simple  quadratic  coupling  and  no 
dynamics  produces  only  a  step  discontinuity  in 
Cgg  at  the  SPT.  This  is  not  what  the  data  show. 
The  data  fit  a  Curie-Weiss  (C-W)  softening  of 
the  form 

c„(7-)-c,.(i-r./(r-r.))  (42) 


230  K  is  evidence  of  symmetry-breaking  effects. 
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Fig.  14.  The  scaled  inverse  quality  factor  1000/ Q  is  proportional  to  the  loss  or  ultrasonic  attenuation  in  the  single  crystal  of 
Laj  g^Sr^  i4Cu04.  Very  near  the  SPT  at  223  K,  the  attenuation  increases  dramatically,  but  at  temperatures  well  above  the  SPT  but 
still  in  the  Curie-Weiss  region,  no  excess  attenuation  is  observed. 


where  is  223  K,  is  a  temperature-indepen¬ 
dent  constant  and  the  fit,  shown  as  the  solid  line 
in  fig.  13,  is  accurate  to  0.2%  over  more  than  a 
decade  in  TJ{T -  T^). 

Gaussian  fluctuations  of  the  order  parameter 
[9],  self-consistent  phonons  [7]  and  linear  coup¬ 
ling  between  strain  and  order  parameter  [44]  all 
yield  a  C-W  behavior  for  For  Gaussian 
fluctuations,  the  critical  exponent  for  the  specific 
heat  and  for  the  elastic  moduli  is  yl  =  2  -  dll 
where  d  is  the  dimension  of  the  order  parameter. 
In  our  system,  the  order  parameter  is  two- 
dimensional,  thus  the  critical  exponent  (the 
exponent  of  1/(7-  TJ)  is  unity,  in  agreement 
with  the  data.  However,  our  C-W  fit  is  over  a 
temperature  range  of  about  80  K  {Tq-  1.47  K). 
This  is  a  very  large  range  for  fluctuations  to  be 
important,  much  larger  than  the  range  for  the 
similar  SPT  in  SrTiOj.  An  upper-bound  estimate 
for  the  fluctuations  regime  [9]  is  found  by  using  a 
few  lattice  spacings  for  the  coherence  length,  and 
by  using  a  1%  (SrTi03  has  about  a  10%  modulus 
discontinuity  at  its  phase  transition  temperature) 
modulus  discontinuity  to  obtain  a  fluctuation 
range  of  about  1  K,  comparable  to  the  region  in 
fig.  14  where  the  ultrasonic  attenuation  increases 
sharply.  Thus  it  appears  very  unlikely  that  2-D 


Gaussian  fluctuations  can  explain  what  we  ob¬ 
serve. 

A  self-consistent  phonon  treatment  of  the 
anharmonic  potential  associated  with  the  zone- 
edge  soft  mode  of  the  O  octahedra  can  also 
produce  C-W  modulus  softening  [7].  For  this 
sort  of  treatment  to  work,  the  zone-edge  soft 
mode  must  be  linearly  coupled  to  the  zone- 
center  acoustic  mode.  The  1-D  treatment  in  ref. 
[7]  deals  with  this  by  inserting  the  anharmonic 
spring,  used  in  the  shell-model  construct  to  de¬ 
velop  the  self-consistent  phonon  dispersion 
curve,  in  series  with  the  ion  cores.  Thus  this 
spring  contributes  to  the  potential  energy  for  any 
value  of  the  phonon  wave  vector. 

Neutron  scattering  measurements  [4]  show 
that  the  soft  mode  is  part  of  the  phonon  branch 
corresponding  to  C44,  not  Without  some 
linear  coupling  term  to  the  dispersion  curve, 
it  is  not  easy  to  see  the  applicability  of  self- 
consistent  phonons.  Were  such  a  term  to  be 
added,  the  model  would  be  forced  to  become 
explicitly  3-D,  and  because  both  the  coupling 
and  the  energies  would  depend  on  the  anhar- 
monicity,  the  C-W  exponent  would  likely  be 
lost. 

The  third  possibility  we  consider  here  is  the 


115 


A.  Migtiori  et  al.  /  On  techniques  for  measurement  of  the  elastic  moduli  of  solids 


replacement  of  quadratic  coupling  with  linear 
coupling  (for  T>T^,  the  inclusion  of  the  quad¬ 
ratic  term  has  no  effect  with  or  without  the  linear 
term  present)  between  order  parameter  and 
strain  in  eq.  (39).  Using  the  same  justification 
for  a  single-component  order  parameter  as  in 
SrTiOj  we  find 

F=\c^^e^  +  ia{T-T^)q- +  +  yeq  (43) 

and 

c..(T)  =  c,,-r/(r-rj  for  T>r,, 

(44) 

c^{T)  =  c^-y-l(.2{T-TJ)  for  r<T,, 

(45) 

as  required  to  fit  the  data  of  fig.  13.  To  justify  a 
linear  coupling  term,  the  La,  ggSrg  14CUO4  crys¬ 
tal  must  be  either  nonlinear  or  nontetragonal. 

In  fig.  15  we  plot  the  lowest  eigenfrequencies 
of  the  La,  H„Srn,,4Cu04  crystal  vs  T  and  in  fig.  16 
are  plotted  the  lowest  two  eigenmodes  on  an 
expanded  scale,  showing  an  avoided  crossing  of 
2%.  Note  that  in  fig.  15  avoided  crossings  are 
observable  in  several  places.  The  mechanical 
Lagrangian  for  analysis  of  the  resonances  of  this 


material  is  based  on  a  linear  tetragonal  solid 
[13,14].  The  model  produces  eight  orthogonal 
symmetry  classes  for  the  modes,  therefore  none 
of  the  avoided  crossings  should  occur.  Their 
existence  can  be  explained  only  if  the  crystal  is 
nonlinear,  not  tetragonal,  or  has  excessive  prep¬ 
aration  errors. 

This  sample  has  a  TO  transition  width  of  much 
less  than  1  K  as  determined  by  the  RUS  vari¬ 
ation  of  both  Q  and  it  has  a  superconducting 

of  38  K,  its  faces  have  been  ground  parallel  to 
better  than  1  micron,  some  resonances  have 
(2  >  70  000,  it  has  near  theoretical  bulk  density 
and  no  visible  defects.  There  are,  therefore,  no 
sample  preparation  errors  even  remotely  close  to 
the  few  percent  required  to  produce  the  ob¬ 
served  avoided  crossings.  To  test  for  anhar- 
monicity,  the  measurements  of  fig.  16  were  re¬ 
peated  at  resonance  amplitudes  varying  over  an 
order  of  magnitude.  All  the  scans  were  identical 
to  about  0.01%,  the  limit  of  our  temperature 
control  precision.  Thus  no  anharmonic  affects 
are  present. 

X-ray  [46]  and  elastic  neutron  scattering  [4,49] 
studies  of  this  material  all  indicate  unambiguous¬ 
ly  that  the  structure  is  tetragonal.  However,  both 
types  of  probe  operate  at  an  effective  k  =  Q.  That 


Fig.  15.  This  is  a  plot  of  many  of  the  resonances  of  the  La.,,Sr„  .,CuO,  single  crystal  as  a  function  of  temperature  above  the 
SPT.  Avoided  crossings  are  numerous. 
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Fig  16  Plotted  are  the  data  of  fig.  13  for  the  mode  and  also  data  for  the  C44  mode  for  the  La,  g^Sr,  ,4Cu04  single  crystal  as  a 
function  of  temperature.  These  modes  have  different  symmetries  so  that  no  avoided  crossing  is  expected.  The  su^nsmgly  large 
effect  may  arise  from  symmetry-breaking  at  the  Brillouin-zone-edge  produced  by  Sr  disorder  combined  with  the  soft-mode-  riven 
SPT. 


is,  they  average  over  many  unit  cells.  Because 
RUS  is  also  a  k  =  0  probe,  it  too  should  see  a 
tetragonal  structure.  That  it  does  not  might  be 
related  to  the  destruction  of  zone-edge  symmetry 
because  of  the  disordered  Sr  doping.  At  small  k, 
the  Sr  concentration  fluctuations  average  out, 
and  a  tetragonal  structure  is  observed.  However, 
RUS  is  sensitive  to  the  strain  susceptibility.  At 
temperatures  well  above  (150  K  or  more)  the  TO 
transition,  the  A:-point  soft  mode  has  negligible 
effect  on  (see  fig.  13).  At  temperatures  some¬ 
what  above  300  K,  all  the  sound  velocities  begin 
to  decrease  on  cooling  as  a  result  of  the  coupling 
between  the  soft  mode  and  the  strains.  This 
coupling  might  also  carry  with  it  a  symmetry¬ 
breaking  term  at  temperatures  near  the  TO  tran¬ 
sition  related  to  the  total  softening  of  Cg^- 
Such  a  symmetry-breaking  effect  is  only  ob¬ 
servable  if  some  effect,  the  SPT  for  this  example, 
makes  the  moduli  vary  sufficiently  rapidly  that 
nominally  orthogonal  modes  cross,  and  if  the 
experimental  probe  can  clearly  separate  the  re¬ 
sponses  of  the  modes  that  cross.  We  know  of  no 
other  ultrasound  probe  with  this  property.  Thus 
RUS  is  capable  of  extracting  new  information  as 
well  as  providing  an  alternative  high-precision 
general  ultrasound  probe. 
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The  Hamilton’s  principle  approach  to  the  calculation  of  vibrational  mod«  of  elastic  objects 
with  free  boundaries  is  exploited  to  compute  the  resonance  frequencies  o  a  ^  ° 
anisotropic  elastic  objects,  including  spheres,  hemispheres,  spheroids. 

eggs,  shells,  bells,  sandwiches,  paraUelepipeds,  cones,  pyramds,  prisms,  tetrahe^^  -revious 
and  potatoes.  The  paramount  feature  of  this  calculation,  which  distmguish«  it  fro  p 
ones!^is  the  choice  of  products  of  powers  of  the  Cartesian  coordmatts  as  a  basis  for  exp^ 

ofthe  displacement  in  a  truncated  complete  set,  enabling  one  to  analjrticallyev 

required  matrix  elements  for  these  systems.  Because  these  basis  functions  producK  ot 
powers  of  X,  y,  and  z,  this  scheme  is  called  the  xyz  algonthm.  Thexyr  algonthm  _ 

general  anisotropic  elastic  tensor  with  any  position  dependence  and  any  sha^  with  arbitrary 
density  variation.  A  number  of  plots  of  resonance  spectra  of  famihes  o  ®  °  m^hod 

displayed  as  ftinctions  of  relevant  parameters,  and,  to  illustrate  the  versati  y  o  ’ 

the  measured  resonant  frequencies  of  a  precision  machined  but  irregularly  ?^P 

aluminum  (called  a  potato)  are  compared  with  its  computed  normal  modes.  Applications  to 
materials  science  and  to  seismology  are  mentioned. 


PACS  numbers:  43.20.Ks,  43.40.At 


INTRODUCTION 

Some  years  ago,  it  was  noticed  by  Holland'  and  Demar- 
est^^  that  a  very  simple  variational  principle  can  be  used  to 
derive  an  eigenvalue  equation  for  the  normal-mode  frequen¬ 
cies  and  eigenvectors  for  the  vibrations  of  an  elastic  bc^ 
with  free  boundaries.  Subsequently  Ohno^  and  others*"^ 
have  refined  this  method  and  its  application  to  the  resonant 
ultrasonic  determination  of  elastic  constants  of  materials, 
small  rectangular  parallelepipedal  single-crystal  sam¬ 
ples.  The  idea  is  illustrated  in  Fig.  1,  which  shows  a  crystal 
suspended  between  two  transducers,  one  of  which  excites  the 
sample,  and  the  other  measures  its  response.  Others  have 
used  spheres,’"*  again  single-crystals  with  anisotropic  elas¬ 
tic  tensors  (with  orthorhombic  or  better  symmetry). 
Spheres  have  the  advantage  that  it  becomes  unnecessary  (in¬ 
deed,  impossible)  to  align  the  faces  of  the  sample  with  crys¬ 
tal  axes.  It  is  the  purpose  of  the  present  paper  to  present  a 
simple  computational  scheme  with  which  the  frw  vibrations 
of  all  the  systems  that  have  been  analyzed  up  to  now  can  be 
computed,  and  to  give  results  for  some  new  systems.  We 
have  fabricated  a  sample  of  one  of  these  new  systems,  and 
have  measured  and  computed  its  resonant  frequencies. 

I.THE  METHOD 
A.  Motivation 

It  is  reasonable  to  expect  that,  if  one  knew  all  the  nor¬ 
mal-mode  frequencies  of  an  elastic  object,  one  could  deduce 
aU  of  the  relevant  properties  of  that  object,  including,  up  to  a 
common  scale  factor,  its  elastic  tensor  and  density  (includ¬ 
ing  their  spacial  variations),  and  its  shape.  Whether  this  is 


rigorously  true,  even  for  such  a  simple  system  as  a  two-d- 
mensional  elastic  membrane,  is  still  an  unsolved  problem  in 
applied  mathematics."  In  practice,  r^onant  ultrasonic 
methods  have  been  developed,  and  are  still  being  refined  in 
significant  ways,'*  which  promise  to  become  benchmark 
procedures  for  measuring  these  material  properties.  In  order 
to  exploit  these  ideas,  it  is  necessary  to  develop  a  computa¬ 
tional  scheme  to  obtain  the  material  parameters  from  mea¬ 
sured  frequencies.  The  procedures  that  have  been  proposed 
and  implemented  to  do  this  generally  involve  defi^g  a  fig¬ 
ure  of  merit  F,  such  as  the  mean-square  deviation  of  the 
measured  from  the  computed  resonant  frequencies.  Mim- 
miring  /"always  involves  some  kind  of  a  search  in  the  space 
of  the  relevant  material  parameters  (elastic  constants,  den¬ 
sity,  dimensions,  shape  parameters),  which  requires  repeat¬ 
ed  computations  of  the  frequencies  for  different  values  of 
those  parameters.  Thus  an  essential  part  of  a  viable  pr^ 
dure  is  an  accurate  method  to  compute  normal  modes. 


Transducers 


fig.  1.  Schematic  resonant  ultrasound  setup.  The 
parallepiped  in  this  illustration,  is  suspended  along  a  ii 

between  transmitter  and  receiver  transducers  and  the  input  irwi 
swept  through  a  given  range. 
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which  be  fast,  since  it  must  be  performed  many  times. 

It  is  the  purpose  of  the  present  paper  to  present  such  a 

which  works  for  a  wide  variety  of  systems,  in  a 
form  which  may  easily  be  programmed  for  a  comput¬ 
er. 

B.  Hamilton’s  principle 

Gmsideran  aibitraifly  shaped  object  with  (possibly  po¬ 
sition  dependent)  dastic  tensor  Cjju  and  density^  with  a  fr» 

surface  5  surrounding  a  volume  V.  One  forms  the  kinetic 
energy  density  KE  =  l/2pa}\u„  the  potential  energy  den¬ 
sity  PE=  takes  their  difference,  and  inte¬ 

grates  to  get  the  Lagrangian 

(1) 


L  =  J  (KE-PE)dF. 


Here  a  is  the  rth  component  ofthe  displacement  vector,  we 

use  the'usual  summation  convention,  and  indices  following  a 
comma  denote  differentiation  with  respect  to  that  coordi^ 
nate.  As  usual,  we  have  assumed  that  the  displacements 
time  dependence  is 

The  following  felicitous  facts  facilitate  the  computation. 
IfoneaUowsB,  to  vary  arbitrarily  in  the  volume  Fandontte 
surface  S,  viz.,  a,  -a,  +  Su„  and  asks  what  the  variation  m 
L  is,  the  answer  is,  as  the  interested  reader  can  easUy  verity 
(one  integration  by  parts  is  needed), 

L^L  +  SL,'  <2) 

where 

SL  =  j  (elastic  wave  equation),  Su,  dV 

+  J  (surface  traction),  5b,  dS;  O) 

plus  terms  of  higher  order  in  Su,.  The  elastic  wave  equation 
is 

po)\  +  “0  . 

and  the  /th  component  ofthe  surface  traction  vector  is 

where  {n,}  is  the  unit  outer  normal  to  S’. 

So,  apparently  due  to  a  mathematical  fortuity  that  may 

have  occurred  during  a  lapse  in  Murphy’s  vigilance,  the  dis¬ 
placement  vectors  B„  which  are  solutions  to  the  elastic  wave 

equation  with  free  boundary  conditions  on  S,  are  just  those 
points  in  fimetion  space  at  which  L  is  stationary.  This  fact 

suggests  thefollowingprocedurefor  obtaining  the  solutions. 


C.  Choice  of  basis 

If  the  computation  is  to  be  implemented  on  a  computer, 

and  is  to  work  for  a  variety  of  shapes,  one  should,  for  reasom 
_ _ _ vector  in 


where  A  *  function  label,  a  set  of^M  non- 

reSveinteg«.Intermsofttobas«we^ 

on  a  truncated  set  ft  (specified  below  m  (9)  ] 

*=  ftW- 

After  substituting  this  into  the  above  expression  for  the  La¬ 
grangian  i.  the  latter  can  be  written  (a  becomes  a  column 

vector) 

L  »  l/2aVEa.  -  l/laT'a,  (8) 

where  E  and  r  are  matrices  whose  order  is  determined  by 

ft,  which  is  specified  by  the  condition 
l+m  +  n<N, 

viz.  E  *  3(fir  -I- 1)  (iV  -I-  2)  (E  -b  3)/6.  [The  initial  factor 

of  3  here  corresponds  to  the  three  coordinates  x,J^  and  X.  The 

nttiiM-  factors  are  the  number  of  ways  (9)  can  be  realized  for 
non-negative  /,  m,  and  «.]  To  keep  the  size  of  the  matriem 
within  manageable  limits  we  must  clearly  be  restrained  in 
OUT  choice  of  JVl 

The  matrix  J?  has  elements 

If  we  had  chosen  to  be  a  set  orthonormal  with  respect 

to  the  weight  fimetion  p,  then  £  would  have  been  the  unit 
matriT,  which  would  have  simplified  some  subsequent  mam- 
pulations.  But  then  we  would  have  had  to  choose  a  difftrat 
}  for  shape,  and  for  each  different  density  p,  which 

canbeafimetionwitharbitrary  position  dependence,  and  we 

would  not  be  able  to  express  the  required  matrix  elementt 
which  follow  in  dosed  form.  The  moderate  penalty  exacted 
by  a  nondiagonal  £  is  more  than  compensated  by  the  other 
advantages  concomitant  with  (6). 

The  matrix  T  has  elements 


(11) 


soon  to  become  apparenw  — - 

the  simplest  possible  complete  set  of  functions.  There  is  none 
simpler  than  powers  of  the  Cartesian  coordinates,,  so  we 
choose  the  following  set  of  basis  functions: 

j.  Acr"<=«  Soc.  Am.,  Vot.  90.  No.  4.  Pt  1 .  October  1991 


Again,  the  volume  integrals  that  appear  here  are  qmte  tw- 
table  for  many  shapes  Fif  the  choice  (6)  is  made,  which  is 
not  the  for  other  basis  sets. 


D.  Generalized  eigenvalue  equation 

Theoqiression  (8)  for  the  Lagrangian  (1)  isstation^, 
arrnrriing  to  (3),  for  the  displacements  a,  ttet  are  solution 
of  the  free-vibration  problem.  So  the  solutions  may  be  ol^ 
tained  by  setting  the  derivatives  of  (8)  with  respect  to  each 
ofthe  £  amplitudes  Oa  equal  to  zero.  This  yields  the  follow¬ 
ing  matrix  eigcnvdue  equation: 

a^Eu  =  Ta.  <^2) 

The  matrixE,  although  not  diagonaL  as  it  wouldbe  ifwe  had 
an  orthonormal  basis,  is  symmetric  and  positive  defi¬ 
nite,  and  T  is  symmetric,  so  that  a  standard  eigenvalue-ei¬ 
genvector  subroutine  package  ( RSG  in  EISPACK.  )  euu 

be  used  to  solve  ( 12)  as  easily  and  nearly  as  quickly  as  it 
could  if  £  had  been  diagonaL 
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examples 

A.  The  potato 

For  our  choice  of  }  the  matrix  elements  of  E  and  of 
r  are  all  of  the  form 

f{p,q,r)  =  ^ 

where  p,  q,  and  r  are  non-negative  integers.  This  integral  can 
be  evaluated  analyticaUy  for  a  variety  of  F’s,  including  one 
which  we  call  the  potato,  for  want  of  a  better  name.  The 
potato  is  constructed  by  choosing  six  different  semiaxes 
(rf,  +  A  -  A  +  A  -  A  +  ,^3  _  ),  and  filling  each  (Ktant  of 
the  Cartesian  coordinate  system  (x,y^)  with  a  (different) 
ellipsoidal  segment.  Figure  2  shows  a  contour  plot  of  the 
upper  half  of  a  typical  potato  with  semiaxes  given  below. 

The  integral  ( 13)  for  this  shape  is  just  the  sum  over  the 
octants  of  terms  of  the  form 

A  (P,<l>r)  =  {l,ir/2}d,  +  '  dz  +  ‘  ‘ 

X(/?-l)!!(^-l)!!(r-l)!!/ 

^ -H  r-f- 3)!!,  (14) 

which  is  the  integral  (13)  on  the  ( -h  +  -|- )  octant.  (It  is  an 
integral  representation  for  the  beta  function.'* )  The  curly 
bracket  is  unity  if  two  or  three  of  the  integers  p,  q,  and  r  are 
odd;  otherwise  it  is  equal  to  ir/2.  The  double  factorial  is,  as 
usual,  the  product  of  alternate  positive  integers  up  to  the 
argument,  with  (0)!!  =  (  —  1)!!  =  1.  The  integrals  on  the 
other  octants  have  the  same  form,  but  have  a  sign  that  de¬ 
pends  in  an  obvious  way  on  whether  p,  q,  and  r  are  even  or 
odd. 

1.  Comparison  with  measured  potato  frequencies 

Table  I  lists  some  of  the  computed  frequencies 
.  ( /=  m/lir)  of  the  normal  modes  of  an  aluminum  half-pota¬ 
to  with  measured' density  p  =  2.7065  g/cm*  and  Lam6  pa¬ 
rameters  X  =  0.54X  10'*,  p  =  0.27X  10'*  erg/cm*  (Pois¬ 
son’s  ratio  =1/3)  appropriate  to  A1  (C,,  =/l -f- 2/t, 
C,2  =  X,  C44  =  p,  using  the  Voight  contracted  notation  for 
the  elastic  constants),  and  semiaxes  {d^^,...A-) 


FIG.  2.  Elevation  contours  of  the  half-potato  described  in  the  text.  The  bot¬ 
tom  of  this  object  is  flat.  It  comprises  four  ellipsoidal  segments. 


1*^BLE  I.  Measured  and  calculated  A1  potato  frequencies  (Hz). 


Mode 

Measured 

II 

isr=9 

1 

9914 

9925 

9923 

9922 

9922 

2 

10391 

10413 

10410 

10409 

10408 

3 

13513 

13484 

13481 

13480 

13480 

4 

15802 

1S860 

15841 

15837 

15836 

5 

17064 

17116 

17091 

17085 

17083 

6 

17285 

17270 

17268 

17268 

17268 

7 

17892 

17903 

17885 

17881 

17880 

8 

19225 

19244 

19195 

19184 

19181 

9 

20999 

21060 

21045 

21038 

21037 

10 

21800 

21936 

21842 

21815 

21808 

20 

28933 

29258 

29038 

28985 

28968 

30 

34866 

36230 

35423 

35077 

34958 

Cray-1  CPU  time 

R 

3s 

=  252 

7s 

J2  =  360 

15s 
i?  =  495 

29s 

R  =  660 

=  (2,5,4, 1,3,0)  in.  We  have  adjusted  X,  but  not  Poisson’s 
ratio,  so  that  the  average  of  the  lowest  ten  frequencies  is 
equal  to  that  measured.  Omitted  are  the  zero  frequencies,  of 
which  there  are  always  six,  corresponding  to  three  transla¬ 
tions  and  three  rotations.  These  frequencies  were  computed 
by  solving  the  generalized  eigenvalue  problem  (12)  with 
i\r=6,7,  8,  and  9. 

Comparison  of  the  computed  frequencies  in  the  corre¬ 
sponding  columns  shows  that  N  =6  gives  1/2%  or  better 
accuracy  for  the  lowest  ten  lines,  and  larger  iV’s  give  much 
better  accuracy.  (Notice  that  the  rows  are  monotonically 
decreasing  sequences,  as  is  required  by  Cauchy’s  inequali¬ 
ty.'* )  Convergence  is  slower  for  this  shape,  which  has  sharp 
edges,  than  for  smooth-surfaced  objects.  It  should  be  empha¬ 
sized  that,  although  this  potato  is  elastically  isotropic,  it  is  no 
more  difficult  and  takes  little  more  computer  time  to  calcu¬ 
late  the  frequencies  (and  eigenfunctions)  for  the  general 
elastic  potato  with  21,  or  even  81  independent  Cg's. 

Hgure  3  is  a  photograph  of  this  aluminum  potato,  which 
was  fabricated  using  a  numerically  controlled  ball  mill.  The 
reason  that  =  0  is  that  the  half-potato  has  a  plane  sur¬ 
face  for  measurement  references,  which  makes  it  easier  to 
machine.  The  surface  quality  is  32  /rin.  rms,  which  is  also  a 
limit  on  the  accuracy  with  which  it  reproduces  the  nominal 
composite-ellipsoidal  shape. 

Transducers  were  cemented  to  the  flat  side  of  this  ob¬ 
ject,  and  its  resonant  frequencies  were  measured.'*  They  are 
listed  in  the  second  colunm  of  Table  I.  The  measurement 
errors,  as  gauged  by  the  scatter  in  resonant  frequencies  when 
the  suspension  and  transducer  positions  are  changed,  are 
comparable  to  the  rms  difference  between  measured  and  cal¬ 
culated  frequencies,  which  is  0.16%  for  the  lowest  ten  reson¬ 
ances.  The  above  choice  of  X  minimizes  the  error,  and  pt®^ 
ably  amounts  to  as  good  a  determination  of  the  elastic 
constants  of  this  A1  alloy  as  is  available. 

B.  The  tetrahedron,  the  octahedron,  and  the  prism 

Another  object  of  low  symmetry  is  a  tetrahedron  whose 
faces  comprise  the  yz,  xz,  xy  planes  and  the  P* 


of  pi!  •  of  o(ac*iri  nhi^CtS 


fig.  3.  Fhotognph  of  the  machined  alitminiim  half-potato  that  was  made 
by  a  numericaliy  eftnrmilgd  ball  ami  whose  ultrasonic  resonant  fre¬ 
quencies  were  measured.  This  object  weighs  2438.4  g,  and  its  density  is 
2.7065  g/cm^.  Two  1/4  in.*diam  transducers  cemented  to  the  flat  side  axe 
visible  here. 


x/a+y/b  +2/c—  l.Thisistbeso-calledcoinerprisiii^and 
one  can  easily**  work  out  ( 13)  for  this  shape.  It  is 

/ip,q,r)=a^-^'b^*V-^'p\qW(P  +  9  +  r+m  (15) 

This  prism  occupies  the  (  +  +  +  )  octant  and,  just  as  the 
potato  was  formed  from  eight  ellipsoidal  segments,  one  can 


make  an  octahedron  by  piecing  together  eight  of  these 
prisms. 

The  cylindrical  prism  bounded  by  the  planes  x=s0, 
_  0^  2  =  0,  z  =  c.  and  jc/a  +  jv'h  =  1  has 

frpM,r)  =a^*^b**'<f*'piqi/<J>  +  g  +  2)Hr+  1), 

(16) 

and  it  is  possible,  albeit  sometimes  tedious  and  not  always 
easy,  to  work  out  many  other  polyhednc  shapes. 


IIL  SYMMETRIES 

The  potato  is  an  object  of  low  symmetry.  If  we  go  to  the 
extreme,  the  ellipsoid  (which  is  the  potato  for 
=d,_,i—  1  A3) ,  we  can  speed  up  the  calculation  im¬ 
mensely  by  exploiting  the  threefold  inversion  symmetry 
x—  —  jc,  y—  — y,  z—  —  X,  which  then  obtains.  Now  we  re¬ 
quire  that  the  symmetry  of  the  crystal  be  orthorhombic  or 
better  (i.e.,  that  off-diagonal  elements  Q  =  0  if  either  i  orj  is 
4, 5,  or  6).  Then,  by  inspection  ofthe  PE  in  (1)  (seeOhno^) 
we  see  if  u.  is  characterized  by  a  parity  triplet 
( -A^v)  [where/l »  (  -  l)‘.M  =  (  -  l)'".v=  (  -  1)"], 
then  the  T  matrix  only  connects  this  a,  with  and  u,  hav¬ 
ing  the  following  parities: 

u/.(A,  - -  v).  (17) 

Therefore,  the  F  matrix  degenerates  into  a  block-diag¬ 
onal  matrix  with  eight  blocks,  each  characterized  by  one 
purity  triplet,  say  the  parity  of  a,.  We  label  this  parity  as 
follows: 


*=12  3  4 


Because  of  the  high  symmetry  the  modes  for  each  k  val¬ 
ue  ( 18)  are  uncoupled  (Le.,  k  is  a  “good  quantum  num¬ 
ber”),  and  with  7,  as  in  the  potato,  the  largest  order  for 

which  we  have  to  solve  the  eigenvalue  problem  (12)  is 
s  60,  in  contrast  to  =  360  to  get  the  same  accuracy  in 
the  potato,  although  it  must  be  added  that  now  we  need  to 
solve  an  eigenvalue  problem  for  each  of  the  eight  k  values. 

The  layered  sphere  (or  ellipsoid),  which  might  be  used 
as  a  model  for  oscillations  of  the  earth,  may  also  be  studied 
usinglinearcombinationsof  (14)  (one  term  for  each  layer  in 
the  model)  to  represent  ip,q,r).  We  have  computed  fre¬ 
quencies  by  this  method  for  a  model  consisting  of  a  core  plus 
a  crust  (both  elastically  isotropic)  and  have  found,  by  com¬ 
paring  the  results  with  an  exact  calculation  using  spherical 
Bessel  functions  and  spherical  harmonics  (agenfunctions  of 
the  elastic  wave  equation  in  spherical  coordinates),  that  the 
accuracy  ofthe  present  method  is  excellent  even  for  small  If 
if  the  Tnisinatrh  of  the  acousdc  impedances  at  the  boundary 
is  not  too  large. 
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IV.  OTHER  EXAMPLES  WITH  THREEFOLD  INVERSION 
SYMMETRY 

A.  The  rectangular  parallelepiped 

The  2d,  X2di  X2dj  rectangular  parallelepiped  is  the 
shape  considered  by  Demarest*  and  by  Ohno*  (both  of 
whom  used  Legendre  polynomials  for  their  basis  set  {<!>,■ }) 
The  numerical  procedure  to  be  followed  here  is  identical  to 
that  for  the  ellipsoid..  Only  ( 14)  is  changed;  it  is  now 

(p  +  l)(9+l)(r-M).  (19) 

B.  The  cylinder 

The  right  circular  (or  elliptical)  cylinder  also  has  three¬ 
fold  inversion  symmetry.  Again  the  numerical  procedure  is 
the  same  as  before  with 
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FIG.  4.  Low-lying  resonant  frequencies  of  a  family  of  cylinders.  On  the  left 
half  of  the  plot,  the  height  of  the  cylinder  is  held  constant  at  2,  and  the  aspect 
ratio  (diameter/height)  is  varied  linearly  from  0  at  the  origin  to  1  at  the 
center  of  the  plot.  Then  the  diameter  is  held  constant  at  2  on  the  right  half, 
and  the  height  is  decreased  to  0  at  the  right  end  of  the  abscissa.  There  are  a 
number  of  noteworthy  features  on  this  plot.  Fint,  on  the  left,  there  are 
modes  whose  frequencies  are  independent  of  the  cylinder’s  diameter  for  any 
aspect  ratio.  These  have  frequencies  that  are  integral  multiples  of 
lft/p)'^/2h  =  1/4,  where  h  is  the  height  of  the  cylinder.  They  are  the  tor¬ 
sional  modes”  with  h  equal  to  multiples  of  half-wavelengths.  Second,  also 
on  the  left,  there  are  two  modes  whose  frequencies  are  independent  of  diam¬ 
eter  as  the  diameter  becomes  small.  These  are  the  compressional  “Young’s 
modulus”  modes  with  frequencies  integral  multiples  of  (E/p)''^/ 
2A  =  0.395,  where  £=  Young’s  modulus  =/i(3yl  +2p)/(A  +p)  =  5/2. 
Third,  on  the  right,  one  finds  two  modes  with  frequencies  independent  of  A 
even  for  large  A.  Their  frequencies  are  close  (but  not  within  our  computa¬ 
tional  uncertainty)  to  being  given  by  Jq  (Inf)  =  0.  Finally,  on  the  tight 
again,  there  are  many  modes  whose  frequencies  become  independent  of  A  as 
A  becomes  smalL  They  must  be  describable  as  vibrations  of  an  elastic  mem¬ 
brane  with  free  edges,  and  might  therefore  be  analytically  tractable. 


FIG.  5.  Like  Fig.4,butfora  family  of spheroids.  The  sphere  of  unit  radius  is 
at  the  center,  prolate  spheroids  with  radius  proportional  to  the  abscissa  on 
the  left,  culminating  with  the  needle  of  length  2,  To  the  right  of  center  are 
oblate  spheroids  with  unit  radius  ending  with  the  zero-thickness  pancake. 
In  contrast  to  the  cylinder,  there  are  no  frequencies  here  that  are  trivially 
calculable. 


V.  LESS  SYMMETRIC  OBJECTS 

Intermediate  between  the  potato  and  the  ellipsoid,  as  far 
as  symmetry  is  concerned,  are  the  following  objects  that 
bresJc  thez-»  —  z  symmetry  while  retaining  the  jc  andy  sym¬ 
metries.  Now  the  r  matrix  does  not  break  up  into  eight  diag¬ 
onal  blocks,  as  it  did  in  for  the  ellipsoid,  but  only  into  four, 
since  z  parity  is  no  longer  conserved.  From  (16),  we  see  that 
k  =  1  mixes  with  k  =  2,  A:  =  3  mixes  with  k  =  A,k  —  5  with 
6,  and  7  with  8,  so  that  the  diagonal  blocks  can  be  labeled 
A:  =  1, 3,  5,  and  7. 


=  4ir  d, ‘  dz  ’  '  dj ' 

X(p-  1 )!!(?-  1  )!!/(/■+  \){p  +  q+lV}., 

(20) 

where  Id^  is  the  height  and  d,  ,di  are  the  semiaxes  of  the 
elliptical  cross  section  of  the  cylinder.  We  have  computed 
the  resonant  frequencies  for  cylinders  with  various  aspect 
ratios.  The  results  are  exhibited  in  Fig.  4,  in  which  we  have 
taken  N=i,  unit  density,  and  isotropic  elasticity  with  unit 
Lame  parameters. 


C.  The  spheroid 

Very  similar  to  the  cylinder  spectrum  is  that  of  the 
spheroid.  Here,y(p,?,r)  is  given  by  (14)  for  this  shape,  and 
its  spectrum  as  a  function  of  aspect  ratio  is  shown  in  Fig.  5, 
with  the  prolate  limit  on  the  left,  the  sphere  in  the  center,  and 
the  oblate  limit  on  the  right.  DiflFerences  that  stand  out 
between  this  plot  and  Rg.  4  for  the  cylinder  are:  (1)  the 
massive  degeneracy  of  resonances  in  the  spherical  case  and 
(2)  the  fact  that  many  of  the  cylinder  modes  are  rigorously 
independent  of  aspect  ratio,  not  the  case  for  the  spheroid. 
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A.  The  sandwich 

By  the  sandwich,  we  mean  a  rectangular  parallelepiped 
in  which  there  is  a  material  discontinuity  in  the  z  direction, 
as  illustrated  in  Fig.  6.  For  z  <  b  the  elastic  constants  and  the 
density  are  Cf,p~,  and  for  z>f>  they  are  ,p*- 1^* 
changes  'mfip,q,r)  are  trivial  and  obvious.  Some  frequencies 
for  this  system  are  illustrated  in  Fig.  7,  in  which  the  abscissa 


FIG.  6.  A  rectangular  parallepipedal  open-faced  sandwich,  hto^e  ^ 
copies  the  part  of  V  with  z  <  A,  material  2  occupies  the  part  with  z> 
origin  is  at  the  center  of  the  block. 
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Interface  Position  b 

FIG.  7.  The  k  —  1  normal-mode  frequencies  of  the  object  illustrated  in  Fig. 
6.  The  densities  and  Lame  parameters  of  the  two  materials  are  related  as 
discussed  in  the  text,  so  that  the  frequencies  are  identical  at  the  right  and  left 
extremes,  where  the  object  is  all  stiff  and  heavy  versus  all  soft  and  light.  It  is 
interesting  that  the  third  and  fourth  resonances  cross  once,  and  avoid  cross¬ 
ing  twice,  so  that  the  symmetries  of  these  modes  apparently  change  as  b 
does.  Here  (0.2,0.3,0.4).  =.  (2,0.4, 0.4),  (10,2,2)  in 

the  bottom  and  top  parts,  respectively. 


is  b,  the  z  position  of  the  interface.  We  have  chosen  the  densi¬ 
ties  and  elastic  constants  to  scale  together;  i.e., p*  ^ap~ 
and  Cg  =  aCf  with  a  =  5,  so  that  the  frequencies,  when 
the  block  is  all  one  material,  are  identical  to  those  when  it  is 
all  the  other  material,  although  they  vary  considerably  for 
intermediate  compositions,  and  the  identities  of  some  of  the 
modes  are  exchanged  in  the  process. 

B.  The  egg,  the  hemisphere,  and  the  bell 

The  egg  is  a  special  case  of  the  potato  with  d,  ^  =</,_, 
'  ^2+  =^2-  •  It  twofold  inversion  symmetry;  whereas 

the  degeneracies  of  the  spherical  case  are  broken  completely 
by  the  potato  (as  well  as  by  the  ellipsoid),  they  are  only 
partly  broken  by  the  egg  and  the  spheroid. 

The  hemisphere  is  a  special  c^e  of  the  egg  with 
dy_  =0.  The  bell  is  a  hemispheroid  with  a  concentric  he- 
mispheroidal  hole  in  it,  formed  by  superimposing  on  the 
original  hemispheroid  a  smaller  one  with  negative  density 
and  elastic  constants. 

In  Fig.  8  are  shown  resonant  frequencies  for  a  family  of 
shapes:  the  potato,  the  ellipsoid,  the  spheroid,  the  sphere,  the 
egg,  and  the  hemisphere.  The  stations  along  the  abscissa  are 
labeled:  The  semiaxes  characterizing  the  various  shapes  are 
listed  in  Table  n.  These  parameters  are  linearly  interpolated 
between  the  stations.  Isotropic  material  with  unit  density 
and  Lame  parameters  is  again  assumed. 

^  To  illustrate  the  possibility  oftuning  the  timbre  of  a  bell 

by  adjusting  the  bell’s  proportions,  we  show,  in  Fig.  9,  the 
spectra  of  a  family  of  bells.  The  abscissa  is  the  logarithm  of 
the  aspect  ratio  2d^/A+,  which  varies  from  1/10  at  the 
extreme  left  to  unity  in  the  middle  (half  a  2:1  prolate  spher¬ 
oidal  shell)  to  10  at  the  right-hand  side.  Thus,  on  the  left,  we 
have  a  chimelike  object,  and  on  the  right  we  have  something 


FIG.  8.  Frequency  spectra  of  a  number  of  objects  in  the  potato  family.  The 
seven  stations  correspond  to  shapes  as  labeled,  with  semiaxes  as  given  in 
Table  H.  The  sphere  frequencies  agree  well  with  those  in  the  literature  for 
these  material  parameters  (Poisson’s  ratio  =  1/4).”  The  dimensional  pa¬ 
rameters  d,^.A->“’^J-  interpolated  linearly  between  the  seven  sta¬ 
tions  here.  Several  interesting  features  invite  comment  Hrst  the  potato  has 
no  degenerate  lines,  because  of  its  low  symmetry,  and  the  sphere,  conveise- 
ly,  has  few  lines  that  are  nondegenerate.  The  ellipsoid  has  no  degeneracies, 
and  the  spheroid,  the  egg,  and  the  hemisphere  (all  being  routionally  sym¬ 
metric)  do,  but  never  more  doubly  degenerate  lines.  Small  deviations 

from  the  sphere  in  the  egg  direction  do  not  change  any  of  the  frequencies  to 
first  order,  because  ^,4.  increases  as  much  as  <f,_  decreases,  compensating 
one  another  as  for  as  affecting  resonant  frequencies  is  concerned.  As  in  sev¬ 
eral  other  figures,  apparent  avoided  crossings  on  this  plot  should  be  viewed 
with  suspicion  because  the  plotting  program  does  not  interchange  line  iden¬ 
tities  when  physically  the  modes  do,  in  fact,  cross.  Spectra  are  computed  for 
241  vdues  here  and  elsewhere,  which  sets  the  scale  on  which  avoid¬ 

ed  crossings  may  be  spurious. 


dose  to  a  cymbal.  The  semiaxes  of  the  inner  surface  are  0.9  of 
those  for  the  outside  surface. 

C.  The  cone  and  the  pyramid 

The  cone  fits  easily  into  our  redpe  if  we  take  its  point  to 
be  at  2  =  0,  and  its  base  to  be  2Xz  =  di.  Then,  the  cross 
sections  of  the  cone  parallel  to  the  xy  plane  will  be  ellipses 
whose  semiaxes  are  proportional  to  z.  For  this  object,  we  find 

APAr)  = 

Xip-lMq-m/ 

(.p  +  q  +  ^Wp  +  q  +  r+T,).  (21) 


TABLE  11.  Semiaxes  for  the  objects  in  Fig.  8, 


Object 

dr- 

dr^ 

d^. 

1.  Potato 

0.25 

1.0 

0.5 

1.25 

0.75 

1.5 

2.  Sphere 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0 

3.  ^psoid 

0.5 

0.5 

1.0 

1.0 

1.5 

1.5 

4.  Spheroid 

1.0 

1.0 

1.0 

1.0 

1.5 

1.5 

5.  Sphere 

1.0 

1.0 

1.0 

1.0 

1.0 

1.0. 

6.  Egg 

1.0 

1.0 

1.0 

1.0 

1.5 

0.5 

7.  Hemisphere 

1.0 

1.0 

1.0 

1.0 

1.0 

0.0 
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FIG.  9.  Spectra  of  an  idealized  family  of  bells.  These  are  hemispheroidal 
sbeUfc  ^  inner  semiaxes  always  0.9  of  the  outer  ones.  The  material  is  our 
standard  isotropic  elastic  medium  with  A  “  1.  The  abscissa  is  logw 

(beU  diameter/bell  height) .  The  height  is  kept  constant  at  unity  on  the  1^ 
half  of  the  plot,  and  the  diameter  is  kept  constant  on  the  nght  hatt  It  should 
be  noted  that  one  cannot  tell  what  a  bell  will  sound  like  by  examinmg  a  pw 
like  this.  for  one  thing,  the  extent  to  which  a  given  mode  wfll  be 

depends  on  its  amplitude  at  the  dapper  strike  point  This  info^ 
turn  is  available  to  us.  but  is  mote  labyrinthine  than  the  irequenaes.  Many 
other  factors  also  enter,  such  as  the  g's  of  the  modes  and  their  coupling  to 
the  air. 


Likewise,  the  pyramid  has  its  point  at  2  =  0  and  its 
2d,  X2di  baseat2  =  dj.  For  it, 

+  ^ +  r+ 3)(p+ !)(?+ !)•  (22) 

Figure  10  displays  the  resonant  frequencies  for  a  cone 
mpdo  of  our  standard  isotropic  material  with 
A=/s=p=L 


D.  The  cylinder  with  a  skewed  end 

A  cylinder  bounded  by  the  ellipse 
(*/</,)*+ O'/d,)*®  1  and  the  planes  z  =  0  and 
2  =  dj  (1  +  ox/dj )  has 
Ap,g.r)  =  2ir(g  -  1)IW/^ 
where 


g(Pf9>r) 


't  (adt/dj  )”ri{p  +  «-!)!! 

X  t/n!(r+  1  -  m)Kp  +  q  +  m  +  2)!!] 


-I 

(24) 


and 

a  =  tan  d 

is  the  slope  of  the  top  of  the  cylinder,  which  makes  an  angle  5 
with  the  horizontal.  Note  that  this  object  breaks  both  the 
x--xand2--r  symmetries,  so  the  F  matrix  compnses 
only  two  diagonal  blocks." 

VI.  ANISOTROPY 

Since  the  word  “anisotropic”  appears  in  the  title  of  tto 
paper,  it  is  fitting  that  we  give  some  results  for  systems  with 


FIG.  10.  These  are  the  spectra  for  a  Gunily  of  right-circular  mes.  Tfe 
hwght  A  is  2  at  the  left  extreme,  and  the  diameter  is  0.  The  dieter  in¬ 
creases  linearly  ahmg  the  abscissa  while  A  remains  constant  untu  at  the  cen- 

ter  the  aspect  ratio  is  1.  Then  the  diameter  is  held  constant  at  2  while  A 
to  0  at  the  right  extreme.  There  are  some  intriguing  fotutes  on 

this  graph,  namely  that  at  both  the  needle  limit  and  the  discus  limit  some  of 
the  frequencies  are  independent  of  the  vanishing  dimension,  leading  one  to 

that  a  simple  analytic  description  should  be  possible. 


anisotropic  elastic  constants.  The  simplest  anisotropic  mate- 
lial  has  transverse  isotropy,  or  hexagonal  symme^.  There 
are  now  five  independent  elastic  constants.  If  the  sixfold  axis 
is  in  thez  direction  they  are  Cm,  C,,,  C,,  =  C^,  Cm  ®  C,,, 
and  C«*.  with  C„  =  Ca  «  C„  -I-  2C«*.  To  iHiBtrate  the  ef¬ 
fects  of  anisotropy,  we  will  use  a  set  of  elastic  constants, 
papiTn.triT«l  with  a  number  g,  close  to  our  standard  isotrop¬ 
ic  set,  namely, 

C„  =  Ca  ®  3,  C„  =  3g,  C,i  =  Cm  =  (* 

C„  =  Ca  =  Cm  «  C„  =ft  (25) 

when  the  symmetry  axis  is  in  the  2  direction. 

A.  The  anisotropic  cone 

To  illustrate  the  effects  on  the  spectrum  of  variation  of 
the  magnitude  of  the  anisotropy,  we  consider  a  right  circular 
ffofii-  with  unit  aspect  ratio.  In  Rg.  1 1  are  shown  the  normal- 
mode  frequencies  of  this  object  as  functions  of  anisotropy. 

Here,g=  1  at  the  center,  where  the  material  is  isotropic,  and 

g  ixicreases  in  both  directions  away  from  the  center.  On  the 
left  half  of  the  plot  the  sixfold  axis  is  thez  axis,  so  rotational 
symmetry  about  thez  axis  obtains,  and  is  evidenced  by  many 
twofold  degeneracies.  On  the  right  half  the  sixfold  axis  is  the 

xaxis  (so  the  elastic  constants  are  obtained  from  those  above 

by  interchanging  1  with  3  and  4  with  6). 

B.  The  anisotropic  spheroid 

To  illustrate  the  effects  of  varying  the  direction  of  ani¬ 
sotropy  with  a  fixed  magnitude,  we  consider  an  oblate  spher¬ 
oid  with  aspect  ratio  2.  In  Hg.  12  is  shown  the  vibrational 
spectrum  of  this  object  as  a  function  of  angle  between  the 
spheroid  axis  and  the  sixfold  axis,  wheng  =  3.5.  To  compute 
curves  one  rotates  the  elastic  tensor  about  the  / 
axis  through  angles  given  by  the  value  of  the  abscissa.  In  the 
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6  1  6 
Anisotropy  Coeffrcient 


FIG.  1 1.  These  are  the  spectra  for  a  right-circular  cone  with  unit  aspect 
ratio  as  functions  of  the  anisotropy  parameter  g  discussed  in  the  text  At  the 
center  (g  ==  1 )  the  material  is  elastically  isotropic.  As  one  goes  to  the  left  it 
has  hexagonal  symmetry  with  the  sixfold  axis  in  the  2  direction,  so  that 
rotational  symmetry  about  the  z  axis  holds,  and  the  anisotropy  parameter 
increases  linearly  to  6  at  the  left  extreme.  As  one  goes  to  the  right  from  the 
center  the  sixfold  axis  is  in  the  x  direction,  so  the  system  lacks  rotational 
symmetry.  The  degeneracies  characteristic  of  rotational  symmetry  disap¬ 
pear  when  one  crosses  the  center  from  left  to  right.  Another  interesting 
point  is  that  some  frequencies  become  imaginary  at  g  =  6.  The  condition 
that  the  energy  of  the  system  be  positive  definite  is  that  det|C^|  >0.  One  can 
easily  compute  det|  |  =  4g^(6  —  g),  so  one  would  expect  catastrophe  not 
only  for  g>  6,  but  also,  not  unexpectedly,  for  g  <  0. 


process,  of  course,  one  loses  the  advantages  of  threefold  sym¬ 
metry  of  the  spheroid,  and  the  computation  takes  as  long  as 
that  for  the  anisotropic  cone. 

VII.  DISCUSSION 

Our  computational  scheme,  which  we  call  the  xyz  algo¬ 
rithm  on  account  of  Eq.  (6),  its  basic  distinction  from  the 
Demarest^  algorithm,  enables  the  calculation  of  normal 
modes  for  many  classes  of  systems  that  have  not  been  com¬ 
puted  before  by  any  method  (even  those  as  simple  as  the 
isotropic  spheroid  or  cone,  let  alone  the  anisotropic  potato), 
and  could  be  calculated  only  with  great  difficulty  by  existing 
methods.  The  xyz  algorithm,  by  its  nature,  is  no  more  diffi¬ 
cult  to  apply  to  genend  anisotropic  systems  with  21  (or  even 
8 1,  the  total  number  of  elements  of  )  independent  elastic 
constants  than  to  isotropic  ones,  and  allows  one  easily  to 
compute  a  wider  variety  of  shapes  than  any  other. 

Although  we  have  displayed  only  the  resonant  frequen¬ 
cies  that  these  calculations  have  yielded,  the  same  EI- 
SPACK  subroutines  also  give  the  eigenvectors  in  (7). 
Thus  the  elastic  displacements  are  known,  and  with  enough 
persistence  and  determination,  we  could  have  shown  vibra¬ 
tional  shapes  for  each  of  the  modes.  But  there  are  too  many 
of  them,  so  we  will  show  none. 

We  believe  we  have  demonstrated  that  the  xyz  algo¬ 
rithm  is  capable  of  quickly  and  accurately  yielding  the  low- 
lying  resonant  frequencies  for  a  wide  variety  of  shapes  with 
inhomogeneities  and  few  restrictions  on  anisotropy.  But  per¬ 
haps  its  greatest  virtue  is  its  extreme  simplicity  when  com- 
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Arusoiropic  Axis  Angle 

FIG.  12.  These  are  the  spectra  for  a  2:1  oblate  spheroid  composed  of  the 
same  material  as  that  in  the  preceding  figure,  i.e.,  an  anisotropic  hexagonal 
elastic  tensor,  with  g  =  3.5.  The  abscissa  is  the  angle  between  the  axis  of  the 
spheroid  and  the  sixfold  axis;  They  are  parallel  on  the  left,  perpendicular  on 
the  right  Most  of  the  states  are  twofold  degenerate  when  the  axes  are  paral¬ 
lel:  Otherwise  there  are  no  degeneracies. 


pared  to  other  schemes  that  are  less  versatile,  accurate,  or 
speedy. 
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APPENDIX 

Here  we  give  the  listing  of  a  Fortran  program  that  will 
compute  the  normal-mode  frequencies  (and,  with  trivial 
modifications,  the  eigenfunctions,  too)  for  all  the  objects  we 
have  discussed  in  this  paper.  This  code  does  not  exploit  any 
of  the  symmetries  of  shape  or  elasticity  tensor,  and  is  there¬ 
fore  much  slower  than  one  that  does  for  objects  with  symme¬ 
tries,  as  is  discussed  in  Sec.  HI. 

Th0  program  is  named  for  the  basis  functions  it  uses. 

PROGRAM  XYZ 

The  anays  are  dimensioned 252 here,  sufficient  for  Nm6. 
DIMENSION  GAMMA(252.252).E(252,252).W(252).FV(252).FW(252). 

&  C(3.3.3.3).  LB(252).MB(252).NB(252).1C(252) 

The  data  foitowing  is  the  eiastic  tensor  for  our  standard 

isotropic  materiaf.  Any  homogeneous  anisotropy  can  be 
described  by  simpiy  changing  these  data  to  inciude  up  to  81 
different  elastic  constants,  for  a  general  substance  in  the 
presence  of  magnetic  fields, 

DATA  C/3..3*0..1  ..3*0..1  ..0..1  .,7*0..1  .,3*0..1  ..3*0..1  ..0..1  .. 

&3*0..3..3-0..1..5’0.,1..0..1.,3*0..1..3*0.,1..7*0..1.,0..1..0..1..3*0..1.,3*0..37 
DATA  RHO/iy 
7WOPU2-*ACOS(-1.) 

PRINT. -PLEASE  INPUT  NN’ 

READ-.NN 

The  next  13  lines  assign  an  index  IG  to  each  basis  function  (6). 

IG-0 

D01  U1,3 
DO  2  L-I.NN^-1 
DO  2  M-1,NN>1 
DO  2  N-1.NN>1 
IF(L+M+N.GT.NN+3)  GO  TO  2 
IG-IG-t.1 
iC(IG)-l 
LB(IG).L-1 
MB(tG)-M.1 
NB(IG)-N-1 
2  CONTINUE 

1  CONTINUE 

NR-IG 
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rmtnpK  mm  aofnput^t^ 

003  IQ-VNR 
003  JG«la^m 
UIC(IG) 

J«1G(JG) 

LS-IB(1G)^(JG) 

MS«MB(IG)4MB(JG) 

NS.NBOO'^mJG) 

GAMMAOGJG). 

&  C(I.1J.irFL0AT{LB(IG)*lfl(JQ)rF(LS-2,MS.NS) 
ft  ♦C(IAJ^)*FLOAT(MB(IG)*MB(JG)rFa-S,MS-2,NS) 
ft  ♦C(lJJjrFLOAT(NB(K3)*NB(JGjrF(LS.MS.NS-2) 
ft  ♦<C(I.U^-FLOAT(LB(IG)*MBWG)HCaZJ»ir 
ft  FljOAT(MB(lGrtB(JG))rF(L5-1>4S-1.NS) 
ft  ♦(C(I.U;jrFLOAT(LB{IG)*NB(JG)HCfl^J.ir 
ft  aOAT(NB(lG)1B(JQ))rF(LS-1A«aNS-1) 
ft  ♦(C(IZJ.3)*FL0AT(MBnG)*NB(JG)HC(I^J^’ 
ft  a0AT(NB(IGrMB(JG))rF(LSAIS-1^S*1) 
GAMMA(JG.IG)«GAMMA(IGJG) 

IR1.EQJ)  E(IG  JG)-F{LSA<SJIS) 

3  E(JG.IG).E(IGJG)  ^ 

Th9fmxtSn9Sohm$1h0  9igmwakMpmbl9m(12)usmg1tm 

EiSPACK^^*  WtKOUtiM  flSG. 

CAll  RSG(25aNfl.GAMMA.EW.0ZFV.FW,IEHR) 

Now  attain  th9t9quancmaifom»90ig9nvMHj9S,  HC^isin 
l0^^dyne5^,pi»ng/tnt^,Mnddmnsk)nsm9ncm,th9n 

h9quand9S  Warn  in  MHl 
004  U1,NR 

4  W(J)-SQRT(AMAX1(O..W(OVHHO)/TWOPI 

Th9  lowest  3S^9QU9nci9SMnphntad  out:  6  ot 

th9S9  an  atmmys  mo  if  T  i$  posKthw. 

PRWr.TREQUENClES  FOR  CORNER  PRISM.  NN- 
PRIPfT  101.(W(I).U1.36) 

101  FORMAT(6GlE5) 

BD 

Naxt  is  a  hmetion  sutorogram  for  f(p,Q,  r)  tor  toa  comar  pnsm 

(Eq.  IS),  nastraigntfotwaratiatmosvosmutotuncoon 

subprograms  foranyofStaothar  objaca  wa  tmva 
eonskiorad. 

FUNCTION  F(IP.IQ.IR) 

DATA  AJ.C/3*iy 
F«A-{iP^1)*B“(IO*irC“(IR>ir 

AFACT(IPrFACT(IQrFACT(IRVFACT(IP^IO^IR^3) 

RETURN 

BD 

factorial  subprogram  foSows. 

FUNCTION  FACT(N) 

FACT-t, 

IF{N,LT2)  RETURN 
001  U2.N 

.  FACT-FACraOAT(0 
RETURN 
ffO 
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Advanced  Materials  Testing  Using  Resonant  Ultrasound 

Spectroscopy 

Albert  Migliori,  Timothy  W.  Darling,  Raymond  D.  Dixon  Los  Alamos  National  Laboratory 
George  W.  Rhodes  QUATRO  Corporation 

The  use  of  mechanical  resonances  to  test  properties  of  materials  is  perhaps  older  than 
the  industrial  revolution.  Early  documented  cases  of  British  railroad  engineers  tapping  the 
wheels  of  a  train  and  using  the  sound  to  detect  cracks  perhaps  mark  the  first  real  use  of 
resonances  to  test  the  integrity  of  high-performance  alloys.  Attempts  were  made  in  the 
following  years  to  understand  the  resonances  of  solids  mathematically,  based  on  the 
shape  and  composition  of  an  object.  But  Nobel  Laureate  Lord  Rayleigh  best  summarized 
the  state  of  affairs  in  his  1894  book  ’The  Theory  of  Sound",  where  he  states  that  "the 
problem  has,  for  the  most  part,  resisted  attack".  No  real  progress  was  made  until 
electronic  amplifiers  were  developed  in  the  early  part  of  this  century.  Then,  accurate 
measurements  of  resonance  frequencies  could  be  made,  and  these  were  used  crudely 
for  some  aspects  of  quality  control.  But  still,  no  real  quantitative  use  could  be  made  of 
resonances  for  the  determination  of  materials  properties  because  only  high-aspect-ratIo 
objects  such  as  thin  plates  and  long  thin  rods  of  homogeneous  isotropic  materials  were 
understood  mathematically.  The  next  advance  was  associated  with  the  advent  of  modem 
computers.  In  the  1960's.  Holland,  and  also  Orson  Anderson  at  Bell  Labs,  together  with 
his  student  Harold  Demarest  developed  new  numerical  methods  that  enabled  the 
computation  of  the  resonances  of  homogeneous  anisotropic  objects  of  any  simple 
geometric  shape,  such  as  cubes,  spheres,  short  cylinders,  cones-in  fact  any  shape  that 
a  materials  scientist  might  use  as  a  sample  for  testing.  Of  crucial  importance  was  the 
ability  to  handle  anisotropic  materials  such  as  single  crystals,  grain-oriented  or  textured 
alloys  and  ceramics,  magnetic  materials  and  the  like.  However,  the  electronics,  and 
transducers  were  crude  and  intruded  upon  the  measurement,  and,  surprisingly,  the  ability 
to  compute  the  elastic  properties  from  the  resonances  (the  inverse  problem)  remained 
largely  unsolved. 

Finally,  in  1987,  Los  Alamos  began  to  study  the  new  high  temperature  superconductors. 
These  materials  were  the  subject  of  a  massive  research  effort  because  of  the  tremendous 
technological  promise.  Because  of  the  powerful  connection  between  the  elastic  response 
and  the  fundamental  physics  of  superconductivity,  ultrasound  was  a  crucial  tool.  In  fact 
it  was  ultrasound  measurements  that  confirmed  the  Nobel  winning  theory  of  Bardeen, 
Cooper  and  Schreiffer  that  explained  conventional  superconductivity.  But,  the  crystals  that 
could  be  grown  of  these  new  superconductors  had  as  many  as  nine  independent  elastic 
moduli,-  and  were  (and  still  are)  available  unflawed  only  in  sub-millimeter  sizes.  Thus  no 
ultrasound  or  other  modulus  measurement  tool  available  could  be  applied.  This  was  the 
initial  motivation  for  LANL  to  attack  the  resonance  problem. 

The  result  of  our  efforts  put  resonances  on  the  map.  The  LANL  Resonant  Ultrasound 
Spectroscopy  (RUS)  group  developed  new  electronics,  transducers  and  computational 
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procedures  that  make  anisotropic  modulus  measurements  of  advanced  materials  routine 
while  achieving  the  highest  absolute  accuracy  for  any  modulus  measurement  technique 
in  the  world  on  smaller  samples  than  can  be  used  by  any  other  ultrasound  system,  and 
do  all  of  this  at  record  speed  over  very  broad  temperature  regimes.  This  award  winning 
approach  (1991  RD100,  1993  Federal  Laboratory  Award  for  Excellence  in  Technology 
Transfer  by  the  LANL/QUATRO  effort)  is  ripe  for  application  to  a  broad  variety  of  industry 
problems. 

In  addition,  the  mathematical  models  developed  for  such  measurements  also  provide 
powerful  tools  to  detect  internal  and  surface  materials  problems  in  such  newly  important 
systems  as  stabilized  ceramics,  sintered  alloys,  ceramics-in  fact  in  any  material  where 
advanced  manufacturing  techniques  are  still  not  perfected  such  that  voids,  phase 
separation,  sintering  defects,  cracks  and  other  flaws  can  exist.  B^use  of  the  ease  and 
speed  of  RUS,  and  the  maturity  of  the  RUS  laboratory  methods,  it  is  just  now  becoming 
possible  to  develop  non-expert  systems  to  be  used  by  the  many  small  Industrial  efforts 
directed  toward  new  materials  development. 

V\te  provide  here  an  overview  of  the  advantages  of  using  resonances,  the  unique 
electronics,  transducers,  and  computational  techniques,  and  the  envelope  of  applicability 
of  RUS  for  materials  testing.  Full  details  can  be  found  in  our  review  article  in  Physica  B. 
1,183(1993). 

I.  The  advantages  of  Using  Resonances 


The  elastic  response  of  a  solid  is  dependent  on  the  intrinsic  stiffness  of  the  material,  the 
shape,  the  density,  magnetism,  piezoeletric  effects,  the  interfaces  between  grains  or 
sinter^  particles,  temperature,  processing,  and  many  other  variables.  Such  variables  are 
the  subject  of  intense  scrutiny  in  modem  materials  of  complex  microstructure  that  are  in 
the  first  stages  of  development.  Ultrasound  has  traditionally  been  the  precision  tool  of 
choice  for  extraction  of  such  information,  and  has  been  primarily  used  in  the  pulse-echo 
mode.  In  this  mode,  large  flat  transducers  are  very  carefully  bonded  to  the  sample.  Sound 
pulses  are  launched  from  the  transducer,  as  narrow  beams,  and  their  transit  time  used 
to  measure  the  speed  of  sound.  During  such  a  measurement  the  following  conditions 

obtain. 

1 .  The  pulses  are  short  so  the  electronics  must  be  fast  (and  therefore  expensive),  and 
the  transducers  large  to  produce  enough  signal  for  positive  detection  of  the  brief  echoes. 
Wbrse  still,  for  most  of  such  a  measurement,  no  signal  is  present  because  of  the  bri^ 
pulses  so  that  most  of  the  time,  the  electronics  are  gathering  in  wideband  background 

noise. 

2.  The  arrival  time  of  the  short  signal  must  be  measured  precisely.  Thus  if  0.1  ps  timing 
accuracy(  in  0.1  ps,  sound  travels  0.5mm  in  aluminum,  a  rather  long  way  for  precise 
measurements.  That  is,  one  only  knows  the  return  time  to  an  accuracy  corresponding  to 
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0.5mm  length  error  in  the  sample.  Thus  the  sample  had  better  be  much  longer  than 
0.5mm  for  any  accuracy  at  all)  is  required,  and  the  electronics  must  have  a  bandwidth 
of  tens  of  megahertz,  allowing  even  more  noise. 

3.  The  transducers  must  generate  an  accurate  beam  of  sound  and  so  they  must  be 
perfectly  bonded  to  perfectly  flat  faces  prepared  on  the  sample.  Thus  for  an  alloy  with 
fiber  texture,  such  as  a  hard-drawn  wire,  five  different  measurements  are  required  to 
determine  the  five  moduli  required  for  a  complete  description  of  the  elastic  response.  The 
measurements  are  made  in  three  perpendicular  directions,  requiring  samples  bigger  than 
20mm  in  all  directions  (  not  easy  for  wire)  ,  and  careful  attachment  and  removal  of 
transducers  for  each  measurement. 

It  is  no  wonder  then  that  much  materials  research  forgoes  the  measurement  of  elastic 
stiffness  in  small  samples. 

In  contrast,  resonances  circumvent  ALL  of  the  measurement  difficulties  associated  with 
pulse-echo  modulus  measurements.  Here’s  why. 

1.  To  measure  a  resonance,  one  is  attempting  to  detect  the  normal  vibrational  modes  of 
an  object.  Because  a  vibrating  object  pretty  much  vibrates  everywhere,  it  does  not  matter 
where  the  transducers  attach,  nor  do  they  have  to  generate  precise  beams.  Thus  just 
weak  point  contact  by  a  transducer  is  adequate  to  excite  the  object.  No  adhesives  or  flat 
faces  are  required. 

2.  To  find  a  resonance,  the  excitation  frequency  is  slowly  swept.  Thus  signal  is  present 
at  ALL  times  and  we  can  take  as  long  as  we  like  to  measure.  Furthermore,  because  we 
know  the  instantaneous  excitation  frequency,  we  make  the  electronics  only  sensitive  to 
that  frequency,  allowing  almost  no  noise  in.  It  is  just  like  tuning  a  radio.  When  a 
resonance  is  reached,  the  sample  responds  strongly,  greatly  amplifying  the  signal. 
Overall,  we  can  achieve  a  signal/noise  ratio  10®  better  than  with  pulse-echo. 

3.  A  1mm  cube  extracted  from  drawn  aluminum  wire  has  enough  resonances  between 
0.5MH2  and  1.5MHz  that  we  can  easily  detemnlne  all  five  moduli  with  unprecedented 
accuracy  using  much  slower  electronics. 

The  catch,  of  course,  is  that  the  resonances  must  be  processed  with  very  sophisticated 
algorithms  to  extract  the  moduli,  whereas  pulse-echo  requires  only  a  pocket  calculator. 
Thus  if  we  can  work  around  the  computational  problem,  pulse-echo  becomes  obsolete, 
as  well  as  expensive,  painful  and  slow. 

II.  Transducers  and  Electronics 

To  realize  the  promise  of  RUS,  transducers  had  to  be  developed  that  did  not  produce 
resonances  in  the  same  range  as  the  samples.  Considering  that  transducers  are  solids 
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just  like  the  samples,  only  careful  design  can  prevent  their  resonances,  essentially 
indistinguishable  from  the  sample,  from  interfering.  For  larger  samples  (several  mm)  this 
is  easy,  but  for  the  smallest  ones  (0.5mm),  we  have  developed  a  lithium  niobate/diamond 
composite  transducer.  This  LANL-patented  technology  produces  transducers  without 
resonances  to  4.3MHz.  New  LANL  advances  in  solid-state  bonding  (patent  pending)  now 
enable  us  to  produce  such  objects  with  no  epoxies  or  other  glues.  Thus  they  are  durable 
enough  to  survive  on  the  foundry  floor  in  non-expert  hands,  and  can  be  used  from  4K  to 
700K,  a  unique  temperature  range.  This  technology  is  also  capable  of  producing  highly 
reproducible  transducers  suitable  for  military  applications  such  as  phased  sonar  arrays. 
LANL  can  now  produce  prototypes  suitable  for  industrial  applications,  and  QUATRO  is 
negotiating  with  LANL  for  commercial  rights. 


To  drive  the  resonances  and  detect  them,  appropriate  electronics  must  be  used.  It  is 
simple  to  use  very  expensive  commercial  instruments  and  controllers  to  do  this  in  a  crude 
way,  but  with  advances  in  digital  frequency  synthesizers  and  low  noise  operational 
amplifiers  occurring  in  1989  and  1991,  it  is  possible  to  design  a  thermal-noise  limited 
electronics  package  that  wiji  fit  into  a  PC  computer,  making  the  t^nology  more 
accessible  and  improving  performance.  The  LANL  RUS  team  has  done  just  that,  basing 
the  system  on  plug-in  modules  and  internally  installed  cards  with  an  external  low-noise 
receiver  section.  This  design  was  licensed  to  QUATRO  corp.  who  developed  it  and 
produced  user-friendly  menu  driven  software  to  run  it  It  is  now  in  production  and  is 
commercially  available. 

III.  Computations 

To  circumvent  the  computational  difficulties  of  using  resonances  to  study  materials,  LANL 
developed  new  procedures  for  determining  moduli  from  resonance  measurements.  These 
procedures  are  based  on  non-finite  element  Lagranglan  minimization  approa^es  and  a 
Levenburg-Marquardt  error  minimization  scheme,  also  patented  by  LANL,  discussed  at 
length  in  the  Physica  B  article.  A  key  point  is  that  we  can  now  run  these  codes  in  a  user 
friendly  way  on  an  IBM  PC  486-25  based  machine  in  reasonable  (40  minutes)  time, 
instead  of  on  the  CRAY  YMP  used  to  develop  them.  Thus  all  of  the  technology  is 
available  for  application  to  the  small  business  environment. 

The  constraints  on  the  applicability  of  RUS  to  a  given  material  or  object  are  governed  by 
the  computations.  V\te  envision  three  commercial  modes  of  use  for  materials  and 
processing  diagnostics.  They  are: 

1 .  Determination  of  major  flaws,  such  as  internal  cracks  exist  in  mass  produced  objects. 
In  this  case,  a  known  good  object,  or  an  object  before  flaws  appear  is  measured,  and 
pattern-recognition  techniques  are  applied  to  the  resonances  of  produrtion  objects  to  see 
if  they  fall  within  an  acceptability  envelope.  This  approach  is  a  sophisticated  version  of 
the  one  used  by  the  railroad  engineer,  and  requires  no  accurate  computation  of  the 
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resonances  of  the  object,  but  does  require  customization  of  the  pattern  recc^nition 
schemes  for  each  object.  This  approach  is  being  used  on  objects  ranging  from  highway 
bridges  to  General  Motors  oxygen  sensors. 

2.  Processing  problems  need  to  be  detected  in  the  material  itself  that  occur  on  a 
macroscopic  scale  such  as  internal  voids,  inhomogeneities,  cracks  and  the  like.  In  this 
case,  a  full  mathematical  model  of  the  objects  is  set  up  and  the  full  force  of  the 
computations  brought  to  bear.  Flaws  show  up  as  a  failure  of  a  sample  of  material  to  fit 
the  mathematical  model.  This  is  illustrated  in  the  following  computation  on  UCUs,  shown 
in  table  I.  This  material  is  of  interest  mostly  for  obscure  reasons  but  is  characterized  by 
the  undesirable  growth  of  copper  lamellae  in  the  samples.  The  lamellae,  produced  by 
phase  separation,  make  the  material  inhomogeneous.  This,  in  turn,  makes  it  impossible 
to  produce  an  accurate  correspondence  between  the  model  and  the  measurements, 
immediately  indicating  a  flawed  material.  The  flaw  shows  up  in  the  large  RMS  (root-mean- 
square)  error  between  best  fit  frequencies  (fr)  and  measured  ones  (fex)  in  MHz.  Note  that 
the  operator  can  choose  how  many  moduli  to  fit,  and  must  input  the  density  (rho),  and 
dimensions  d1,  d2,  d3.  The  code  also  computes  how  much  each  resonance  depends  on 
each  fitted  parameter  and  produces  other  diagnostics  including  the  estimated  errors 
shown  as  the  last  three  rows  of  entries.  This  last  point  is  important  and  is  one  of  our 
more  important  advances.  The  errors  shown  are  for  three  different  "directions  in  the  5- 
dimensional  parameter  space  that  the  fit  uses.  This  parameter  space  consists  of  the 
parameters  described  as  free  moduli  at  the  top  of  the  table.  A  best  fit  occurs  at  a 
minimum  in  this  space,  but  the  minimum  has  different  curvature  for  different  parameters. 
Thus  the  error  of  23.07  %  for  c^  reflects  a  very  fiat  minimum  for  this  parameter  in  one 
direction.  The  error  is  only  0.52%  and  4.69%  in  other  directions,  but  the  worst  case  is  the 
real  test.  The  elastic  moduli  q,  (dynes/cm^).  are  computed  based  on  the  usual 
nomenclature,  and  displayed  in  orthorhombic  notation  only  for  computational  reasons. 
Other  choices  are  easily  made  such  as,  for  example,  shear  modulus.  Young  s  modulus, 
bulk  modulus  and  Poisson's  ratio,  but  these  latter  are  less  useful  for  anisotropic  materials 

3.  One  wishes  to  determine  the  moduli  of  a  sample  of  material  having  no  macroscopic 
defects  to  determine  if  processing,  texturing,  composition  etc.  are  correct.  In  this  case  the 
code  produces  a  very  good  fit,  in  contrast  to  the  previous  computation.  The  quality  of  the 
fit  is  the  first  test.  If  it  is  poor,  macroscopic  flaws  exist  and  one  stops  there.  If  it  is  good, 
the  material  has  no  macroscopic  flaws  and  is  homogeneous.  The  fit  shown  is  for  a  perfect 
single  crystal  of  the  ceramic  component  SrTiOj.  The  RMS  error  is  extremely  small, 
indicating  perfect  material,  and  the  three  elastic  moduli  of  this  cubic  material  are 
determined  with  high  accuracy. 

The  following  two  tables  are  the  actual  output  of  the  code  used  to  determine  the  moduli 
of  rectangular  parallelipiped  samples. 

1.The  free  moduli  are  those  that  are  adjusted  by  the  code  for  a  best  fit  to  the 
experimental  frequencies.  For  an  isotropic  material,  only  c,,  and  C44  are  necessary,  while 


134 


srj:  sr"  • 

sr.'s,:?:jssir.i'2=rnrr.sjs“^^ 

Tat  k  d~Xf  .hl"®*  ''’*  '*  '0’^ deSlil^The  qtSilW 

values'  s^metry  of  ^e  vibrational  motion,  and  can  have  one  of  eigM 

k-5  anrf  Ln  hi  I  ?'’  ®  symmetry  type.  Thus  a  volume  oscillation  has 

detorl?lo^  !i  (i=1)  and  harmonics.  df/d(moduli)  are  numbers  that 

of  thrdu®put  frequency  on  each  of  the  free  moduli  listed  at  the  top 

Ite  ^  Orthorhombic  basis  in  cgs 

Orthorhombic.  C11=C22=(^3 

^-c^5-c66.  c12=c13=c23,  and  c11-c12*2c44.  Therefore  this  line  ihows  how  the 

different,  and  also  what  are  the  best  moduli 
Iffer  ?om'?h^ fitting  procedure.  d1.  d2.  d3  are  the  dimensions  in  cm  and^ay 
differ  from  the  input  values  if  they  are  selected  as  free  parameters  by  the  user.  ^ 

fittJJfrJ!,!?''  ®  «"  ®  1-5052%  RMS  error  between  measured  and 

paS.  converged  because  there  was  no  change  in  the  error  on  the  eighth 

f  gradient  vector  is  a  measure  of  how  bowl-shaped  the  minimum  in 
v^^)TmTb<ZT  ®®"''®^®"®®-  A  perfect  bowl  is  flat  (zero  gradient 

eigenvectors  describe  the  curvature  of  the  "bowl".  A  highly  curved 
^wl  means  that  it  is  very  dear  where  the  bottom  is.  while  a  nearly  flat  bowl  meLs  that 
thlf  detemine  the  exact  minimum  accurately.  Because  we  are  fitting  five  moduli 
the  bowl  IS  a  S-dirnensional  one  with  five  different  curvatures  at  the  bottom  and  five 
different  directions  for  those  curvatures.  ’  °  "'^® 

8.  At  the  bottom  of  the  bowl,  if  we  increase  c^  by  1 .57%,  the  x’ «  error  increase  bv  2% 

SimS'^'’  ®  K measure  of  the  accuracy  w»i  which  c.,  is  determ^^ned’ 
Sim, lady,  c.,  can  shrft  by  23.07%  before  a  2%  increase  in  the  "goodnes^lif  the 
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Table  I 

UCu5AM3  polycrystal 

f ree  modul  i  are  c33,  c23  ,cl2  ,c44,  c66 

using  6  order  polynomi al s  mass-  .0401  gm  rho-10.478  gm/cc 

n  fex  fr  %err  wt  k  i  df/d(moduli) 

1  .549700  .549789  .02  1.  4  1  .01  .00  .00  .45  .55 

2  .710100  .709312  -.11  1.  4  2  .00  .00  .00  .89  .10 

3  .737100  .720152  -2.30  1.  6  1  .02  -.02  .07  .26  .68 

4  .744400  .767182  3.06  1.  1  1  .04  -.06  .10  .00  .91 

5  .826600  .833677  .86  1.  8  2  .01  .00  .01  .93  .06 

6  .868000  .862821  -.60  1.  3  2  .00  -.01  .01  .00  .99 

7  .886300  .886839  .06  1.  6  2  .03  -.04  .10  .29  .62 

8  .911800  .893731  -1.98  1.  2  2  .02  .00  .00  .93  .06 

9  .928900  .939781  1.17  1.  5  1  .04  -.05  .07  .00  .94 

10  .946100  .952608  .69  1.  2  3  .01  -.02  .07  .42  .52 

11  .966400  .954632  -1.22  1.  7  1  .08  -.08  .10  .01  .89 

12  .971000  1.025946  5.66  0.  8  3  .01  -.02  .07  .33  .61 

13  1.048500  1.028327  -1.92  1.  5  2  .11  -.10  .10  .00  .88 

14  1.110000  1.105052  -.45  1.  5  3  .21  -.17  .16  .00  .79 

15  1.114400  1.127293  1.16  1.  1  2  .61  -.04  .01  .36  .06 

16  1.166200  1.138763  -2.35  1.  2  4  .02  -.01  .01  .54  .44 

17  1.168700  1.160718  -.68  1.72  .55  -.01  .01  .37  .10 

18  1.203300  1.197938  -.45  1.43  .01  .00  .02  .58  .39 

19  1.234600  1.214168  -1.65  1.54  .57  -.02  .03  .06  .37 

20  1.237500  1.245658  .66  1.  6  3  .02  -.04  .07  .31  .63 

cll  c22  c33  c23  cl3  Cl2  c44  c55  c66 

1.3125  1.3125  1.5657  .2454  .2454  .1840  .4503  .4503  .5643 

dl  d2  d3 

.15510  .18090  .13640 

loop#  8  rms  error-  1.5052  %,  changed  by  .0000  % 
length  of  gradient  vector-  .000002  lambda-  .00 


nval ues 
.05071 

.35 

eigenvectors 
.74  -.57  .02 

.07 

.33482 

.81 

.05  .55  -.11 

-.13 

.56130 

.46 

-.65  -.54  .16 

.22 

8.66666 

-.01 

-.03  -.02  -.85 

.52 

19,68808 

-.01 

.15  .30  .48 

.81 

chisquare  increased  2%  by  the  following  %  changes  in  independent  parameters 


1, 

.57 

23.07 

17. 

.33 

-.23 

-.13 

L 

.28 

.52 

-9. 

.58 

-.19 

.71 

- 

.76 

4.69 

-6, 

.08 

-.08 

1.10 

136 


Table  II 


SrTi 03  Monocrystal 
free  moduli  are  ell,  cl2.  c44 

usin9  10  order  polynomials  mass“  .0140  9*^  rho“  5.081  9n/ cc 

n  fex  fr  »err  wt  k  i  df/d(moduli) 

1  .963173  .959916  -.34  1.  4  1  .01  .00  .99 

2  1.121678  1.121881  .02  1.  1  1  1.13  -.29  .17 

3  1.390726  1.389815  -.07  1.  6  1  1.08  -.27  .19 

4  1.738738  1.740450  .10  1.  5  1  1.42  -.42  .00 

5  1.762000  1.764861  .16  1.  8  1  .12  -.03  .91 

6  1.767891  1.770092  .12  1.  1  2  .97  -.19  .22 

7  1.812078  1.808547  -.19  1.  2  2  .34  -.09  .75 

8  1.981056  1.985441  .22  1.  3  2  .82  -.25  .43 

9  2.124899  2.122966  -.09  1.  7  1  1.13  -.30  .17 

10  2.145693  2.137455  -.38  1.  5  2  1.33  -.36  .03 

11  2.196230  2.196209  .00  1.  3  3  .49  -.05  .56 

12  2.302864  2.294921  -.34  1.  4  2  .28  -.08  .81 

13  2.453592  2.454139  .02  1.  5  3  1.31  -.31  .00 

14  2.626425  2.627475  .04  1.  2  3  .25  -.06  .81 

15  2.632761  2.629991  -.11  1.  7  2  1.23  -.38  .15 

16  2.669778  2.673013  .12  1.  6  2  .50  -.15  .65 

17  2.770135  2.772325  .08  1.  2  4  .25  -.05  .80 

18  2.801711  2.807695  .21  1.  1  3  .47  -.12  .65 

19  2.861851  2.861022  -.03  1.  8  2  .69  -.19  .50 

20  2.894922  2.896918  .07  1.  4  3  .30  -.04  .74 

21  3.133465  3.134292  .03  1.  1  4  .42  -.09  .66 

22  3.157694  3.166496  .28  1.  3  4  .22  -.05  .83 

23  3.325360  3.317645  -.23  1.  1  5  .44  -.11  .67 

cll  c22  c33  c23  cl3  cl2  c44  c55  c66 

3.1944  3.1944  3.1944  1.0471  1.0471  1.0471  1.2343  1.2343  1.2343 

dl  d2  d3 

.09050  .20200  .15050 

loop#  4  rms  error-  .1822  *.  changed  by  .0000  % 
length  of  gradient  vector-  .000000  lambda-  .00 


eigenval ues 

ei genvectors 

.00680 

.65 

.70  .31 

1.13301 

.76 

-.60  -.24 

3.47858 

-.02 

-.39  .92 

chisquare  increased  Z%  by  the  following  %  changes  in  independent  parameters 
.47  1.66  -.03 

.04  -.10  -.06 

.01  -.02  .08 
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IV  The  Envelope  of  Applicability  of  RUS 

In  this  section  we  simply  present  a  sequence  of  RUS  successes  to  illustrate  the  breadth 
and  depth  of  the  technique.  Some  of  the  materials  used  for  illustration  are  deliberately 
obscure,  but  primarily  because  we  wish  to  show  limits.  In  Fig  1 ,  for  example,  we  illustrate 
the  sensitivity  of  RUS  to  a  magnetic  transition  in  UCuj. 

Fig.1 
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Note  that  a  resonance  frequency,  proportional  to  1/2  the  shear  modulus  is  plotted  to 
illustrate  the  precision  with  which  minute  (0.2%)  changes  in  mechanical  properties 
associated  with  magnetism  can  be  seen  at  cryogenic  temperatures  with  RUS. 

In  Fig. 2  we  show  the  shear  modulus  of  the  GM  developed  NdjFe^^B  permanent  magnet 
material-.  This  magnetic  material  is  of  extreme  technological  importance  because  it  is  the 
strongest  permanent  magnet  known.  As  such  it  is  used  for  motors  and  actuators  where 
weight  and  efficiency  are  crucial,  including  military  aircraft  and  GM  automobiles.  Because 
the  material  is  not  a  permanent  magnet  until  the  grains  are  made  small  and  lenticular, 
and  the  magnetic  domains  are  locked  with  dopants,  diagnosis  of  the  magnetic  properties 
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for  production  batches  is  important.  Shown  in  Fig.2  is  a  spin-reorientation  phenomena 
occurring  at  low  temperatures  that  affects  the  shear  modulus,  and  hence  the  room- 
temperature  properties. 

Fig.2 


Structural  changes  are  also  easily  detected.  A  crucial  one  occurs  in  the  high-temperature 
superconductor  parent  material  La2Cu04.  In  this  material,  a  shear  instability  develops, 
shown  in  Fig.  3  where  C44  drops  from  53  GPa  to  36GPa,  greatly  changing  the  mechanical 
properties,  a  point  of  importance  for  wire  fabrication.  We  use  this  particular  illustration  to 
emphasize  the  ability  to  make  measurements  at  elevated  temperatures.  This  sort  of 
structural  instability  is  also  at  least  vaguely  similar  to  those  associated  with  martensitic 
changes  in  steel  and  0/3  changes  in  Ti  alloys. 

We  have  also  studied  texturing  in  the  stabilized  Si3N4  ceramics  used  for  bearing 
applications.  Such  materials  vary  vridely  in  the  dopants  used  for  stabilization  and  for 
sintering  aids,  as  well  as  in  the  processing  of  the  raw  material.  Processing  errors  can 
render  the  material  textured  so  that  either  it  is  impossible  to  grind  a  spherical  ball  or  the 
ball  becomes  aspherical  under  load  or  at  elevated  temperatures.  In  Table  III,  we  show 
a  fit  to  the  shear  modulus  and  Poisson  ratio  of  a  perfect  Si3N4  ball  bearing.  The  extreme 
accuracy  of  the  spherical  shape  produced  by  commercial  ball  grinding  machines,  and  the 
lack  of  texturing  in  the  blank  used  for  this  bearing  produce  a  fit  to  its  resonances  accurate 
to  an  RMS  error  of  0.012%,  making  this  the  most  accurate  determination  of  moduli  ever 
achieved  by  a  routine  modulus  measurement  system. 
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Fig.3 


Tennperature(K) 


This  0.63500  cm  diameter  Si3N4  ceramic  sphere  has  a  density  of  3.2325  gm/cml  The  fit 
for  ij=1. 2374x10’^  dyne/cm^and  a=0.2703  has  a  x^(%)=0  0124.  This  is  sufficient  to 
determine  p  to  about  0.01%  and  o  to  about  0.05%.  There  are  no  comections  so  these 
values  are  absolute. 

Table  III 


n 

fex(MH2) 

fm(MHz) 

%  error 

( k .  i ) 

1 

.775706 

.775707 

-.000138 

(6.1). (1.1). (4.1). (4. 2). (7.1) 

6 

.819567 

.819983 

-.050778 

(5.1). (3.1). (5. 2). (8.1). (2.1) 

11 

1.075664 

1.075399 

.024614 

(1.2). (7. 2). (6. 2) 

14 

1.988616 

1.198505 

.009239 

(5.3) .(2.2).(3.2).(8.2).(3.3) 

(8. 3) . (2. 3) 

21 

1.217375 

1.217850 

-.039042 

(1.3) . (6. 3). (7. 3). (1.4). (6. 4) 

(7.4)  .(4.3) 

28 

1.440760 

1.440750 

.000712 

(5.4) 

29 

1.527080 

1.526474 

.039695 

(5. 5). (8. 4). (3. 4). (5. 6). (2. 4) 

34 

1.558358 

1.558848 

-.031448 

(5. 7). (5. 8). (5. 9). (3. 5). (8. 5) 
(3. 6). (8. 6). (2. 6) 

43 

1.580067 

1.579871 

.012426 

(6. 5) . (7. 5). (7. 6). (1.5). (4. 4) 

(1.6) . (6. 6). (4. 5). (4. 6) 

The  (k,  i)  values  in  table  III  are  used  to  describe  the  type  of  vibrational  mode,  just  as  for 
the  rectangular  parallelipiped.  However,  the  spherical  symmetry  of  a  ball  means  that 
some  modes  are  degenerate.  That  is,  several  mode  types  have  the  same  frequency.  The 
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number  of  identical  frequencies,  or  the  degeneracy  of  a  mode  is  indicated  in  the  first 
column  by  skipping  numbers  until  the  next  distinct  frequency  occurs. 

If  the  blank  from  which  the  ball  is  ground  has  been  processed  in  an  anisotropic  way,  then 
these  frequencies  separate  into  distinct  resonances,  illustrated  in  Fig.4  on  a  7/32"  ball 
ground  from  a  hot-pressed  Si3N4  blank.  If  the  ball  were  perfect,  the  two  peaks  would 
merge.  However,  the 

Fig.  4 


hot-pressing  aligns  the  grains.  This  grain  alignment  produced  by  such  processing 
variables  as  cold  working  in  metals  or  hot  pressing  of  ceramics  during  sintering  is  called 
texturing  and  produces  an  anisotropic  material  not  optimum  for  bearings.  From  the 
splitting  of  the  frequencies  in  fig.4,  we  can  extract  detailed  quantitative  measurements  of 
the  texture.  Note  that  the  solid  line,  a  fit  to  the  data,  determines  the  splitting  to  about 
0.1  Hz.  Texturing  in  other  ceramics  and  alloys  is  just  as  easily  measured. 

In  addition  to  the  above  examples,  there  are  many  other  types  of  information  that  can  be 
extracted  using  RUS.  These  include  the  Curie  temperatures  of  magnets,  an  important 
variable  because  at  the  Curie  temperature,  permanent  magnetism  disappears.  For  some 
rare  earth  magnets,  this  can  occur  as  low  as  600K,  uncomfortably  close  to  underhood 
temperature  extremes  jn  cars.  Rus  can  also  determine  very  precisely  in  small  samples 
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the  matrix  fractions  in  metai-matrix  composites  (we  have  used  RUS  to  determine  to  better 
than  1%  the  silica  fraction  in  a  sequence  of  small  samples  of  Al/silica  metal/matrix 
composite)  because  the  matrix  changes  the  elastic  properties  in  a  very  predictable  way. 
Finally,  we  note  that  the  directional  properties  of  graphite  or  fiberglass  epoxy  composites 
arise  from  their  layered  construction.  Clearly  a  composite  formed  from  graphite  doth  and 
a  binder  is  stiffer  and  stronger  in  the  plane  of  the  doth.  Such  anisotropy  is  naturally 
determined  by  a  RUS  measurement  of  the  elastic  moduli  because  no  additional 
measurements  or  computations  are  needed  for  anisotropic  materials  as  compared  to 
simple  isotropic  ones.  But  it  is  very  difficult  or  impossible  to  measure  anisotropic  moduli 
using  any  other  dynamic  modulus  measurement  system.  These  examples,  therefore, 
make  it  dear  that  RUS  is  a  newly  emerging  and  powerful  tool  for  the  material  scientist. 
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The  study  of  wave  propagation  in  an  array  of  scatterers  dates  back  to  Lord  Rayleigh  and  others.  Interesting 
effects  for  periodic  arrays  of  scatters  were  discussed  by  Brillouin  and  are  treated  in  texts  on  solid  state 
physics;  however,  the  effects  are  quite  nontrivial  when  studied  in  detail.  Remarkable  effects  for  wave 
propagation  in  disordered  arrays  of  scatterers  have  been  understood  relatively  recently,  with  the  discovery 
of  Anderson  localization.  The  discovery  of  quasicrystals  has  also  led  to  interest  in  the  consequences  of 
waves  propagating  within  this  unusual  symmetry.  In  this  paper  the  effects  of  wave  propagation  in  periodic, 
random,  and  quasiperiodic  media  will  be  treated  in  detail. 


I.  INTRODUCTION 

The  behavior  of  a  wave  propagating  in  a  nonuniform 
medium  plays  a  key  role  in  many  phenomena  in  nature, 
as  for  example  in  the  electrical  and  thermal  properties 
of  solids,  optical  phenomena,  seismology,  oceanography, 
etc.  Understanding  the  behavior  of  waves  in  nonuniform 
media  is  also  important  in  practical  applications,  such 
as  medical  imaging,  oil  exploration,  geophysical  survey, 
radar  and  microwave  propagation,  and  most  recently, 
the  possibility  of  developing  new  electronic  devices  based 
on  man-made  quantum  mechanical  waveguides  and  res¬ 
onators.  The  fundamental  nature  of  the  problem  is  ex¬ 
tended  into  a  challenging  new  frontier  of  science  when 
one  considers  the  possiblities  of  nonlinear  effects. 

While  wave  propagation  in  nonuniform  media  has  been 
studied  for  a  long  time,  only  certain  limiting  conditions 
are  fully  understood.  Periodic  media  are  understood,  al¬ 
though  some  complexities  are  often  overlooked,  as  will 
be  illustrated  in  this  paper.  When  the  wavelength  of  the 
wave  is  significantly  greater  than  the  scale  of  the  nonuni¬ 
formity  of  the  medium,  then  one  may  use  an  effective 
medium  theory  to  describe  the  wave  propagation.  If  the 
wave  is  much  smaller  than  the  scale  of  the  nonuniformity, 
then  one  may  adopt  a  diffusion  approximation  by  using 
ensemble  averaging  or  having  a  system  which  changes 
slowly  in  time.  The  challenging  regime  is  the  one  where 
the  wavelength  is  on  the  order  of  the  scale  of  the  nonuni¬ 
formity  of  the  medium,  and  there  is  virtually  no  inelastic 
scattering.  This  is  the  regime  of  interest  in  this  paper. 

Much  of  the  recent  literature  on  wave  propagation  in 
nonuniform  media  has  dealt  with  the  behavior  of  elec¬ 
tron  Schrodinger  waves  propagating  in  disordered  met¬ 
als,  and  some  phenomena  such  as  Anderson  localization 
are  most  often  referred  to  in  the  context  of  quantum  elec¬ 
tron  transport.  Of  course,  the  phenomena  are  valid  for 
wave  propagation  in  any  type  of  system  with  an  analo¬ 
gous  nonuniformity.  We  have  been  involved  in  a  substan¬ 
tial  research  program  using  acoustic  wave  propagation 
in  nonuniform  quantum  fluid  and  macroscopic  mechan¬ 
ical  systems,  with  recent  emphasis  on  nonlinear  effects. 


We  have  found  that  in  order  to  understand  the  non¬ 
linear  systems,  it  is  necessary  to  understand  the  linear 
systems  in  great  detail;  e.g.  it  is  not  sufficient  to  un¬ 
derstand  the  natural  frequencies  and  normal  modes  of  a 
system,  but  one  must  understand  the  amplitudes  of  the 
resonantly  driven  system  as  well.  In  the  course  of  this 
research  we  have  developed  a  number  of  results,  all  of 
which  are  straightforward,  but  many  of  which  are  omit¬ 
ted  in  the  usual  treatment  of  wave  propagation  in  the 
literature.  The  purpose  of  this  paper  is  to  present  a  de¬ 
tailed  development  of  the  equations  for  wave  propagation 
in  various  nonuniform  systems.  Included  is  a  tutorial  on 
Anderson  localization  which  is  not  just  a  description  of 
the  phenomenon,  but  is  also  a  clear  explanation,  due  to 
Luban,  of  why  it  occurs.  The  results  and  analysis  of  the 
nonlinear  experiments  will  be  presented  in  a  later  paper. 

A.  A  Brief  Description  of  the  Physics  Involved 

When  a  wave  in  a  nearly  uniform  medium  encounters  a 
change  in  the  medium,  the  wave  undergoes  a  reflection, 
and  only  a  fraction  of  the  wave  is  transmitted.  If  the 
wave  encounters  a  sequence  of  scatters,  then  one  might 
suppose  that  the  transmitted  wave  becomes  successively 
smaller.  However,  if  the  sequence  of  scatterers  is  periodic, 
then  the  wave  can  travel  through  the  system  (at  certain 
frequencies)  as  though  there  were  no  scattering  at  all.  A 
similar  phenomena  occurs  in  solid  state  physics,  as  for  a 
quantum  mechanical  electron  in  a  metal.  In  the  metal  the 
electron  is  very  strongly  scattered  by  the  positive  ions, 
and  such  scattering  of  the  electron  would  result  in  low 
electrical  conductivity.  But  metals  have  high  electrical 
conductivity;  because  the  ions  in  a  metallic  crystal  are 
arranged  periodically,  the  electron  Schrodinger  waves  can 
propagate  through  the  system  as  though  there  were  no 
scatterers  at  all.  This  behavior,  valid  for  any  type  of  wave 
in  a  periodic  potential  field,  is  a  consequence  of  Floquet’s 
Theorem  [1],  also  known  as  Bloch’s  theorem  [2]  in  solid 
state  physics. 
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According  to  Bloch’s  theorem,  the  eigenstates  of  a  sys¬ 
tem  described  by  a  periodic  potential  are  extended,  hav¬ 
ing  the  same  nominal  amplitude  at  all  positions  in  space. 
When  a  random  element  is  added  to  the  potential  field, 
the  eigenstate  amplitude  may  not  simply  acquire  a  ran¬ 
dom  variation  but  instead  may  become  localized,  decay¬ 
ing  exponentially  from  a  particular  site  with  a  character¬ 
istic  length.  [3,4]  This  phenomenon,  referred  to  as  Ander¬ 
son  localization,  has  been  studied  extensively  in  regard 
to  the  behavior  of  electrons  in  narrow  wires  and  semi¬ 
conductor  channels.  It  is  possible  to  observe  localization 
effects  in  other  wave  systems,  such  as  ones  involving  pho¬ 
tons,  phonons,  or  quantum  fluid  waves,  where  observa¬ 
tions  may  be  more  straightforward.  We  have  made  such 
measurements  [21,37]  in  an  acoustic  localization  experi¬ 
ment  where  we  can  observe  in  detail  eigenstate  amplitude 
and  phase,  eigenvalue  spectra  and  density  of  states,  and 
dependence  of  localization  length  on  strength  of  disor¬ 
der,  showing  fluctuations  as  a  function  of  position  within 
a  band,  separation  from  nearby  states,  etc. 

The  analogy  between  electron  wave  and  acoustic  wave 
localization  is  mathematically  precise.  The  wave  func¬ 
tions  'ip  may  be  superpositions  of  energy  states  with 
time  dependence  exp{-iEtlh)  for  electrons,  or  mono- 
tonal  waves  with  time  dependence  exp  {—iujt)  for  sound 
waves.  For  these  states  the  wave  equation  may  be  written 

-V{r)]^P=-0  (1) 

where  for  particles  =  2mE/h^  (with  m  the  particle 
mass),  and  for  sound  waves  q  —  uj/c  (with  c  the  char¬ 
acteristic  speed  of  sound).  V  (r)  is  the  potential  (nor¬ 
malized  with  2m /f?  )  for  particles  and  a  combination 
of  a  stiffness  operator  and  mass  density  for  an  acoustic 
medium.  For  a  one-  dimensional  acoustic  system  V  is 
easily  determined  from  basic  mechanics  or  acoustics. 

Studying  the  acoustic  analog  systems  has  some  definite 
advantages  over  studying  the  quantum  systems  directly. 
In  the  acoustic  systems  all  parameters  and  conditions 
may  be  controlled,  or  at  least  measured,  with  high  accu¬ 
racy  and  precision.  The  acoustic  systems  may  be  care¬ 
fully  constructed  so  as  to  accurately  coincide  with  the 
mathematical  governing  equations.  The  acoustic  systems 
may  be  driven  at  very  low  amplitudes  where  they  are 
quite  linear,  or  at  high  amplitudes  where  the  nonlinear¬ 
ity  is  quite  evident.  In  an  acoustic  experiment,  eigenval¬ 
ues  and  eigenfunctions,  including  amplitude  and  phase, 
are  readily  measured.  For  nonlinear  systems,  extended 
waves  as  well  as  solitary  waves  may  be  studied. 

In  the  following  sections  of  this  paper,  various  wave 
mechanical  systems  will  be  discussed,  and  derivations  of 
results  necessary  for  understanding  the  linear  and  non¬ 
linear  experiments  will  be  presented. 


II.  THEORY  FOR  POINT  MASSES  COUPLED 
WITH  MASSLESS  SPRINGS 

We  consider  a  one-dimensional  sequence  of  masses 
rrij  (j  =  0,  AT  +  1)  connected  with  ideal  springs  of  stiff¬ 
ness  Sj  {j  =  0,N) .  The  spring  Sj  lies  between  mass  mj 
and  mass  ruj+i .  The  displacement  of  the  mass  mj  is  de¬ 
noted  yj\  2/0  and  2/Ar+i  serve  as  boundary  conditions  at 
each  end  of  the  system.  Inside  the  boundaries  (j=l,N) 
the  motion  of  each  mass  is  governed  by  Newton’s  law  and 
Hooke’s  law: 

=  -sj-i  ivj  -  yj-i)  +  Sj  {yj+i  -  yj)  (2) 

We  assume  that  the  motion  can  be  Fourier  analyzed  in 
time,  and  adopt  a  time  dependence  exp  {-iut) .  Eq.  (2) 
becomes 

-rujuj^yj  =  -Sj-i  {yj  -  yj-i)  +  Sj  {yj+i  -  yj)  (3) 

At  this  point  standard  derivations  make  the  sequence  pe¬ 
riodic  and  invoke  Bloch’s  theorem,  which  provides  the 
form  for  the  normal  modes  of  the  coupled  system  in  Eq. 
(3).  However,  Bloch’s  theorem  is  usually  derived  for  an 
infinitely  periodic  system  or  a  system  which  has  periodic 
boundary  conditions.  In  the  derivation  presented  here, 
a  technique  will  used  which  is  valid  for  arbitrary  bound¬ 
ary  conditions,  and  which  will  furthermore  provide  useful 
insight  into  the  properties  of  a  disordered  (nonperiodic) 
system. 

Eq.  (3)  may  be  rewritten  as 

where  Uj  =  2^Sj/mj,  The  system  of  equations  repre¬ 
sented  by  Eq.  (4)  may  be  written  as  two-by-two  matrix 
equations: 


where  =  (1  +  Sj)  /2  -  2  (uj/uj)^  and  Sj  =  Sj-i/sj.  By 
repeated  use  of  Eq.  (5),  one  has 


(6) 


The  complex  mechanical  impedances  at  the  ends  are 
given  by 


Zq  =  im^uj  -f 


So  yo  -  yi 

iuj  yo 


(7) 


and 


Zn+1  =  -{- 


SN  yN-\-l  ~  VN 
iuj  2/jv+i 


(8) 
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If  the  boundary  conditions  (mechanical  impedances) 
at  the  ends  are  known  then  Eqs.  (6),  (7),  and  (8)  can  be 
used  to  find  the  natural  frequencies,  and  repeated  use  of 
Eq.  (5)  may  then  be  used  to  find  the  normal  modes  yj  : 


To  proceed,  we  look  for  the  diagonalization  of  the  ma¬ 
trix  in  Eq.  (5);  that  is,  we  need  to  find  matrices  Dj  and 
inverses  such  that 


The  eigenvalues  Xj  are  found  by  solving  the  secular  equa¬ 
tion  given  by  setting  a  determinant  equal  to  zero: 


these  solutions  correspond  to  evanescent  waves,  which 
are  usually  not  regarded  as  solutions  of  interest. 

If  0  <  cj  <  cjo,  then  >  I  1=  1?  and  we 

can  write 

A±  =  (17) 

The  choice  of  notation  for  the  phase,  written  as  ka,  will 
be  evident  later.  The  relation  (A*^  -h  A")  /2  =  C  becomes 

/2  =  C  =  1  -  2  {u/ujof  (18) 

or 

=  a;o  [1  cos  (ka)]  /2  =  Uq  sin^  {ka/2)  (19) 

which  finally  yields  the  dispersion  relation 

LJk  =  UJQ  sin  {ka/2)  (20) 


det  j  )  =  (20  -  Xj)  (-A,-)  +0=0  (11) 


The  roots  are 

,  ifcj<sA 


(12) 


Note  that  Aj”  Xj  =  Sj  and  (At  Xj  )  /2  =  Cj  •  The  prod¬ 
uct  in  Eq.  (9)  can  now  be  written  as 


The  subscript  k  has  been  added  to  emphasize  the  disper¬ 
sion.  Note  that  0  <  fc  <  7r/a.  This  dispersion  relation  is 
illustrated  in  Fig.  1. 

We  now  consider  some  limits  relevant  to  a  continu¬ 
ous  system.  We  assume  that  the  springs  connecting  the 
masses  have  been  stretched  to  a  periodic  spacing  a  with 
the  application  of  a  static  tension  To,  so  that  To  =  sa.  We 
now  take  the  limit  m  0  and  a  0,  while  keeping  the 
mass  per  unit  length,  fi  =  m/a^  constant.  As  a  — >  0,  then 
sin  {ka/2)  ka/2,  and  the  dispersion  relation  becomes 


{i 

v) 

'4-1 
.  0 

Dj-i . 

k)°‘ 

(») 

(13) 


We  now  specialize  to  the  case  of  a  periodic  system.  We  let 
rrij  =  m,  Sj  =  s,  ujj  =  cc;o  =  2^s/m,  Sj  =  1,  Dj  =  D, 
and 


=  a;oSin  (A:a/2) 

— y  {cujJo/2)  k 


=  (s/m)j  k 


=  [(sa)  /  (m/a)]^'^^  k 


0=C  =  l-2(W‘^o)'  (14) 

Because  of  the  cancellation  of  DD~^  in  the  product  in 
Eq.  (13),  we  have  a  simple  expression  for  the  displace¬ 
ments  yj  : 


The  expression  for  A"^  for  the  periodic  system  is 


^  _  f  C±i{l-  if  0  <u  <uJo 


X^  = 


it  ((^^  —  l)  ^  if  LJ  >  (Vq 


(16) 


Note  that  if  a;  >  Uoy  then  |  A"*"  |<  1  and  |  A”  |>  1.  Be¬ 
cause  of  the  powers  of  j  in  Eq.  (15),  the  larger  eigenvalue 
grows  exponentially  while  the  smaller  eigenvalue  decays; 


=  [To/^lf^k 


=  ck  (21) 

where  c  =  y/To/fJ>  is  the  usual  speed  of  sound  in  a  string 
of  meiss  per  unit  length  /x  and  tension  Tq.  Thus  the  disper¬ 
sion  relation  lj  =  ck  for  the  continuum  limit  is  obtained. 

If  one  considers  the  dispersion  relation  for  the  discrete 
system  (Eq.  (20))  in  the  limit  of  small  k,  one  also  obtains 
LJ  =  ck.  However,  if  this  is  extrapolated  to  the  maxi¬ 
mum  k  =  iv/ a,  one  finds  a  frequency  u  =  cm /a,  whereas 
the  actual  frequency  should  be  axo,  which  is  a  factor  of 
2/m  smaller  then  the  extrapolated  value  of  cm /a.  The 
dispersion  given  by  Eq.  (20)  is  a  fundamental  difference 
between  the  discrete  coupled  oscillators  appropriate  for 
phonons  and  sound  waves  in  a  continuous  system. 
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To  continue  the  problem  of  the  periodic  coupled  os¬ 
cillators,  we  must  now  find  the  matrices  D  and  D~^. 
We  need  to  find  the  eigenvectors  )  and  ( ) 

such  that 


One  finds  'ipo/'ipt  =  (2C  — A"*")  =  A"  and  'ipQ /'ipi  = 
1/A”.  These  eigenvectors,  suitably  normalized,  are  used 
as  the  columns  of  the  matrix  one  finds: 


^■‘=(a4  Vx) 

and 

where  =  [(2i)  exp  (-ifca)  sin  (fca)] . 

Prom  Eq.  (15)  we  now  have  for  the  displacement  yj  at 
any  site  j  : 


0  (e-‘*=“)v  \yoJ 


(25) 


Using  the  expressions  for  D,  D  and  Xi  we  obtain 


y.  =  e^Kjo.)Uf^  +  (26) 


where 


{2i)  sin  {ka) 


(27) 


The  values  of  yo.  yi,  and  restrictions  on  k  (eigen¬ 
values)  are  determined  by  the  boundary  conditions  and 
initial  conditions.  For  example,  for  a  system  clamped  at 
the  ends,  yo  =  0,  t/jv-f  i  =  0, 


j„=»ln|tOa)l(;^) 


(28) 


and  k  is  quantized  with  k  =  utt/L,  n  =  1,2,  ...iV,  with 
L  =  (AT  -h  1)  a.  For  an  infinite  system  or  a  system  with 
periodic  boundary  conditions  the  normal  modes  corre¬ 
spond  to  t/ik  =  0  or  t/-fe  =  0.  If  one  uses  a  coordinate 
system  with  the  origin  at  the  mass  mo,  then  the  position 
of  the  mass  is  x  =  ja,  and  we  can  write  for  infinite 
or  periodic  boundary  conditions 

yk{x)=e^'‘^Uk  (29) 


which  are  Bloch  waves  for  the  discrete  system.  The  sub¬ 
script  k  has  been  added  to  the  displacement  field  y  (x)  as 
a  label  for  the  normal  mode.  The  final  solution  will  be  a 
linear  combination  of  the  normal  modes: 


yj  =  Y,  -I-  (30) 

k 

If  we  assume  periodic  boundary  conditions,  so  that 
exp  [ika  {N  -h  1)]  =  1,  we  have 


N  ^ 


j=0 


_  gifco(JV+l)g-i*'a(N+l) 
\  —  gtfcag— ifc'a 


=  (iV  +  l)4,jfe^  (31) 

which  shows  the  orthogonality  of  the  normal  modes.  For 
clamped  end  conditions  we  have 

^  1 

sin  {kaj)  sin  (k'aj)  =  -  (iV  -h  1)  (32) 

j=o 

Using  the  orthogonality  conditions  we  can  derive  the  ex¬ 
pression  for  the  total  energy  of  the  system  (with  periodic 
boundary  conditions): 

E  =  lMY{\Uk\^  +  \U-k\^)^l  (33) 

k 

where  M  =  (AT  +  1)  m.  If  only  one  amplitude  |  C/jk  |  is 
appreciable,  then  the  amplitude  is  given  by  y^E/Mcj|, 
corresponding  to  the  classical  turning  points  of  a  simple 
harmonic  oscillator. 

The  normalization  of  the  eigenfunctions  and  the  en¬ 
ergy  expression  are  important  in  the  analysis  of  nonlinear 
effects  and  in  the  comparison  of  classical  and  quantum 
mechanical  results. 


III.  HARMONICALLY  COUPLED  QUANTUM 
PARTICLES 

For  a  system  of  harmonically  coupled  quantum  me¬ 
chanical  particles,  we  use  a  Lagrangian  formulation  in¬ 
stead  of  the  Newton’s  law  formulation  in  Eq.  (2).  [7-9] 
The  Lagrangian  is 

^  =  5 (^)  “  5  E  “  2/jO^  (34) 

3  ^ 

The  canonical  momenta  are  pj  =  rrij  {dyjfdt) ,  and  the 
Hamiltonian  is 


The  system  is  quantized  with  the  commutation  rela¬ 
tions 


[UjjPj*]  ^ 


(36) 
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We  now  assume  a  periodic  system  with  rrij  =  m  and 
Sj  =  s.  Guided  by  our  results  with  the  classical  system, 
we  let 

Vi = E  (37) 

k 


The  Hamiltonian  becomes 

k  k 


(38) 


where  Pk  =  m{dY-kldt)  and  ujk  is  defined  as  before 
in  Eq.  (20).  One  could  use  this  Hamiltonian  and  con¬ 
struct  a  Schrodinger  wave  equation  for  a  field  ^  (F) , 
where  F  is  a  point  in  the  2N-dimensional  F^  space,  and 
Pk'ip  (F)  =  —ih  (dilj/dYk) .  However,  a  better  approach  is 
to  use  another  transformation  and  construct  the  proper¬ 
ties  of  the  eigenfunctions  and  eigenvalues  using  the  com- 


mutation  relations  in  Eq.  (36).  We  define 

(39) 

and 

(40) 

The  Hamiltonian  becomes 

(41) 

where  Nk  =  a^ak-  Using  Eq.  (36),  one  finds  the  com¬ 
mutation  relation  for  ajj"  and  ak 

^  Sk,k*  (42) 

One  also  finds  the  relations 

Nkak  =  ak  {Nk  -  1)  (43) 


and 


A  general  state  of  the  system  will  be  superposition  of 
eigenstates: 

^  =  EE  Gfcn^ifen  (46) 

k  n 

where  |  Ckn  P  gives  the  probability  that  the  system 
is  in  the  state  ^kn-  The  expectation  value  of  the  total 
energy  is  (using  E'lp  ==  HTp  ): 

+  0  (46) 

If  the  expectation  value  of  the  position  operator  Yk  is 
examined,  it  is  found  that  it  couples  a  state  ipnk  only  to 
the  state  ^(n+i)*  or  'ip[n-i)k-  As  a  consequence  the  time 
dependence  will  behave  like 

gi[(n-l)-n]a;fct  ^  3  COS  (a;^^  (47) 

If  Cnk  ^  C(^n±i)k^  ^nd  is  appreciable  for  only  one  k  and 
for  rik  »  1/2,  then  [7] 

/  2E^ 

<ip\Yk\ip>=  J  — ^  cos  {(Jkt)  (48) 

V  ^^k 

where  E’  is  the  square  of  the  expectation  value  of  the 
square  root  of  the  energy  operator.  Eq.  (48)  corresponds 
to  the  normal  mode  oscillating  between  the  classical  turn¬ 
ing  points  at  the  frequency  a;*-  It  is  interesting  to  note 
that  in  order  to  observe  a  “classical  sound  wave”,  the 
quantum  system  must  not  only  have  a  large  Uk  so  that 
rikhcjk  corresponds  to  the  macroscopic  classical  energy, 
the  quantum  state  must  contain  a  superposition  of  two 
eigenstates,  'ipnk  and  ip{n±i)k‘ 

The  term  phonon  can  now  be  defined  in  the  following 
sense:  we  can  say  that  a  phonon  is  emitted  or  absorbed 
when  a  system  of  harmonically  coupled  quantum  parti¬ 
cles  makes  a  transition  from  a  state  ijjnk  to  a  state 
or  ^(n+l)*- 


A.  Larger  unit  cells  and  higher  dimensions 


Nkat  =  at  {Nk  +  1)  (44) 

We  now  write  ipkn  for  an  eigenfunction  of  the  operator 
Nk  with  eigenvalue  Uk-  One  can  show  that  the  eigen¬ 
values  must  be  positive.  Using  the  relations  in  Eqs. 
(43)  and  (44),  one  finds  that  akipkn  is  an  eigenfunc¬ 
tion  with  eigenvalue  {uk  ^  1) ,  and  at^pkn  is  an  eigen¬ 
function  with  eigenvalue  (uk  +  1)  •  We  then  consider  the 
sequence  of  eigenfunctions  given  by  (ak)^ 'ipkn^  with  p 
a  positive  integer.  The  eigenvalues  form  the  sequence 
(uk  —  1) ,  (rik  —  2) , ...  (uk  —  p) ...  If  this  sequence  were  al¬ 
lowed  to  continue  indefinitely,  then  for  p>  nk>  the  eigen¬ 
values  would  become  negative,  which  cannot  happen.  If 
Uk  is  such  that  (n*  —  p)  =0,  then  the  sequence  will  ter¬ 
minate  without  going  negative.  Thus  we  have  rik  =  P; 
i.e.  Uk  is  quantized  to  be  a  positive  integer. 


Instead  of  having  a  periodic  system  such  that  mj  =  m, 
etc.,  one  may  have  different  masses  or  spring  constants, 
but  still  have  a  periodic  system.  That  is,  several  different 
masses  and  springs  may  be  joined  to  form  a  unit  cell,  and 
this  unit  cell  may  be  repeated  periodically.  For  M  differ¬ 
ent  masses  or  springs  in  three  dimensions,  the  matrix  in 
Eq.  (5)  will  enlarge  from  2x2  to  6Mx6M,  and  instead  of  a 
single  dispersion  relation  as  in  Eq.  (20),  there  will  be  mul¬ 
tiple  dispersion  relations,  and  multiple  “branches”  in  the 
eigenvalue  spectrum.  If  the  system  is  extended  into  two 
or  three  dimensions,  the  matrix  representing  the  dynam¬ 
ics  of  the  system  is  further  enlarged,  the  displacement 
fields  become  vector  fields,  and  the  eigenfunctions  may 
be  characterized  as  transverse  or  longitudinal.  A  thor¬ 
ough  discussion  of  the  dynamics  of  a  three  dimensional 
system  of  coupled  oscillators  is  available  in  Ref.  [8] . 


149 


B.  Phonon  Density  of  States 

In  statistical  physics,  one  calculates  the  properties  of  a 
system,  such  as  specific  heat,  by  taking  a  product  of  the 
quantity  of  interest  with  a  distribution  function,  and  in¬ 
tegrating  over  all  possible  states.  The  distribution  func¬ 
tions  are  functions  of  the  energy  of  the  state,  and  for 
this  reason  it  is  usually  easier  to  transform  the  inte¬ 
gration  variable  from  the  state  label,  such  as  the  Bloch 
wave  vector  k  in  our  one-dimensional  example,  to  the  en¬ 
ergy,  which  is  related  to  u  in  our  example.  In  our  one¬ 
dimensional  example,  the  transformation  is  accomplished 
using 


du)  =  dwlvg  (49) 

dk  ) 

where  Vg  =  du/dk  is  the  group  velocity,  which  will  be 
discussed  in  detail  later.  For  the  general  case  in  higher  di¬ 
mensions,  the  Jacobian  of  the  transformation  is  the  den¬ 
sity  of  states,  which  also  varies  as  l/vg.  Values  of  the 
state  parameter  (e.g.  k  )  where  the  dispersion  relation 
Uk  is  flat  are  called  critical  points,  and  at  these  points  the 
group  velocity  is  zero  and  the  density  of  states  is  singu¬ 
lar.  Such  singularities  are  called  van  Hove  singularities. 
In  our  one  dimensional  example 

dw  2(jOo  2/2  2\1/2 

—  = - cos  (fca/2)  =  -  (ujq  -  (jj  )  (50) 

so  that  dij/dk  =  0,  and  the  density  of  states  is  singu¬ 
lar,  when  cj  =  (Jq-  In  two  and  three  dimensions  the  sin¬ 
gularities  may  be  classified  according  to  the  nature  of 
I  Vjfco;  1=  0,  whether  it  is  a  maximum,  minimum,  or  one 
of  two  types  of  saddlepoint.  The  van  Hove  singularities 
are  important  in  determining  the  properties  of  a  material 
relating  to  phonons,  such  as  the  specific  heat  or  thermal 
conductivity. 


IV.  POINT  MASSES  COUPLED  WITH  MASSIVE 
SPRINGS:  THE  KRONIG-PENNY  SYSTEM 

We  now  consider  a  system  of  point  masses  coupled  with 
springs  which  have  mass.  If  the  springs  have  mass,  then 
the  springs  themselves  can  propagate  waves.  If  an  ideal 
spring  is  stretched  with  a  tension  To  and  has  mass  per 
unit  length  ji,  then  the  speed  of  a  wave  in  the  spring  is 
c  =  yTo//i.  An  equivalent  picture  of  such  a  system  is  a 
string,  stretched  with  tension  To  and  having  mass  density 
p,  which  is  loaded  at  intervals  with  point  masses.  In  this 
model  the  waves  may  be  transverse  waves,  with  speed 
c  =  y/To/fJ>.  Mathematically  this  system  corresponds  to 
a  wave  equation  with  a  Kronig-Penny  potential  field. 

The  coordinate  and  indexing  system  is  as  follows:  N 
masses,  mj,  are  located  at  positions  Xj,  with  1  <  j  < 
N.  The  system  is  terminated  with  a  complex  mechanical 
impedance  Z  at  the  position  xyv+i.  The  driving  point 


impedance  Zq  and  the  reflection  coefficient  for  the  system 
are  referenced  to  the  point  xo  =  0.  The  spacing  between 
successive  masses  is  defined  with  aj  =  Xj  —  xj-i.  Between 
the  masses  nij  and  mj+i  the  eigenfunction  must  be  of  the 
form 

i>  (x,  t)  =  Re  e-*""*]  (51) 

where  Re  indicates  taking  the  real  part,  and  q  =  u/c. 
The  eigenfunction  is  defined  piecewise,  with  j  selected  so 
that  Xj  <  X  <  Xj+i . 

The  continuity  of  the  string  at  the  positions  Xj  requires 


Uj  -h  Vj  —  Uj-.ie^^^^  -h  Vj—ic 


-iqaj 


(52) 


Newton’s  Law  at  a  mass  mj  is  written  as 


_  dip-  _  9-0+ 

-Tq-^ - h  Tq-t —  =  m 

ox  ox 


d^ip 


(53) 


where  ip-  and  ip^  are  the  wave  fields  just  to  the  left 
and  right  of  the  mass  m^,  respectively.  This  system  can 
also  be  described  with  a  time-independent  Schrodinger 
equation 


-V{x)]il)  =  0  (54) 

where  V  (x)  is  a  Kronig-Penny  potential  field  given  by 

N 

V{x)  =  '£Vj5ix-xj)  (55) 

with  Vj  =  —  {ruj  f  fi)  q‘^ .  Inserting  Eq.  (51)  into  Eq.  (53) 
yields 

-Toiq  -h  Toiq  {uj  -  Vj) 


=  —rrijUJ^  (uj  +  Vj) 

(56) 

Eqs.  (52) 

and  (56)  can  be  put  in  a  matrix  form 

II 

(57) 

where 

aj  =  {l-ir]j)e 

(58) 

Pj  = 

(59) 

with  rjj  =  mjg/2/i.  The  determinant  of  the  matrix  in  Eq. 
(57)  is  unity: 

I  ai  P  -  1  Pj  l'=  1  (60) 

Eq.  (60)  is  necessary  for  conservation  of  power  flow 
through  the  system;  that  is,  it  is  necessary  in  order  to 
have 
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(61) 

Eqs.  (57)  and  (60)  are  valid  for  any  system  of  energy  con¬ 
serving  scatterers,  not  just  the  point  masses  used  in  our 
model  system.  For  general  scatterers,  the  a^s  and  /^’s  can 
be  given  in  terms  of  complex  reflection  and  transmission 
coefficients:  aj  =  1/Tj  and  =  (Rj/Tj)* .  The  results 
for  layered  media  are  presented  in  the  Appendix.  If  the 
scatterers  are  points,  such  that  the  wave  field  is  continu¬ 
ous  across  the  scatterers,  then  r]j  =  i  (Rj/Tj)*  exp  (iqaj) 
and  we  have  the  extra  equation: 

=1  (62) 

The  inverse  of  the  matrix  in  Eq.  (57)  is  readily  found 

(?::)=(-%  '40  (^) 

An  actual  boundary  value  problem  involves  specifying 
the  boundary  condition  at  Xiv+i*  One  sets  uat  =  1,  and 

=  (64) 

fiC  “h 

where  Z  is  the  complex  mechanical  impedance  at  the 
point  If  the  string  continues  to  oo  without  any 

further  masses,  then  Z  =  /ic,  and  vn  =  0.  If  the  string  is 
clamped  at  Xiv+i,  then  Z  =  oo,  and  vn  = 

Once  VN  is  determined  by  the  end  condition,  the  wave 
field  at  xo  =  0  may  be  determined  from 


(65) 


The  complex  reflection  coefficient  for  the  whole  system, 
referenced  to  xq  =  0,  is  =  vo/uq.  The  complex  me¬ 
chanical  impedance  at  xq  =  0  is 


Zo  =  fJLC 


1-R 
1  -h  7^ 


=  fJiC 


Up  -  Vq 
Up  +  Vp 


(66) 


The  power  P  delivered  to  the  system  by  a  driving  force 
Fo  cos  {ujt)  at  xo  =  0  is  given  by 


licPIF^  = 


ficReZo 

WF 


I  mq  1^  -  I  r;o  p 
I  Wo  -  Vo  P 


(67) 


Note  that  for  strong  scatterers,  vo  oi  —uq,  and  i^cP/Fq 
is  approximately  equal  to  one  fourth  the  modulus  of  the 
complex  transmission  coefficient,  squared:  |  T  p=  1--  | 

Fp  . 

The  power  P  delivered  to  the  system  by  a  velocity 
(displacement)  drive  Vp  cos  (ut)  at  xq  =  0  is  given  by 


I  wo  P  -  I  VQ  P 

I  Wo  +  Wo  p 


(68) 


If  the  real  system  has  damping,  then  in  all  expressions 
one  must  replace  qa  with  a  complex  quantity  qa  = 


qa[l  -\-i/  {2Q)]  =  qa  +  iJ,  where  Q  is  the  quality  fac¬ 
tor  of  the  system.  In  particular  aj  and  /3j  are  replaced 
with  aje^  and  and  aj  and  are  replaced  with 
and  Eq.  (61)  becomes 

I  P  -  I  Vj  P=  I  Uj-i  p  |  vj-i  p  (69) 

showing  the  decay  of  right  and  left  power  fluxes.  The 
real  part  of  Zp  jiic  becomes 


— R&Zp 

fiC 


I  wq  P  -  I  wq  P  -  Im  (Wpwg)  /Q 

I  Wo  +  Wo  P 


(70) 


For  high  Q  systems,  the  last  term  in  the  numerator  of 
Eq.  (70)  is  negligible. 

Some  insight  into  the  general  problem  can  be  obtained 
by  diagonalizing  the  matrix  in  Eq.  (57).  One  must  find 
a  matrix  Dj  such  that 


f  =  i 

(>^t 

s 

vP. 

1 

1  0 

Equivalently,  one  has 


(“I  Mo. 


The  At  and  A^-  are  found  from 


or,  using  Eq.  (60), 
\2 


Xj  “h  2  (jRecKj)  Xj  -hi  —  0 


The  roots  are 


Xf  =  {Reaj)  ±  [{Reajf  -  l] 


1/2 


(71) 

(72) 

(73) 

(74) 

(75) 


It  should  be  noted  that  (At  +  A^- )  /2  =  Reaj,  and 
At  AT  =r  1.  If  I  At  |>  1,  then  |  XJ  \<  1.  The  product 
in  Eq.  (65)  can  now  be  written  as 


If  I  At  |>  1,  and  if  the  matrices  Dj  and  DJ^^  tend  to 
“cancel” ,  then  in  the  product  in  Eq.  (76)  the  larger  di¬ 
agonal  element  grows  exponentially,  and  the  smaller  one 
tends  to  decrease  exponentially.  This  is  a  hint  as  to  how 
evanescent  and  exponentially  localized  eigenfunctions  oc¬ 
cur. 
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It  is  instructive  to  now  consider  the  case  where  the 
masses  on  the  string  are  periodic,  so  that  rrij  =  m,T]j  = 
r},aj  —  a,aj  =  a, and  Dj  =  D.  In 
order  to  avoid  evanescent  solutions,  we  must  have  Rea  < 
1  and  1  |=  1.  We  write  A"^  =  exp  {—ika)  and  A”  = 

exp  {+ika) .  The  parameter  k  is  found  from  the  relation 
(A+  +  A“)  /2  =  Rea  : 

I  =  Rea  (77) 

For  our  model  with  point  scatterers,  Eq.  (77)  yields  the 
dispersion  relation: 

cos  {ka)  =  cos  (qa)  -  t]  sin  {qa)  (78) 

which  can  be  rewritten  as 

cos  {ka)  =  a/TT^cos  [qa  +  tan"^  i])  (79) 

It  should  be  recalled  that  t]  depends  on  q.  However  if 
77  >  3,  then  q  is  approximately  equal  to  an  integer  multi¬ 
ple  of  7r/a,  so  its  effect  in  Eq.  (79)  is  weak.  The  behavior 
of  Eq.  (79)  can  be  studied  graphically,  as  in  Fig.  2.  In 
Fig.  2,  the  right  hand  side  of  Eq.  (79)  is  plotted  sim¬ 
ply  as  a  cosine  with  amplitude  -f  rf  and  shifted  so 
that  qa  =  0  corresponds  to  ka  =  0.  Solutions  for  cos  (ka) 
must  lie  within  ±1,  so  that  bands  and  gaps  for  qa  are 
formed.  Taking  the  inverse  cosine  of  the  ordinate  in 
Fig.  2  to  obtain  k,  and  plotting  u  {=  cq)  versus  A:,  we 
obtain  Fig.  3,  which  is  the  conventional  picture  of  band 
structure  as  in  solid  state  physics.  Some  points  of  in¬ 
terest  and  the  eigenfunctions  to  which  they  correspond 
are  indicated  by  the  letters  a  through  e  in  Figs.  2  and 
4.  Letters  a  and  b  correspond  to  low  frequency  modes, 
with  the  string  between  the  masses  bending  very  little. 
For  higher  frequency  modes  the  string  has  an  increasingly 
larger  bend;  the  actual  bending  wavelength  in  the  string 
is  27r/gr  =  27rc/a;,  not  2'K/k.  For  the  modes  c  through  e, 
the  behavior  of  eigenfunction  for  adjacent  bays  should 
be  noted.  For  r/  >>  1,  the  eigenfunctions  are  essentially 
standing  waves  between  the  scatterers. 

The  widths  of  the  bands  can  be  determined  from  Eq. 
(79).  The  band  edges  are  given  by  cos  (ka)  =  ±1.  One  of 
the  band  edges  is  given  by  the  unperturbed  point  qa  = 
nTT,  where  n  is  the  band  number,  with  n  =  0  being  the 
lowest  band.  For  the  other  band  edge  we  write  qa  = 
nTT  +  A.  Eq.  (79)  becomes 

(_1)^+^  =  y/l  -1-  77^ cos  {uTT  -h  A  -h  tan"^  77) 


=  (“l)’^  \/l  +  772  cos  (A  -h  tan  ^77) 
Solving  for  A  yields 

r 

-1 


A  =  cos  ^ 


tan  ^  77 


(80) 


TT  1  1 

TT  _l  1 

—  -h  tan  - 

— 

-  -  tan  - 

[2  v\ 

[2  rii 

=  2  tan  ^  -  (81) 

The  fractional  band  width  is  given  by 

2  1 

A/qa  =  A/riTT  =  —  tan“^  -  (82) 

727r  77 

If  the  scatterers  were  infinitely  strong  (77  =  00) ,  then  Eq. 
(82)  yields  “sharp  levels”  (A  =  0)  at  qa  =  titt;  in  this  case 
each  section  of  wave  medium  between  the  scatterers  acts 
like  a  “local  oscillator”  consisting  of  medium  of  length  a 
clamped  at  each  end.  If  the  scatterers  are  large  but  not 
infinite  (large  77  ),  then  the  coupling  between  the  local 
oscillators  is  weak,  and  the  band  widths  are  narrow. 

Once  the  diagonal  elements  A^  are  found,  the  matrix 
D  must  be  found.  One  solves  the  following  equations, 
using  A"^  =  exp  {—ika)  : 


and  finds 

D+-ID++  =  -a)IP  =  7*  (84) 

Using  A“  =  exp  (+7fca) ,  one  similar- 

ily  finds  D _ /J9-+  =  I  hi  =  7-jfc.  Using  Eq.  (77)  we 

have 

l±k  =  ^  {ima  ±  yl\-{Reaf)  (85) 

In  the  case  of  a  continuous  wave  field,  where  Eq.  (62) 
applies,  we  have 


^  tan(ga/2)  -tan(fca/2)^j„„ 

^  tan  (ga/2)  +  tan  (A:a/2) 

For  the  coefficients  of  the  matrix  D,  we  normalize  with 
yl-  I  7*  1^,  and  set 

D++  =  i/Vi- 1  Ik  P  D-+  =  1  jk  |2 


Z)+_  =  7)k/\/l-  I  7fc  P  D-  =  l/\/l-  I  Ik  (87) 


Then  I  D++  p  -  1  £»+_  p=  1,  |  P  -  1  D__  p=  -1, 
and  =  0.  We  now  can  write 


and 


D  = 


( 


DU 

-DU 


(88) 


(89) 
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We  now  transform  the  eigenfunction  with  the  following 
definitions: 


Uk  (x)  =  ^  (99) 


(!)-(:;) 


The  inverse  is 


For  the  new  coefficients  and  vj  we  have 

(!:)-&:) 


(90) 


(91) 


-  ) 

(92) 

Thus  we  have 

nf 

(93) 

^7 

(94) 

If  the  relations  in  Eq.  (91),  (93),  and  (94)  are  substituted 
into  the  expression  for  the  eigenfunction  in  Eq.  (51),  one 
obtains: 

Xj^k  (x,  t)  =  Re  [{Ake+^>‘^Uk  (x)  +  (x))  e"-*] 

(95) 


where 


.  Ck  + 

=  .  —H 

vi- 1  Ik  r 

C-k 


B-k  = 


\/l-  I  Ik  V 


(96) 

(97) 


with 


2{l+l7*0+4(2^)j!e(T.e-‘«*) 


1/2 


(98) 


In  deriving  Eq.  (95),  we  use  the  relations  1/7^  = 
7_jfe,  {CkhkY  =  C-k,  and  (a:)  =  U-k  (x) .  Note  that 
Uk  (ip)  is  defined  piecewise.  If  x  is  between  xj  and  Xj+i, 
then  X  +  a  is  between  Xj+i  and  Xj^2-  Then 

Uk  (x  +  a)  = 


Ck  l- 


:::::  J_ 

Ck  -I 


=  Uk  (x)  (100) 

since  x^+i  =  xj  +  a.  Thus  Uk  (x)  is  periodic  with  the  pe¬ 
riod  of  the  potential  field.  For  large  77,  Uk  (a:)  sin  (qx) 
between  any  pair  of  masses.  Functions  of  the  form 
exp  (ikx)  Uk  (x)  are  referred  to  as  Bloch  waves. 

The  coefficient  Ck  is  chosen  so  that 

£  I  Uk  (x)  (101) 

and  the  phase  of  Uk  (0)  is  zero. 

The  wave  function  in  Eq.  (95)  is  a  superposition  of 
two  Bloch  waves.  Note  that  in  deriving  this  form  it  was 
not  necessary  to  have  periodic  symmetry  in  an  infinite 
system  nor  to  invoke  periodic  boundary  conditions.  The 
wave  function  in  Eq.  (95)  is  valid  for  arbitrary  boundary 
conditions. 

It  should  be  noted  that  Bloch  waves  are  not  real  waves 
in  the  sense  of  displacements  of  a  string;  in  a  Bloch  wave 
it  is  not  the  string  which  is  waving,  but  rather  pieces 
of  the  function  Uk  (a;)  that  are  waving.  Real  waves  have 
certain  relations  with  real  force,  velocity,  momentum,  en¬ 
ergy,  etc.,  and  Bloch  waves  do  not  have  straightfoward 
relations  with  such  quantities.  For  example,  a  Bloch  wave 
traveling  in  one  direction  may  have  energy  traveling  in 
the  opposite  direction. 

While  Bloch  waves  are  not  actual  waves  in  the  string, 
it  is  possible  to  form  wave  packets  which  do  behave  like 
ordinary  wave  packets  traveling  with  a  group  velocity 
duj/dk,  which  may  be  small  or  negative.  It  will  be  shown 
in  a  later  section  that  energy  in  the  system  travels  at 
the  group  velocity.  With  these  considerations  in  mind, 
one  may  define  a  Bloch  wave  reflection  coefficient  (with 
phase  referenced  at  x  =  a/2  )  as  Bk/Ak,  using  Eqs.  (96) 
and  (97). 

Bloch  waves  are  often  misrepresented  as  a  real  periodic 
function  modulated  by  a  phase  factor  exp(2A;x)  or  by 
trigonometric  functions  sin  {kx)  or  cos  {kx) .  For  example, 
it  is  tempting  to  write  a  Bloch  wave  for  a  system  clamped 
at  X  =  0  as 


and 
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Ipk  {x,  t)  =  Re  [Ak  sin  {kx)  Uk  {x)  e  (102) 

However  this  is  not  correct,  because  the  periodic  func¬ 
tions  Uk  (x)  have  a  phase  which  varies  with  position.  As 
seen  in  Eq.  (99),  a  part  of  the  phase  is  —  A:  (x  —  Xj) ,  which 
piecewise  cancels  the  phase  of  exp  (ikx) .  If  we  define  a 
phase  (j)  (x)  with 

ei<t>{x)  ^  !  I  (3,)  I  (103) 


then 


-Re  I  Uk  (x)  P  dx 

2  Jo 

=  [  I  Uk  (x)  p  dx  - 


ix,t)  = 

Re  1  Uk  (x)  | 

(104) 

A  plot  of  a  typical  Bloch  wavefunction  is  shown  in 
Fig.  5a,  with  a  plot  of  [  Uk  (x)  |  shown  in  Fig.  5b,  and 
sin(A:a;j  +<f>(x))  shown  in  Fig.  5c;  Fig.  5c  is  not  what  is 
naively  assumed. 


ii?e  re»2^(^)  |  Uk  (x)  p  dx 

^  j=0 

_  (iV  +  1)  a 
4 


)E(' 

/  j=0 


A2ka\^ 


A.  The  Undamped  System,  Clamped  at  Each  End 


If  we  have  a  system  which  is  clamped  at  xq  =  0, 
then  t;o/uo  =  -1,  and  from  Eq.  (90)  we  have  Vq /u^  = 
(1  +  7*)  /  (1+  7k)*  •  From  Eqs.  (96)  and  (97)  we  have 


B-klAk  =  — 


{l^^^)/Ck  ^  Uk{0)  ^ 
(1  +  7.)VQ  ^.MO) 


(105) 


_  ( LI4  when  0  <  ka  <  7r\  nns'i 

~  \L/2  when  fca  =  0, tt  J  ^ 

The  sum  in  the  second  term  vanishes  because  of  the 
boundary  conditions,  except  when  fca  =  0  or  tt.  When 
ka  =  0  OT  TT,  the  sum  is  {N  -h  1)  and  <!>  (x)  =  7r/2,  so  that 
the  second  term  is  an  additional  L/4. 


Now 

i^k  (a:,  t)  =  Re  [2Ak  sin  {kxj  +  (f)  (x))  |  Uk  (x)  \ 

(106) 

which  satisfies  the  boundary  condition  because  0  (0)  = 
0.  If  the  wave  field  is  continuous,  then  Eq.  (86)  can  be 
used  to  show  that  0  (o)  =  ka,  and  Uk  (a)  =  Uk  (0) .  A 
boundary  condition  ^  (x  =  L,  t)  =  0,  with  L  =  (AT  4- 1)  a, 
yields 


kxj\[  4“  (f)  (fl)  =  k  (TV  4“  1)  u  —  kL  —  utt  (107) 

so  A;  is  quantized  as  k  =  i/tt/L,  with  u  = 

0 . (iV  4- 1) .  The  eigenfrequencies  Uu  are  found 

by  solving  Eq.  (79)  for  q  and  using  u  =  cq. 

The  eigenfunction  in  Eq.  (107)  is  normalized  as  follows: 

rL 

/  sin^  (A;Xj  +  0  (x))  |  Uk  {x)  ^  dx  = 

Jo 

i  lo  I  1  I  Uk  (x)  \y  dx 


B.  The  Driving  Point  Impedance  for  a  Periodic 
System  Clamped  at  the  End 


The  treatment  above  provides  the  natural  frequencies 
and  normal  modes  for  the  undamped,  undriven  system. 
We  now  wish  to  consider  the  damped,  driven  system. 
In  particular,  we  shall  find  the  driving  point  impedance 
for  a  wave  medium  with  periodic  scatterers  clamped  at 
X  =  L  =  (iV  4- 1)  a.  As  already  discussed,  the  clamped 
end  condition  can  be  expressed  with  ujv  =  1,  and  vn  = 
_^%2qa,  coefficients  at  the  driven  end  axe 


_  0  \rj(  1 

-D  Q  ^iNka  J  U>  y_^i2<,a 


e’«“  / 

(I  Ik  p  -1)"  V 


(a)  -  7fc*e 
(o)  -  e 


ikL 


Uk  (a) 


a)\ 

a)) 


(109) 


where  Uk  (a)  =  (e**“  +  7fce“**“)  .  If  the  wave  field 

is  continuous,  then  Eq.  (62)  can  be  used  to  show  Uk  (u)  = 
m  (0)  =  (1  +  7jt) .  In  this  case  we  have 


154 


(  I  7ik  P  +  7^2i  sin  {kL)  \ 

(I  |2  _i)2  _  I  |2  g-t*L  gifcL  ^  j^2i  sin  (A;L)  y 

(110) 


Omitting  the  negligible  factor  (1  -f  i/  {2Q)) ,  the  driving 
point  impedance  is: 


Zq  ^  U(y  —  Vq 
fJLC  Uq  +  Vo 


\lk?  -1 

I  7fc  +  1  P 


i  cot  {kL)  —  i 


.  2Im{'Yk) 


I  7*  +  1  P 
(111) 


In  the  absence  of  damping,  the  impedance  would  be  sim 
gular  when  kL  =  n7r.  Also,  the  first  factor  is  singular 
when  qa  =  nn]  note  that  this  is  the  condition  for  the 
normal  mode  which  has  a  unique  normalization. 

To  study  the  singularities,  we  must  use  the  explicit 
form  for  jk  for  continuous  wave  fields  (point  scatterers). 
Letting  6  =  qa  —  nTT,  where  n  is  the  band  number,  with 
n  =  0  being  the  lowest  band  (n  is  approximately  the  num¬ 
ber  of  half  wavelengths  which  fit  between  the  scatterers), 
we  have 

7fc  =  -  (-1)"  I  7fcie"‘’“  =  -  I  7*  I  cose-  i  |  7*  |  sin0 

(112) 


where 


I  1=  cos  ^  H-  -  sin  ^  — 


^ ^  [sin^  (277C0S^  -  (7/^  -  l)  sin^)]^^^ 
is  positive  definite.  With  some  algebra  one  finds 


(113) 


I  7k 


-1 


7fc  +  1  P 


2F  cos  6  "f  (F^  -  sin  O)  y/sinO 


4-  sin^ 


1 

V sin  6? 
(114) 


where 

F  =  iVsin^  -  ^  [277  cos  ^  -  (77^  -  l)  sin0]^^^  (115) 

77  V 

The  function  F  and  the  factor  in  brackets  in  Eq.  (114) 
are  not  singular. 

When  there  is  damping  in  the  system,  the  impedance 
is  no  longer  singular.  To  incorporate  this  behavior  into 
the  equations,  we  replace  the  frequency  parameter  with 
the  complex  parameter  qa  =  ^0(1  +  ij  {2Q))  =  qa-\-  id. 
Now 


sin  {qa  —  riTr)  =  sin  9  cosh  8  +  i  cos  9  sinh  5 


and 


1 

y/  sin  ^ 


{S^-iS-)  IS 


(116) 


(117) 


where 


S  =  V sin^  9  +  sinh^  8 

(118) 

=  y/{S  ±  sin  9  cosh  8)  /2 

(119) 

Since  the  frequency  parameter  is  complex,  then  the 
Bloch  parameter  k  is  also  complex.  Writing  ka  = 
we  have,  using  Eq.  (78): 

cos  ka  =  cos  k!a  cosh  ac  —  i  sin  k^a  sinh  k: 

=  cos  qa  — 7}  sin  qa 

=  cos  ka  cosh  8  -i  (—1)”  (sin  ^  -f-  77  cos  9)  sinh  8  (120) 

Equating  real  and  imaginary  parts  yields 

K  =  (— l)”sinh'~^  [ 


^ (sin^  ka  —  {rj^  +  1)  sinh^J)^  /4  4-  (sin^  ka  -h  77^)  sinh^  8 


(sin^  ka  —  (77^  +  1)  sinh^  8)  /2 


-,1/2 


(121) 


and 


fc'a  =  cos~^  (cos  ka  cosh  8 /  cosh  ac)  (122) 

With  k'L  =  (N  +  1)  k'a  and  k'  =  {N  1)  k,  we  have 
cosh  k'  sinh  k'  -\-i  cos  k^L  sin  k'L 


i  cot  kL  = 


sin^  k^L  -{-  sinh^ 


(123) 


Finally  we  obtain  for  the  real  part  of  the  driving  point 
impedance: 


—Re{Zo) 

fjLC 


-{ 


2Fcos9  -f  {F^  —  sin^)  \/sin  ^ 
F2+sin^ 


cosh  Ac'  sinh  H-  cos  k'L  sin  k^LS 
S  (sin^  k'L  +  sinh^  /t') 


(124) 


A  similar  expression  is  obtained  for  the  imaginary  part, 
with  S~  replaced  with  S'^'  and  5“^  replaced  with  -5”, 
and  with  the  second  (non-singular)  term  in  Eq.  (Ill) 
included.  The  second  term  in  Eq.  (Ill)  is  given  by: 


.2/m(7fc)  _  ,2(cos0^-F^^in^) 
*|7fc  +  l  ~  *  i^^  +  sin^ 


(125) 


A  plot  of  the  real  part  of  the  driving  point  impedance  as 
a  function  of  qa>7r  is  shown  in  Fig.  6.  The  fact  that  the 
impedance  is  much  larger  at  one  ei  ^  of  the  band  than  the 
other  is  of  crucial  importance  for  liie  nonlinear  system. 
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C.  The  Driving  Point  Impedance  for  a  Periodic 
System  Terminated  with  Z  =  fic 


D,  Expressions  for  Magnitudes  of  Various 
Quantities 


In  this  section  we  calculate  the  driving  point 
impedance  for  a  periodic  system  terminated  with  an 
impedance  Z  =  /ic,  i.e.  the  wave  medium  continues  to 
infinity  after  N  scatterers.  Using  the  D  matrices  of  Eqs. 
(88)  and  (89),  the  coefficients  at  the  beginning  are  given 

1  |7fc 

“  l-|7fcP 


_  1 
~  I  7fc  P  -1  ^ 


(I  Ik  p  -l)  cos  {Nka)  +  i  (1  7*  P  +l)  sin  {Nh 
i2'yk  sin  (Nka) 


a)  j 


(126) 


where  jk  is  given  by  Eq.  (85)  (or  4.62  and  4.63).  We  have 
I  Wo  -  ho  cos^  {Nka)  +  sin^  {Nka)  =  1  (127) 


if  k  is  real.  Damping  can  be  added  by  making  k  complex, 
as  in  the  previous  section.  We  use  7*  =  —  (~1)”^  I  7fc  I 
exp  {iqa)  =  —  |  7^  |  exp  {iO)  where  0  ^  qa  —  nn  and  n  is 
the  band  number.  Then 


1  r, 

— ReZo 

fiC 


I  no  P  -  I  no  P 
I  no  +  no  P 


=  (1  Ik  P  -1) 


(I  7fc  p  -1)  cos^  (Nka)  + 


4  (I  jk  1^  “l)  I  7k  1  sin  ^  cos  {Nka)  sin  {Nka)  + 

[(I  7k  P  +1)  -  4  (I  7A:  P  +1)  I  7*1  COS0  +  4  I  7fc  p]  X 


sin^  {Nka) 


-1 


cos^  {Nka)  +  i^ka)  sin  {Nka 


0  + 


7*  I  -ly  I  ^4  (I  7*  P  +1)  I  7k  I  (1-cosg) 
VI 7*  1+1;  V  (l7*P-l)' 


sin^  {Nka) 


-1 


(128) 


For  purposes  of  estimation,  plotting  graphs,  etc.,  it 
is  useful  to  have  some  expression  for  the  nominal  mag¬ 
nitude  for  various  quantities,  such  as  the  driving  point 
impedance,  power  delivered,  etc.  Of  course,  the  trans¬ 
mission  and  reflection  coefficients  have  maximum  ampli¬ 
tudes  of  one.  The  spectrum  of  power  delivered  by  a  force, 
normalized  as  in  Eq.  (67),  is  roughly  equal  to  the  trans¬ 
mission  spectrum,  and  also  has  a  maximum  amplitude 
of  one.  The  spectrum  of  power  delivered  by  a  velocity 
drive,  given  by  Eq.  (68),  is  a  more  complex  problem.  If 
the  system  has  no  damping  and  a  purely  reactive  end 
impedance  Z,  then  the  the  spectrum  is  singular.  If  a  pe¬ 
riodic  system  has  purely  reactive  end  conditions  but  has 
damping  in  the  wave  medium,  then  it  is  possible  to  find 
the  maximum  power  delivered,  and  this  can  be  used  as 
an  upper  bound  for  disordered  systems. 

It  is  found  that  the  maximum  power  for  a  periodic  sys¬ 
tem  occurs  when  qa  =  tt,  and  the  wavefunction  for  this 
frequency  is  unperturbed  by  the  scatterers  because  the 
nodes  of  the  wavefunction  are  at  the  sites  of  the  scat¬ 
terers.  In  this  case  the  driving  point  impedance  is  the 
same  as  that  for  a  simple  one  dimensional  wave  medium 
with  damping.  As  found  in  common  acoustic  texts,  the 
impedance  will  have  a  denominator  which  is  a  trigono¬ 
metric  function  of  qL  =  qL—iaL,  where  L  =  (V  -f- 1)  a  is 
the  length  of  the  system.  Assuming  a  is  small,  it  can  be 
shown  that  the  resonance  peaks  in  ReZo/fic  have  a  max¬ 
imum  value  of  1/aL  and  a  quality  factor  Q  =  (j/2ac.  If 
the  Q  is  a  known  parameter,  then  ReZo/fic  scales  as 

aL  LJ  L  q  Na  Nn  ^  ^ 

It  can  also  be  shown  that  the  maximum  amplitude  of 
the  wavefunction,  divided  by  the  amplitude  at  the  drive 
I  Wo  +  uo  I,  is  also  1/aL  =  2Q/N7r.  For  qa  =  tt, 
the  maximum  amplitude  occurs  ior  x  -  xj  =  a/2, 
and  is  given  by  |  uq  —  vq  \  .  Thus  max  |  Z  |= 
max  (I  uo  -  Wo  I  /  I  Wo  +  Wo  I)  =  2Q/N7r. 

When  a  system  has  no  damping  but  is  terminated  with 
an  impedance  with  resistance,  then  ReZ/fic  is  not  sin¬ 
gular,  but  its  maximum  is  difficult  to  calculate  because 
there  are  no  standing  wave  solutions  with  nodes  at  the 
sites  of  the  scatterers.  A  case  of  interest  is  when  the  sys¬ 
tem  is  terminated  with  an  impedance  /xc,  i.e.  after  N 
scatterers  the  wave  medium  continues  to  infinity.  The 
analytic  equation  for  this  case  can  be  studied  for  the  two 
limits  of  strong  scatterers  and  weak  scatterers,  and  an 
expression  for  the  maximum  of  ReZ/fic  can  be  found. 

We  consider  only  the  first  band  and  let  6  =  qa  —  n  and 
S  =  TT  -  ka.  We  first  assume  strong  scatterers,  so  q  is 
large,  qa  is  limited  to  a  narrow  band,  and  ^  <<  1.  We 
let  sin0  ^  ^  and  1  -  cos^  ci  ^^/2.  From  Eq.  (113) 

I  I  =  cos  ^  -h  —  sin  0  -h 
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i  [sin0  (27JCOS0  —  (77^  -  1) 


~  1  +  (130) 

We  let  I  7fc  I  -1  ~  ^O/r].  To  second  order  in  ^Orj 
Eq.  (128)  becomes 


1  r,  rr 

— RcZq  — 
fjLC 


cos^  (NS)  —  y/2dri  cos  (NS)  sin  (NS)  + 


(^)  (2«^)  “"’<"«)] 

/■  1  \  2 
cos(iV(5)- -v^sin(iVJ)j  + 


This  is  maximum  when  the  inside  term  in  brackets 
is  maximum.  This  occurs  approximately  when  S  = 
IT  12  (A^  +  1) ,  and  we  have 


f  ^  ^  r.\ 

4  ‘ 

max  — ReZo  = 

[  I7.1J 

V//C  J 

When  7]  =  0.1  and  iV  =  2,  then  |  jk  N 
ReZoffic  ~  1.6.  However,  for  any  small  value  of  7]N 
ReZo/fic  is  between  1  and  2,  and  it  is  found  that  a  sat¬ 
isfactory  approximation  is  obtained  by  simply  modifying 
the  earlier  expression  (Eq.  (134))  for  the  limit  of  large  t]. 
Thus  we  use 


This  also  has  the  value  ~1.6  when  rj  =  0.1  and  N  =  2, 
and  works  well  for  all  77  and  N, 


^  {2071)  sin^  {N5) 


V.  SYSTEMS  WITH  DISORDER:  ANDERSON 
(13^)  LOCALIZATION 


In  terms  of  0  and  S,  the  dispersion  relation  is  cos  J  = 
cos  ^  —  77  sin  0,  It  is  found  that  the  maximum  in  the  spec¬ 
trum  occurs  at  the  beginning  of  the  band,  so  that  S  is 
small.  Thus 

2^77  277 sin^  =  2  (cos^  -  cos  J)  ci  2  (1  -  cos  J)  ~  sin^  S 

(132) 


Eq.  (131)  for  ReZo/fic  is  approximately  maximum 
when  the  first  term  in  parentheses  vanishes: 

^cos  {NS)  -  ^  sin  J  sin  {NS)^  =  0  (133) 

To  a  good  approximation,  this  transcendental  equation 
has  the  root  J  =  tt/  (2A^  +  1) .  Evaluating  Eq.  (131)  for 
this  value  yields 

max  =  ^77^  -f  0  (134) 

This  is  a  good  approximation  for  tjN  >  2. 

We  now  consider  the  limit  of  weak  scattering,  or  small 
77.  For  the  first  band  the  dispersion  relation  becomes 
cos  (5  =  cos  ^  -  77  sin  ^  ^  cos^;  thus  sin^  ~  sin  Since 
I  7jfe  I  has  terms  proprtional  to  I/77,  then  we  take  |  7^  |  to 
be  large  and  expand  Eq.  (128)  to  first  order  in  1/  |  7/b  |: 


—ReZo=  1 

flC 


Ik 


■  sin  {NS)  [sin  S  cos  {NS)  + 


^1  —  i  sin^  sin  {NS)  ]  (135) 


If  one  takes  the  modulus  of  an  eigenfunction  for  a  pe¬ 
riodic  system  (e.g.  Eq.  (29)),  evaluated  at  some  nominal 
point  in  each  unit  cell,  then  one  obtains  a  constant,  inde¬ 
pendent  of  position  in  the  system.  That  is,  the  eigenfunc¬ 
tion  has  the  same  nominal  amplitude  throughout  the  en¬ 
tire  system.  Such  eigenfunctions  are  said  to  be  extended. 
Extended  eigenfunctions  are  very  important  in  solid  state 
theory;  for  example,  they  explain  why  metallic  crystals 
have  high  electrical  conductivity.  In  a  metal,  an  electron 
is  very  strongly  scattered  by  the  positive  ions,  and  on 
this  basis  a  metal  should  have  a  very  low  electrical  con¬ 
ductivity.  But  because  the  ions  in  a  crystal  are  arranged 
periodically,  the  quantum  mechanical  eigenfunctions  for 
the  electron  are  extended,  allowing  the  electron  to  prop¬ 
agate  freely  and  resulting  in  high  electrical  conductivity. 

That  the  eigenfunctions  for  a  periodic  system  are  ex¬ 
tended  is  guaranteed  by  Bloch’s  theorem.  We  now  con¬ 
sider  what  happens  if  we  take  a  periodic  system  and 
introduce  some  disorder  throughout  the  system.  One 
would  suppose  that  the  eigenfunctions,  instead  of  hav¬ 
ing  uniform  amplitude  everywhere  in  the  system,  would 
simply  obtain  some  variations  about  the  original  con¬ 
stant  value,  but  would  otherwise  remain  extended.  Sur¬ 
prisingly,  this  is  not  what  happens;  instead,  the  eigen¬ 
functions  become  exponentially  locallized,  having  a  max¬ 
imum  value  at  some  site  in  the  system  and,  at  least  in 
a  probabilistic  sense,  decaying  exponentially  from  that 
site.  This  phenomena,  referred  to  as  Anderson  localiza¬ 
tion,  was  used  by  P.  W.  Anderson  and  Sir  Neville  Mott  to 
explain  the  electrical  conductivity  of  disordered  metals, 
and  this  accomplishment  was  cited  in  their  Nobel  prize 
in  1977.  [10] 

While  much  of  the  research  with  Anderson  localization 
has  dealt  with  electron  Schrodinger  waves  in  disordered 
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metals,  the  phenomenon  is  relevant  for  any  form  of  wave 
propagation  in  a  disordered  system.  Anderson  localiza¬ 
tion  is  important  for  the  understanding  of  phonon  quan¬ 
tum  wave  propagation  and  its  effects  on  specific  heat  and 
thermal  conductivity,  and  for  the  understanding  of  classi¬ 
cal  wave  propagation  in  disordered  systems,  as  in  acous¬ 
tic  geophysical  survey,  oil  exploration,  medical  imaging, 
the  vibration  of  complex  structures,  sound  propagation 
in  the  ocean,  radar  propagation  in  vegetation,  etc.  An¬ 
derson  localization  remains  an  active  area  of  research  for 
both  quantum  and  classical  systems  in  condensed  matter 
physics. 

Many  of  the  advances  in  the  theory  of  Anderson  local¬ 
ization  have  occurred  through  the  application  of  renor¬ 
malization  group  methods  and  other  modern  techniques 
of  statistical  physics.  As  with  critical  phenomena  in  sta¬ 
tistical  physics,  Anderson  localization  is  strongly  depen¬ 
dent  on  the  dimensionality  of  the  system.  In  one  dimen¬ 
sion  it  is  found  that  any  amount  of  disorder  will  result  in 
some  degree  of  localization;  very  weak  disorder  will  re¬ 
sult  in  localization,  but  the  characteristic  length  for  the 
exponential  decay  may  be  large.  In  three  dimensions  it 
is  believed  that  a  critical  amount  of  disorder  must  be 
exceeded  before  all  of  the  eigenstates  become  localized. 
Two  dimensions  is  the  “critical  dimension”,  where  the¬ 
ory  becomes  diSicult;  it  is  believed  that  in  two  dimen¬ 
sions  all  eigenstates  are  localized,  as  in  one  dimension, 
but  the  localization  is  much  weaker.  In  one  dimension 
there  are  rigorous  theorems  which  describe  Anderson  lo¬ 
calization,  but  in  two  and  three  dimensions  there  are  no 
comprehensive  rigorous  theorems.  In  the  paragraphs  be¬ 
low  Anderson  localization  in  one  dimension,  based  on  the 
coupled  oscillator  model  described  in  the  first  sections  of 
this  paper,  will  be  treated;  some  comments  on  two  and 
three  dimensions  will  follow. 

While  it  is  easy  to  describe  Anderson  localization,  it 
is  very  difficult  to  understand  how  it  occurs;  one  would 
naively  expect  that  disorder,  especially  weak  disorder, 
would  simply  put  variations  in  the  amplitude  of  the  oth¬ 
erwise  extended  eigenfunctions.  Of  the  many  papers 
treating  Anderson  localization,  most  simply  assume  the 
phenomena  as  an  established  fact  and  few  offer  explana¬ 
tions.  The  rigorous  theory  for  one  dimension  was  found 
by  Furstenburg  in  1963;  [11]  this  is  a  long  and  difficult 
paper,  with  references  to  earlier  theorems,  and  so  it  of¬ 
fers  little  physical  insight  into  the  phenomenon.  Fortu¬ 
nately  there  is  one  excellent  paper,  by  Marshall  Luban 
and  James  Luscombe,  [12]  which  presents  a  clear  and  un¬ 
derstandable  model  of  Anderson  localization.  After  some 
preliminary  observations,  this  model  will  be  described. 

A  careful  statement  of  the  Anderson  localization  effect 
reveals  some  of  the  difficulty.  Anderson  localization  does 
not  refer  to  the  behavior  of  a  single  realization  of  a  disor¬ 
dered  system,  but  rather  refers  to  the  results  of  averag¬ 
ing  over  an  ensemble  of  realizations,  with  the  disorder  of 
each  realization  randomly  determined  with  some  distri¬ 
bution  function.  Furthermore,  the  rigorous  result  occurs 
in  the  limit  as  the  system  becomes  infinite  in  size.  The 


actual  eigenfunctions  of  a  single  realization  do  not  have 
the  form  exp  {—2\x  —  xi  |  /A)  (here  xi  would  be  the  site 
of  localization  and  A  would  be  the  localization  length); 
in  an  actual  realization,  an  eigenfunction  at  some  site 
far  from  xi  may  fluctuate  above  the  small  exponential 
tail,  requiring  an  unbounded  prefactor  to  the  exponen¬ 
tial.  When  averages  are  taken,  the  fluctuations  can  be  ig¬ 
nored,  and  the  eigenfunctions,  while  not  actually  having 
the  form  exp  (-2  |  x  -  Xi  |  /A) ,  behave  as  though  they 
did,  in  some  statistical  sense. 

In  the  treatment  of  the  coupled  oscillators  presented 
in  the  first  sections,  it  was  found  that  the  eigenfunctions 
could  be  expressed  as  products  of  matrices,  as  in  Eq. 
(9).  For  an  ensemble  of  disordered  systems,  we  consider 
a  product  of  random  matrices  for  a  single  realization, 
which  we  write  symbolically  as 

Pj  =  n  Mr  (138) 

We  are  interested  in  the  ensemble  average  Pj  of  the  prod¬ 
uct  of  random  matrices.  While  this  is  a  difficult  math¬ 
ematical  problem,  we  consider  an  analogy  with  a  much 
more  familiar  problem,  the  ensemble  average  of  a  sum  of 
random  variables  Xj>  with  distribution  function  F  {X)  : 

We  expect  from  intuition,  and  know  from  rigorous  theo¬ 
rems,  that  the  average  of  the  sum  is  just  the  average  of 
the  random  variable,  X  =  f  XF  (X)  dX,  times  j  : 

Sj^jX  (140) 

in  the  limit  as  j  goes  to  infinity.  Comparing  Eq.  (138) 

with  Eq.  (139)  we  imagine  taking  the  log  of  the  product  of 
random  matrices  and  obtain  a  sum  of  random  variables: 

ln(P,)  =  ^ln{M,0  (141) 

We  might  then  expect  the  average  of  In  (Pj)  to  be  j  times 
some  mean  M  : 

=  jM  (142) 

Exponentiating  both  sides  of  Eq.  (142)  suggests: 

Pj  =  (143) 

which  indicates  that  the  ensemble  average  of  a  product 
of  random  matrices  may  grow  or  decay  exponentially  as 
j  goes  to  plus  or  minus  infinity.  This  effect  might  also 
be  seen  in  Eq.  (13)  or  (76),  showing  the  Singular  Value 
Decompositions  of  a  product  of  random  matrices.  If  the 
product  in  Eq.  (13)  or  (76)  is  ensemble  averaged,  one 


158 


might  expect  that  the  combinations  D-  ■  •  would  can¬ 
cel;  the  diagonal  matrices  cannot  cancel,  leaving  a  matrix 
of  the  form: 


“  ] 


(144) 


For  the  periodic  system  we  would  have  |  |=  1,  result¬ 

ing  in  extended  eigenfunctions.  However,  for  the  disor¬ 
dered  system  we  have  |  |>  1  and  |  Xp  |<  1,  so  that 

in  Eq.  (144)  the  singular  values  (and  the  eigenfunctions) 
grow  or  decay  exponentially. 

The  above  discussions  of  the  average  of  a  product  of 
random  matrices  are  not  rigorous,  but  they  do  suggest 
what  Furstenburg  proved  rigorously.  The  statistical  na¬ 
ture  of  the  Anderson  localization  is  actually  stated  some¬ 
what  differently  using  Furstenburg’s  theorem:  for  waves 
propagating  in  a  disordered  system,  the  eigenfunctions 
decay  exponentially  to  zero  at  plus  or  minus  infinity  with 
probability  one.  This  probabilistic  statement  permits  ac¬ 
tual  wavefunctions  for  a  given  realization  to  fluctuate 
above  an  exponential  envelope. 

The  problem  with  the  rigorous  statement  of  Anderson 
localization  is  that  it  is  difficult  to  see  how  to  apply  it 
to  practical  situations.  That  is,  real  experiments  may 
have  only  one  finite-size  realization  available;  one  cannot 
examine  the  system  out  to  infinity,  and  even  if  one  could 
it  would  not  be  evident  if  something  were  happening  with 
“probability  one” . 

A  treatment  of  Anderson  localization  which  illustrates 
the  localization  and  its  probalistic  nature  in  a  single 
finite-size  realization  is  the  one  by  Luban  and  Luscombe. 
[12]  In  this  treatment  one  considers  the  effects  of  the 
rigorous  theorems  on  a  computer  evaluation  of  a  finite 
product  of  random  matrices. 

For  the  Luban  and  Luscombe  approach,  one  first  notes 
that  the  problem,  as  represented  by  Eq.  (3)  (involv¬ 
ing  a  coupling  over  two  sites)  or  by  the  wave  equation 
(Eq.  (54)),  is  second  order  and  hence  must  have  two  lin¬ 
early  independent  solutions,  which  we  write  as  Rj  and 
Lj,  Using  the  periodic  system  of  masses  coupled  with 
massless  springs  as  an  example,these  two  solutions  are 
Rj  =  exp{ikja)Uk  and  Lj  =  exp{-ikja)U-kj  which 
are  Bloch  waves  propagating  to  the  right  and  left  respec¬ 
tively.  For  the  disordered  system  the  solutions  are  those 
which,  if  one  could  continue  them  to  infinity,  would  grow 
or  decay  exponentially  with  probability  one.  The  Wron- 
skian  of  the  discrete  problem  is 


W  =  LjR'  -  RjV 


=  [LjRj—i  —  Lj-\Rj)  jdj-i  (145) 

where  the  prime  indicates  the  derivative  with  respect  to 
site,  defined  as 

2/'  =  ^  [iVi  -  2/j-i)  /®J-i  +  (2/j+i  ~  %)  /®i]  (146) 


and  the  distance  between  sites  is  aj  =  T/sj,  as  in  the  dis¬ 
cussion  of  the  continuum  limit  for  masses  coupled  with 
massless  springs.  One  notes  that  the  Wronskian  is  a  con¬ 
stant  in  the  problem,  independent  of  j,  (A  similar  result 
is  obtained  for  the  continuous  system.)  Thus  if  one  of 
the  linearly  independent  solutions  exponentially  decays, 
then  the  other  must  exponentially  grow  to  keep  W  con¬ 
stant.  The  actual  solution  which  one  has  depends  on  the 
end  conditions  yo  and  yi .  We  now  suppose  that  we  know 
exactly  the  end  conditions  which  would  give  the  solution 
which  would  exponentially  decay  with  probability  one  as 
j  goes  to  infinity.  We  put  these  end  conditions  into  a  com¬ 
puter  program  which  iteratively  multiplies  the  matrices 
with  increasing  j.  We  would  find  that  after  a  number  of 
iterations  the  eigenfunction  would  begin  growing  rather 
than  decaying.  The  reason  is  that  the  computer  has  a  fi¬ 
nite  digital  word  size,  and  that  even  if  we  knew  the  exact 
end  conditions  for  the  exponentially  decaying  solution, 
the  digital  end  conditions  which  we  give  the  computer 
will  necessarily  contain  a  small  admixture  of  the  solution 
which  grows  exponentially.  After  a  number  of  iterations, 
usually  less  than  a  hundred  in  actual  applications,  the  ex¬ 
ponentially  growing  solution  will  dominate  the  exponen¬ 
tially  decaying  solution,  and  the  exponentially  decaying 
solution  will  become  lost  in  the  numerical  roundoff.  This 
is  a  well  known  phenomenon  in  numerical  computation, 
which  occurs  for  example  when  using  iteration  schemes 
to  calculate  special  functions. 

We  now  note  that  we  can  use  the  computer  to  find 
the  exponentially  increasing  solution  without  actually  ob¬ 
serving  it  exponentially  grow  to  infinity.  We  simply  start 
with  arbitrary  end  conditions  and  iterate  a  number  of 
times.  We  then  change  the  end  conditions  and  iterate 
from  the  beginning  again;  if  the  latter  part  of  the  eigen¬ 
function  is  the  same  in  both  cases  (within  some  small 
numerical  limit)  then  we  can  conclude  that  the  latter 
part  of  the  eigenfunction  is  the  one  which  would  expo¬ 
nentially  grow  if  we  continued  to  infinity.  If  the  latter 
part  of  the  eigenfunction  is  different,  then  we  simply  in¬ 
crease  the  number  of  iterations  until  we  have  enough  to 
allow  the  growing  solution  to  dominate. 

The  Anderson  localized  eigenfunctions  which  we  are 
seeking  are  solutions  which  exponentially  decay  in  both 
directions;  i.e.  with  increasing  j  to  plus  infinity,  and  de¬ 
creasing  j  to  minus  infinity.  We  have  found  that  the 
computer  has  the  ability  to  find  exponentially  increas¬ 
ing  solutions,  and  we  use  this  ability  to  find  the  localized 
eigenfunction  in  the  following  way.  We  first  pick  some 
value  for  the  eigenvalue  parameter  (a;  in  Eq.  (3)).  We 
then  take  arbitrary  end  conditions  at  a  low  value  of  j 
(e.g.  J  =  0  )  and  iterate  with  increasing  until  we  reach  a 
site  jc  where  we  find  the  exponentially  increasing  solution 
dominating.  We  note  that  the  latter  values  of  yj  {j  <jc) 
which  we  have  found  are  those  which  would  exponentially 
decay  with  probability  one  if  we  had  infinite  numerical 
precision  and  iterated  in  the  opposite  direction,  decreas¬ 
ing  j  to  minus  infinity.  We  next  jump  to  a  large  value 
oi  j  (>  jc) ,  again  use  arbitrary  end  conditions,  and  use 
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the  inverse  of  the  matrices  to  iterate  with  decreasing  j 
until  we  again  reach  the  site  jc^  If  we  have  not  found 
the  dominating  solution  at  this  point,  we  simply  start 
again,  jumping  to  a  larger  value  of  j.  We  thus  find  val¬ 
ues  yj  {j>jc)  which  would  decay  with  probability  one  if 
we  had  infinite  numerical  precision  and  iterated  in  the 
direction  of  j  increasing  to  plus  infinity.  We  now  note 
that  the  values  of  the  displacement  at  the  overlapping 
site  jc  from  the  forward  and  reverse  iterations  will  not 
necessarily  agree;  thus  our  two  solutions  do  not  form  an 
eigenfunction.  We  must  now  slightly  change  the  value  of 
the  eigenvalue  parameter  uj  and  try  again.  Eventually  we 
find  a  value  uj  for  which  the  increasing  and  decaying  so¬ 
lutions  match  within  some  acceptable  precision;  we  have 
thus  found  an  eigenvalue  and  an  eigenfunction.  The  en¬ 
tire  processes  can  be  repeated  to  find  a  set  of  eigenvalues 
and  eigenfunctions. 

It  should  be  noted  that  in  this  scheme  it  is  not  nec¬ 
essary  to  use  infinite  values  of  j.  Solutions  which  would 
exponentially  decay  as  j  goes  to  plus  or  minus  infinity  are 
obtained  by  using  reverse  iteration  and  finding  solutions 
which  dominate  after  a  finite  number  of  sites.  It  should 
also  be  noted  that  it  is  not  necessary  that  the  solutions 
have  a  monotonic  exponential  decay  or  growth.  The  solu¬ 
tions  may  fluctuate  by  large  amounts;  all  that  is  required 
is  that  one  solution  dominate  over  the  other.  Finally,  it 
should  be  noted  how  the  probalistic  nature  of  Anderson 
localization  is  accounted  for  with  the  numerical  roundoff 
of  the  computer.  From  our  understanding  of  numerical 
roundoff  we  are  confident  that  the  computer  will  find  the 
exponentially  increasing  solution,  that  is,  it  will  find  it 
with  “probability  one” . 

The  most  common  description  of  Anderson  localiza¬ 
tion,  namely  that  “the  eigenfunctions  are  exponentially 
localized”  is  not  particularily  useful  for  single  realizations 
of  finite  size  systems.  The  eigenfunctions  only  behave  as 
though  they  were  exponentially  localized  if  many  systems 
are  ensemble  averaged.  A  better  way  of  describing  the 
effects  of  disorder  is  with  a  quantity  called  the  participa¬ 
tion  ratio,  P  (N) ,  (or  P  (L)  )  which  is  defined  with 


PiN)  = 


{Eo\yj?y 

{Zo  I  yj  1^) 


for  eigenfunctions  of  discrete  systems,  or 

(f-i%  I  ^  (^)  1^ 

P  {L)  =  -y  YJ^  ^ 


(147) 
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for  continuous  systems.  The  participation  ratio  is  a 
measure  of  the  localization  of  a  function:  a  function 
which  is  spread  out  has  a  larger  value  of  P  {L)  than 
a  function  which  is  more  localized.  If  |  |=  i/’o 

then  P  (L)  =  L,  i.e.  the  entire  system  participates.  If 
I  xjj  (x)  1=  'ipQ  exp  (—2  I  a:  I  /A) ,  then  P  (L)  ->  A,  the  lo¬ 
calization  length,  as  L  oo.  A  pratical  method  of  deter¬ 
mining  whether  a  particular  eigenfunction  is  localized  or 


not  is  to  monitor  P{L)  as  L  is  increased  beyond  an  an¬ 
ticipated  localization  length  A.  If  P  (L)  keeps  increasing 
as  L  is  increased,  then  the  state  is  not  localized;  if  P  {L) 
levels  off  at  a  finite  value  as  L  is  increased,  then  the  state 
is  localized.  In  either  case  P  (L)  may  fluctuate  about  L 
or  A;  the  actual  eigenfunction  only  behaves  as  though  it 
were  of  the  form  exp  (—2  |  x  \  /A)  if  the  fluctuations  are 
averaged  out. 

A  useful  statement  of  Anderson  localization,  at  least 
for  one  dimensional  systems,  is  the  following: 

Given  any  quantity  A  and  any  parameter  B  relevant 
to  a  wave  system,  if  the  system  is  disordered,  then  A  is  a 
rapidly  varying  function  of  B,  The  dynamic  range  of  A  is 
so  large  that  A  as  a  function  of  B  must  be  plotted  with 
a  logrithmic  scale. 

Instances  of  applying  this  statement  of  Anderson  lo¬ 
calization  are:  the  transmission  coefficient  for  a  wave 
traversing  a  finite  array  of  scatterers  having  fixed  disor¬ 
der  is  a  rapidly  varying  function  of  the  frequency  of  the 
wave,  or  the  total  transmission  coefficient  integrated  over 
frequency  is  a  rapidly  varying  function  of  the  amount  of 
disorder,  etc.  Some  examples  will  be  presented  in  the 
section  on  numerical  calculations. 

One  of  the  comments  made  about  one  dimensional  dis¬ 
ordered  systems  is  that  “all  states  are  localized” .  There 
are  some  pathological  exceptions,  such  as  the  case  when 
point  scatterers  have  random  strengths  but  equal  spac¬ 
ing;  the  unique  states  which  haves  nodes  at  the  scattering 
sites  are  clearly  extended.  However,  such  states  comprise 
a  “set  of  measure  zero” .  Of  greater  significance  is  the  case 
of  a  disordered  potential  field  which  is  “spatially  band 
limited” .  That  is,  one  could  take  a  disordered  potential 
field,  V  (x) ,  perform  a  spatial  Fourier  transform,  roll-off 
the  transform  to  zero  above  some  cutoff  kc,  and  then  in¬ 
verse  transform.  The  resulting  potential  field  would  still 
be  disordered,  but  states  with  wave  vectors  greater  than 
kc  would  be  extended,  not  Anderson  localized.  [13] 


A.  Anderson  Localization  in  Two  and  Three 
Dimensions:  The  Scaling  Argument 

The  properties  and  effects  of  Anderson  localization  in 
one  dimension  are  firmly  established  with  rigorous  theo¬ 
rems.  As  already  mentioned,  in  two  and  three  dimensions 
there  are  no  rigorous  theorems.  There  is  a  scaling  argu¬ 
ment  [14]  which  treats  one,  two,  and  three  dimensions, 
and  this  argument  provides  an  adequate  explanation  for 
the  behavior  of  electrons  in  disordered  solids.  However, 
the  scaling  argument  is  based  on  an  assumption  which 
may  be  valid  for  electrons  in  solids  at  finite  tempera¬ 
tures,  but  which  may  be  invalid  for  ideal  (lossless)  waves 
in  disordered  systems  in  the  regime  of  strong  localization. 
Some  of  the  results  of  the  scaling  argument  are  known  to 
be  incorrect  in  one  dimension,  [15]  and  one  of  the  most 
important  scaling  argument  results  in  two  dimensions  is 
currently  being  questioned.  Indeed,  more  than  twenty 
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years  ago  there  were  computer  simulations  for  2D  sys¬ 
tems  which  disagreed  with  the  predictions  of  the  scaling 
argument,  [16]  but  the  disagreement  was  attributed  to 
an  effect  of  the  finite  size  of  the  computer  simulations, 
whereas  the  argument  was  supposed  to  be  appropriate 
for  infinite  systems.  Very  recently  there  have  been  new 
large  scale  computer  simulations  which  reveal  an  entirely 
new  aspect  of  the  problem.  [17] 

The  scaling  argument  of  localization  was  developed  in 
order  to  explain  experimental  measurements  of  the  elec¬ 
trical  conductivity  of  disordered  metals.  The  argument 
uses  renormalization  group  techniques  to  examine  how 
the  conductivity  of  a  finite  size  sample  of  the  metal  varies 
as  the  sample  size  is  systematically  scaled  up  toward  in¬ 
finite  size.  A  key  assumption  of  the  argument  is  that  as 
the  size  of  the  sample  becomes  infinite,  the  conductance 
of  the  sample  begins  to  obey  Ohm’s  law.  For  describing 
experimental  conductivity  measurements,  this  is  a  valid 
assumption,  because  the  experiments  are  performed  at 
low  but  finite  temperatures  so  that  there  is  always  some 
probability  of  inelastic  scattering  of  the  electrons.  In¬ 
elastic  scattering  destroys  the  wave  nature  of  the  elec¬ 
trons  and  results  in  the  validity  of  Ohm’s  law  when  the 
sample  size  exceeds  the  mean  free  path  for  the  inelastic 
scattering.  However,  the  fundamental  problem  in  which 
we  are  interested  concerns  the  behavior  of  waves  in  a 
static  disordered  system,  where  there  is  absolutely  no  in¬ 
elastic  scattering  or  attenuation  of  the  waves,  even  at 
boundaries.  The  assumption  of  Ohm’s  law  for  large  size 
samples  is  equivalent  to  the  approximation  that  waves  in 
a  disordered  system  diffuse,  at  least  for  the  purpose  of 
calculating  ensemble  averaged  quantities.  This  is  based 
on  the  supposition  that  ensemble  averaging  or  averaging 
over  initial  conditions  can  convert  the  wave  equation  to 
the  Boltzman  transport  equation. 

When  a  wave  propagates  through  a  disordered  system 
of  lossless  (elastic)  scatterers,  the  result  is  a  complicated 
interference  pattern.  It  is  usually  assumed  that  ensemble 
averaging  over  many  interference  patterns  will  result  in  a 
smooth  pattern  which  could  be  predicted  with  a  diffusion 
equation.  However,  in  the  “derivation”  of  the  Boltzman 
transport  equation  from  the  wave  equation,  it  is  neces¬ 
sary  to  average  while  the  wave  is  propagating,  rather 
than  after  all  of  the  interference  has  been  established.  In 
the  case  of  pure  elastic  scattering  the  derivation  is  not 
rigorous.  Boltzman  himself  was  aware  that  his  transport 
equation  was  based  on  an  unproven  ansatz.  In  higher  di¬ 
mensions  when  there  is  sufficient  inelastic  scattering,  the 
ansatz  is  a  good  approximation,  but  there  are  still  coun¬ 
terexamples  such  as  coherent  backscatter  and  Anderson 
localization  itself. 

Coherent  backscatter  was  treated  in  detail  by  re¬ 
searchers  in  other  fields  prior  to  1966.  [18]  The  effect 
was  rediscovered  by  researchers  interested  in  quantum 
(wave  mechanical)  transport  for  electrons  in  disordered 
mescopic  wires.  The  effect  was  greatly  publicised  and 
called  “weak  localization”.  [19]  Coherent  backscatter  is 
a  consequence  of  the  interference  of  waves,  as  is  Ander¬ 


son  localization,  but  this  does  make  coherent  backscatter 
and  localization  in  any  way  equivalent.  In  any  case,  the 
theoreticians  treating  mesoscopic  electron  wave  systems 
brought  great  progress  to  the  field  of  quantum  transport. 
It  should  be  noted  that  in  the  mesoscopic  electron  sys¬ 
tems  there  is  always  significant  inelastic  scattering  so 
that  ensemble  self-averaging  and  the  Boltzman  ansatz 
are  valid.  In  some  classical  systems,  this  is  not  the  case. 

In  any  case,  one  dimension  is  pathalogical.  If  there  is 
disorder,  then  most  eigenstates  are  localized  and  there  is 
no  diffusion.  Strictly  speaking,  one  should  not  refer  to 
an  “elastic  scattering  length”  or  a  “diffusion  length”  in  a 
one  dimensional  disordered  system;  in  such  a  system  the 
Anderson  localization  length  is  the  only  relevant  length. 

One  of  the  aspects  of  wave  propagation  in  disordered 
media  which  was  supposed  to  have  been  solved  by  the 
scaling  argument  involves  the  effects  of  dimensionality 
on  the  nature  of  the  eigenfunctions  for  different  amounts 
of  disorder.  A  major  prediction  of  the  scaling  argument 
was  that  all  eigenstates  in  a  two  dimensional  disordered 
system  were  localized,  as  in  one  dimension;  i.e.  there  can 
be  no  “Anderson  transition”  in  two  dimensions.  [14]  It 
was  this  prediction  for  two  dimensions  which  was  con¬ 
tradicted  by  early  numerical  simulations.  Now  recent 
computer  simulations  [17]  have  indicated  a  new  nature 
for  eigenfunctions  in  higher  dimensions  which  indicates  a 
new  type  of  transition  for  two  dimensions  and  also  sug¬ 
gests  different  critical  behavior  for  the  Anderson  transi¬ 
tion  in  three  dimensions. 

The  new  nature  of  the  eigenfunctions  is  revealed  not 
by  considering  the  effects  of  eigenfunctions  after  ensem¬ 
ble  averaging,  but  instead  by  examining  actual  eigenfunc¬ 
tions  in  individual  realizations  of  the  disordered  system. 
The  recent  computer  simulations  on  large  (1000x1000) 
systems  indicate  that  actual  eigenfunctions  are  fractal 
structures,  which  may  or  may  not  percolate  throughout 
an  infinite  system.  Thus  as  the  amount  of  disorder  is  var¬ 
ied  in  an  infinite  two  dimensional  system,  there  may  not 
be  an  Anderson  transition  of  “ensemble  averaged  eigen¬ 
functions”,  but  there  may  be  a  percolation  transition  of 
real  eigenfunctions.  This  is  consistent  with  the  observa¬ 
tions  of  the  other  computer  simulations  which  detected  a 
transition  in  two  dimensions.  [16]  In  three  dimensions  the 
critical  nature  of  the  Anderson  transition  may  be  altered 
by  the  possibility  of  the  percolation  transition.  A  rig¬ 
orous  understanding  of  Anderson  transition  in  two  and 
three  dimensions  is  currently  not  available.  For  a  review 
of  the  situation,  see  Ref.  [20]. 

VI.  NUMERICAL  CALCULATIONS  FOR  A 
ONE-DIMENSIONAL  SYSTEM 

While  the  formulas  for  the  periodic  system  may  be 
complicated,  they  can  at  least  be  written  in  a  few  lines, 
even  for  arbitrarily  large  systems.  For  the  disordered 
system,  it  is  possible  to  write  a  closed  form  solution  for 
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the  driving  point  impedance,  etc.,  using  the  transmission 
line  formula.  That  is,  given  the  impedance  Zj  at  a  site 
Xj ,  one  could  back  up  through  the  wave  medium  of  length 
aj  and  obtain  an  impedance  given  by 


Zj-i  =  fic- 


ific  +  Zj  cot  {qaj) 


iZj  +  fic  cot  {qaj) 


(149) 


The  impedance  of  a  scatterer  at  this  site  could  be 
added,  and  the  formula  used  again.  The  process  could 
be  used  repetitively,  connecting  the  end  impedance  Z  at 
xjv+i  to  the  driving  point  impedance  Zq  at  xq-  However, 
for  large  systems,  the  formula  would  be  quite  unwieldly. 
For  practical  purposes,  it  is  simpler  to  numerically  com¬ 
pute  using  the  multiplication  of  two-by-two  complex  ma¬ 
trices  indicated  in  Eq.  (65).  The  driving  point  impedance 
given  by  Eq.  (66)  can  be  used  to  determine  power  or 
transmission  resonance  frequencies,  and  if  the  intermedi¬ 
ate  results  of  the  matrix  multiplications  are  saved,  one 
also  obtains  the  eigenfunctions  and  the  participation  ra¬ 
tio  (Eq.  (147),  with  yj  being  the  wavefunction  evaluated 
at  a  particular  point  in  each  section). 

Examples  of  calculations  for  periodic  and  random  sys¬ 
tems  are  shown  in  Figs.  7,  8,  and  9.  Fig.  7a  shows  the 
real  part  of  the  driving  point  impedance  for  a  periodic 
system  of  32  scatterers,  each  with  reflection  coefficient  of 
.99,  with  no  damping,  but  with  the  system  terminated 
with  an  impedance  /xc  (i.e.  the  wave  medium  continuing 
to  infinity  after  N  scatterers).  The  first  three  peaks  have 
been  clipped  so  as  to  fit  in  the  figure;  the  expression  for 
the  maximum  peak  value  is  given  in  Eq.  (137).  The  first 
(maximum)  peak  is  50  times  larger  than  the  fourth  peak 
(not  clipped  in  Fig.  7a).  The  peaks  are  relatively  narrow 
(requiring  fine  numerical  scans  in  qa  )  because  the  only 
dissipation  is  due  to  the  resistance  /xc  at  the  end  of  the 
system.  The  position  of  the  first,  sharpest  peak  is  given 
by  Eq.  (133). 

Fig.  7b  shows  the  real  part  of  the  driving  point 
impedance  for  a  system  similar  to  that  if  Fig.  7a,  but 
with  the  end  clamped,  and  a  Q  of  2000.  This  figure,  cal¬ 
culated  by  repeated  matrix  multiplication,  is  identical  to 
Fig.  6,  calculated  with  the  analytic  formula  in  Eq.  (124). 

Figs.  7a  and  b  are  proportional  to  the  power  delivered 
by  a  constant  velocity  drive,  Vocoscjt.  Fig.  7c  is  for  a 
system  identical  to  that  of  Fig.  7b,  but  with  a  constant 
force  drive,  Focosa;t. 

Fig.  8a  shows  the  transmission  spectrum  (transmission 
coefficient  as  a  function  of  frequency)  for  the  band  corre¬ 
sponding  to  qa  TT,  for  a  periodic  system  of  64  scatterers, 
each  with  reflection  coefficient  of  .99,  with  no  damping, 
but  terminated  with  an  impedance  /xc.  Dispersion  (the 
reduced  spacing  between  the  peaks  near  the  band  edges) 
is  evident  in  the  figure.  Figs.  8b  and  c  are  eigenfunctions 
for  qa  near  the  band  edge  and  near  the  band  center,  re¬ 
spectively.  Figs.  8d  and  e  are  pulses,  to  be  discussed 
later. 

Fig.  9  shows  plots  for  a  system  similar  to  that  of  Fig.  8, 
but  with  2%  disorder  in  the  spacing  of  the  scatterers. 


Fig.  9a  is  the  transmission  spectrum.  The  total  transmis¬ 
sion  has  significantly  decreased.  Since  there  is  no  damp¬ 
ing  in  this  system,  waves  for  the  most  part  are  reflected  at 
the  entrance;  disorder  does  not  cause  incoming  waves  to 
become  attenuated  or  localized,  but  instead  they  simply 
never  enter  the  system.  It  should  also  be  noted  that  the 
transmission  peaks  are  relatively  narrow.  This  is  related 
to  a  property  of  an  infinite  disordered  system:  Usually 
we  have  that  a  finite  size  system  has  a  spectrum  with 
discrete  eigenvalues,  while  an  infinite  system  has  a  con¬ 
tinuous  spectrum.  However  if  there  is  disorder,  then  even 
for  the  infinite  system,  the  spectrum  is  discrete,  or  “pure 
point” . 

Fig.  9b  and  c  show  examples  of  Anderson  localized 
eigenstates  corresponding  to  two  peaks  in  the  transmis¬ 
sion  spectrum.  If  a  system  has  damping  and  is  driven 
at  one  end,  then  virtually  all  of  the  states  will  be  local¬ 
ized  near  the  driven  end,  as  in  Fig.  9b.  The  reason  is 
that  delivering  power,  F  •  U,  to  a  state  requires  sufficient 
response  amplitude  at  the  drive,  but  states  localized  at 
distant  sites  are  not  likely  to  satisfy  this  condition. 

Experimental  measurements  for  periodic  and  disor¬ 
dered  systems  may  be  found  in  Ref.  [21]. 


VII.  THE  BEHAVIOR  OF  PULSES  IN  PERIODIC 
AND  DISORDERED  SYSTEMS 

Except  for  a  few  instances,  the  behavior  of  pulses  in 
systems  of  scatterers  is  considerably  more  difficult  to 
comprehend  than  continuous  wave  behavior.  For  a  linear 
system,  calculating  the  time  evolution  of  a  pulse  is  readily 
formulated:  it  is  simply  the  Fourier  transform  of  the  con¬ 
tinuous  wave  result,  possibly  with  some  window  function 
W  (u) .  For  example,  if  a  delta  function  pulse  is  incident 
upon  a  system,  then  the  time  evolution  of  the  displace¬ 
ment  at  the  exit  of  a  system  is  the  Fourier  transform  of 
the  transmission  spectrum  T  (cj) .  However,  spectra  such 
as  those  shown  in  Figs.  8  and  9  do  not  present  obvious 
clues  as  to  how  their  transforms  will  behave,  especially  if 
a  number  of  bands  are  included.  Indeed,  there  are  some 
myths  about  the  behavior  of  pulses  which  are  incorrect  in 
one  dimension  and  which  have  counterexamples  in  higher 
dimensions.  As  an  example,  it  is  often  stated  that  pulses 
“diffuse”  through  systems  of  disordered  scatterers.  The 
approximations  of  the  diffusion  equation  are  discussed  in 
the  section  on  Anderson  localization. 

One  aspect  of  pulses  in  systems  of  scatterers  which  can 
be  treated  rigorously  involves  the  group  velocity.  This 
is  particularily  useful  in  the  case  of  a  periodic  system 
when  the  width  of  the  pulse  exceeds  the  lattice  constant. 
Before  treating  this  case,  we  first  consider  the  notion  of 
group  velocity  in  some  detail. 

A  common  non-rigorous  treatment  of  group  velocity  is 
as  follows.  We  suppose  that  a  pulse  may  be  described  as 
a  Fourier  transform  of  a  transmission  spectrum  T  (uj)  : 
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^l){x,t)  =  J  W  {u;)T 


(150) 


The  time  rate  of  change  of  the  energy  is,  using  Eqs. 
(153)  and  (155) 


If  there  is  dispersion,  then  is  a  function  of  (j.  If  the 
argument  of  the  exponential  is  large  for  some  value  of  x 
and  t,  then  the  integrand  oscillates  rapidly  and  causes 
cancellation  in  the  integration  over  a;,  so  that  the  result¬ 
ing  ^  (a:,  t)  is  small.  It  may  be  assumed  that  the  peak 
of  the  pulse  occurs  for  values  of  x  and  t  such  that  the 
argument  of  the  exponential  is  minimum.  This  is  given 
by 


^  {kx  —  (jjt)  =  ^x  —  t  =  0 
aw  aw 


(151) 


dt 


dV 


V  •  VP  + 


dV 


dV 


This  relationship  between  x  and  t  indicates  that  the  peak 
of  the  pulse  moves  with  a  velocity  given  by  dw/dk  =  Vg^ 
the  group  velocity. 

Another  non-rigorous  treatment  involves  the  superpo¬ 
sition  of  two  simple  harmonic  traveling  with  wavevectors 
and  frequencies  ( and  uj2^k2  )  which  differ  slightly. 
Using  a  trigonmetric  identity,  we  have 

^  (x,  t)  =  cos  {kix  -  Wit)  -f-  cos  {k2X  —  W2t) 


(157) 


where  the  last  step  follows  from  the  divergence  theo¬ 
rem.  Thus  we  have 


=  2  cos  “  {Akx  —  Awt)  cos  (kx  —  wt)  (152) 

where  A;,  a;  are  the  average  wave  vector  and  frequency,  and 
AkyAw  are  their  differences.  It  can  be  seen  that  the 
envelope  of  the  superposition  travels  with  the  velocity 
Aw/Ak  dw/dk  =  Vg. 

A  rigorous  treatment  of  group  velocity  is  based  on  Fos¬ 
ter’s  theorem,  which  involves  wave  energy  density  and 
power  flux.  Before  examining  Foster’s  theorem,  it  will 
be  useful  to  review  the  relationship  between  wave  energy 
density  and  power  flux. 

We  begin  with  Newton’s  law  for  continuous  media 

p(^^+v-Vv)  =-VP  (153) 

and  conservation  of  mass 

^+V(piO  =  0  (154) 

where  p  is  the  mass  density,  P  is  the  pressure,  and  v 
is  the  particle  velocity.  For  small  displacements  from 
equilibrium  we  can  neglect  the  second  term  in  Eq.  (153), 
and  write  dP  =  {dP/dp)  dp  =  (?dp.  Now 

For  an  arbitrary  volume  V  enclosed  by  a  surface  S,  the 
total  energy  inside  is  the  volume  integral  of  the  energy 
density: 


=  -  /  P{f,t)v  (r ,  t)  •  hdS 

Js 

(158) 

which  is  the  usual  relation  between  energy  density 
(the  volume  integrand)  and  power  flux  (the  surface  in¬ 
tegrand).  Note  that  for  a  lossless  medium  and  a  uniform 
acoustic  field  (i.e.  a  simple  harmonic  plane  wave)  both 
sides  of  Eq.  (158)  are  zero.  If  the  acoustic  field  is  not 
uniform,  as  for  a  pulse,  then  the  equation  is  not  trivial. 

We  now  consider  the  analog  of  Eq.  (158)  in  the  tempo¬ 
ral  frequency  domain.  The  flelds  are  related  by  Fourier 
transforms,  as  follows 

P  (r,  t)  =  J  P  (r,  a;)  e^'^^dw 

(159) 

(r,  t)  =  J  V  (r ,  w)  e^^^dw 

(160) 

From  Eqs.  (153)  and  (155)  we  have 

p— =  j  piwv{f,w)e^^^dw 

=  -  J  VP(f,w)e‘"‘dw 

(161) 

8P  f 

=  —p(?  f  V  ■v(f,uj) e'^*'du) 

(162) 

163 


Using  inverse  transforms  we  have 

pibjv{f,u)  =  —VP{f,(jj) 


iuP  (f,  a;)  =  -p<?V  •  v  (f,  u;)  (164) 

We  can  take  derivatives  of  Eqs.  (163)  and  (164)  with 
respect  to  a;  to  obtain 

V  ^  (f,  u)  =  -ipv  {r,  Uj)  -ipu^  (f,  w)  (165) 

We  now  examine  the  following  quantity 


-  /„air  dP*^ 


^  dir  -  ar  f^dP*\  ^  dP*^  ^ 


•  -I  *  P*4-  + 


.  ^  .  dv*'\  ^ ,  9P*  r  n 


=  Jp  I  v{f,uj)  f+^\  P(r-,a;)  H  (167) 

Integrating  over  the  volume  V  and  using  the  divergence 
theorems  yields  the  analog  of  Eq.  (158): 


\^+^\PM  pjdy 


Eq.  (168)  is  Foster’s  theorem  [22]  for  scalar  wave  fields. 
For  plane  wavefronts  depending  only  on  x,  we  have 


/•I2  I  ■ 

L  2 


I  I  \  dx 


For  plane  waves  traveling  in  the  +x  direction,  with  pos¬ 
sible  dispersion  /:  =  A;  (a;) ,  we  write 

P(x,w)  =  Po(w)e-‘*'‘")*  (170) 

u(x,u;)  =  uo(w)e-'*'“^*  (171) 

In  this  case  we  have 

p  +^|P(x,a;)  p]dx 

=  5  [p|^o(a;)P+^lPo(a;)P  (x2-xi)  (172) 


If  dk 

=  J.  (Po  (w)  vS  (w)  +  Po  (w)  Vo  (‘^))  *^  (a:2  -  a;i) 


=  Re  (Po  (w)  Vo*  (w))  ^  (X2  -  xi )  (173) 

Thus  from  Foster’s  theorem  we  have 


dh) 


Re  (Pq  (a;)ug  (cj)) 

I  [p  I  Vo  (t^)  P  I  Pq  {^) 


This  is  the  rigorous  relation  for  the  group  velocity.  Being 
proportional  to  the  ratio  of  power  flux  to  energy  density, 
the  group  velocity  gives  the  rate  at  which  energy  is  trans¬ 
ported  by  the  wave.  Note  that  the  derivation  also  works 
for  Bloch  waves,  with  {x2  xi)  =  a. 

We  can  use  the  dispersion  relation  in  Eq.  (78)  to  calcu¬ 
late  the  group  velocity  for  Bloch  waves,  keeping  in  mind 
that  77  is  a  function  of  cj  =  cq.  One  obtains 

sin(A:a) 

V5  = - .  ^  ^7-T -  (175) 

V  cos  (qa)  +  (l  +  ^  ^  j  sin  {qa) 

At  the  middle  of  the  band  ka  =  7r/2,  sin  (go)  = 
(-1)"  /y'l  +  and  cos  (qa)  =  (-1)"  v/y/'^  +  where 
n  is  the  band  index.  In  this  case 


(1  +  a  dq 


=  P(x,w)  ^  (x,cv)  +  ^- (x,a;)v(x,(v)  (169) 

22i  wOJ  0U)  ^  2,^ 


If  7]  is  large,  the  the  group  velocity  may  be  approximated 
with  Vg  =  {-1)^  c/ +  T}^ . 

It  is  informative  to  perform  numerical  simulations  and 
observe  pulses  propagating  through  systems  of  scatterers 
as  a  function  of  time.  There  are  two  basic  regimes:  one 
when  the  pulse  width  is  greater  than  the  spacing  between 
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scatterers,  and  the  other  when  the  width  of  the  pulse  is 
less  than  the  spacing  of  the  scatterers.  In  cases  where  dis¬ 
order  is  not  too  severe  and  the  remnants  of  bands  may  be 
discerned,  then  the  first  case  requires  superposition  only 
within  one  band,  and  the  second  requires  the  superposi¬ 
tion  of  states  over  a  number  of  bands. 

In  the  first  case  for  a  periodic  system,  a  rigorous  pic¬ 
ture  may  be  formulated.  Since  the  width  of  the  pulse  is 
greater  than  the  lattice  constant,  then  one  may  obtain  a 
valid  idea  of  the  behavior  of  the  pulse  by  evaluating  the 
pulse  field  at  the  same  point  in  each  unit  cell.  In  this 
case  the  periodic  part  of  the  Bloch  wavefunctions  simply 
becomes  a  constant,  and  the  wavefunctions  take  on  the 
simple  dispersive  plane  wave  form  of  Eq.  (170)  and  (171). 
Now  the  behavior  of  the  pulse  may  be  determined  be  ex¬ 
amining  how  the  pulse  is  formed  from  a  window  W  (cj)  on 
a  transmission  spectrum,  such  as  that  shown  in  Fig.  8a. 
In  general,  the  pulse  may  be  formed  with  states  with  dif¬ 
ferent  group  velocities;  as  time  progresses,  the  different 
states  will  propagate  different  distances,  the  synthesis  of 
the  pulse  field  ^  (x,  t)  will  be  different,  and  the  pulse  will 
change  its  shape  as  it  propagates.  However,  if  the  win¬ 
dow  is  such  that  only  states  near  the  center  of  the  band 
have  non-negligible  amplitudes,  then  the  group  velocity 
may  be  relatively  constant,  and  the  pulse  may  propagate 
without  changing  its  shape.  This  situation  is  shown  in 
Figs.  8d  and  e,  where  the  pulse  if  formed  with  states  in 
the  middle  third  of  the  spectrum  in  Fig.  8a,  superim¬ 
posed  with  a  Hamming  window.  For  R  =  .99,  r]  =  7, 
and  a  group  velocity  about  one-seventh  of  c  is  observed. 

The  behavior  of  a  pulse  similar  to  that  just  discussed 
in  a  system  with  disorder  is  shown  in  Figs.  9d  and  e. 
In  such  a  case  it  is  useful  to  think  of  the  wave  medium 
with  scatterers  as  a  system  of  coupled  local  oscillators 
(the  “tight  binding”  model).  At  the  entrance  to  the  sys¬ 
tem,  the  pulse  transfers  some  energy  to  the  first  local 
oscillator.  Recall  that  for  two  coupled  simple  harmonic 
oscillotors,  energy  is  transfered  between  the  oscillators  at 
a  rate  proportinal  to  the  difference  in  the  normal  mode 
frequencies,  Au).  For  a  system  with  a  number  of  local  os¬ 
cillators,  energy  is  transfered  at  the  group  velocity,  also 
proportional  to  Auj  oc  duj/dk.  For  the  disordered  system 
of  scatterers,  only  a  part  of  the  energy  is  transfered  for¬ 
ward,  and  the  amplitude  of  the  “pulse  front” ,  moving  at 
the  group  velocity,  rapidly  diminishes.  To  some  degree 
energy  gets  preferentially  stored  at  localization  sites  for 
the  states  which  comprise  the  pulse,  represented  by  the 
peaks  in  the  transmission  spectrum  (Fig.  9a).  In  disor¬ 
dered  systems,  most  ot  the  energy  gets  reflected  at  the 
entrance,  as  with  continuous  waves.  It  is  a  remarkable 
property  of  pulses  formed  with  Bloch  wave  states  that 
each  local  oscillator  transfers  essentially  all  of  its  energy 
to  subsequent  local  oscillators,  as  in  Figs.  8d  and  e. 

The  second  basic  situation,  where  the  width  of  the 
pulse  is  less  than  the  spacing  between  scatterers,  is  more 
difficult  to  calculate,  since  states  from  a  number  of  bands 
must  be  included  in  the  superposition  forming  the  inci¬ 
dent  pulse.  Since  the  pulse  width  is  less  than  the  distance 


between  the  scatterers,  then  one  might  think  it  would  be 
possible  to  understand  the  behavior  of  the  pulse  by  keep¬ 
ing  track  of  its  reflections  and  transmissions  as  it  encoun¬ 
ters  the  scatterers.  However,  it  is  still  difficult  to  keep 
proper  track  of  phase  and  interference.  It  is  interesting 
to  note  that  there  are  numerous  attempts  to  do  this  in 
the  literature,  and  by  an  accident,  the  results  have  fos¬ 
tered  the  notion  that  pulses  diffuse  through  a  random 
sequence  of  scatterers  in  one  dimension.  The  problem  is 
that  in  trying  to  simplify  the  numerical  calculations,  a 
special  kind  of  disordered  medium  was  used.  This  is  a 
layered  medium,  where  each  layer  has  a  random  acoustic 
impedance,  fijCj.  However,  in  order  to  simplify  keeping 
track  of  the  reflections  of  the  pulse,  each  layer  is  given 
a  thickness  aj  such  that  the  transit  time  of  the  pulse 
accross  each  layer,  Oj/cj,  is  a  constant.  This  type  of 
medium  is  called  a  Goupillaud  medium  [23].  Some  re¬ 
sults  for  such  a  system  are  shown  in  Fig.  10.  Fig.  10a 
shows  the  transmission  spectrum  for  a  periodic  version 
which  consists  of  alternating  layers  of  two  different  me¬ 
dia.  The  wave  displacement  at  he  exit  of  the  system  as 
a  function  of  time  is  shown  in  Fig.  10b.  Note  that  in  the 
case  when  the  pulse  width  is  smaller  than  the  spacing 
between  scatterers  (the  interfaces  between  the  layers), 
even  the  periodic  case  has  non-trivial  behavior.  Fig.  lOd 
shows  the  exit  displacement  for  a  disordered  Goupillaud 
system.  By  comparing  Fig.  10b  and  d,  it  appears  that 
the  pulse  has  spread,  as  would  be  predicted  with  a  diffu¬ 
sion  equation.  However,  this  is  a  complete  artifact  of  the 
Goupillaud  medium;  a  hint  that  something  non-random 
is  happening  here  may  be  seen  in  the  transmission  spec¬ 
trum  for  the  Goupillaud  medium,  as  in  Fig.  10c.  The 
bands  are  disordered,  but  the  disorder  appears  symmet¬ 
rically!  Unfortunately  the  false  “spreading  gaussian”  of 
the  Goupillaud  medium  has  supported  the  notion  that 
pulses  diffuse  in  one-dimensional  disordered  media. 

By  numerically  calculating  a  large  number  of  periodic 
and  disordered  systems,  a  general  feature  concerning  the 
behavior  of  pulses  in  one-dimensional  disordered  systems 
emerges.  In  one-dimension  the  only  effect  which  matters 
is  Anderson  localization,  and  the  consequences  which  this 
has  depends  on  the  nature  (frequency  dependence)  of  the 
scatterers.  If  the  strength  of  the  scatterers  increases  with 
frequency,  then  the  higher  frequency  states  will  be  more 
localized,  and  the  Anderson  localization  acts  like  a  low 
pass  filter.  If  the  strength  of  the  scatteres  decreases  with 
frequency,  then  the  low  frequency  states  will  be  more  lo¬ 
calized,  and  the  Anderson  localization  acts  like  a  high 
pass  filter.  Characteristic  examples  from  a  large  number 
of  simulations,  all  showing  this  effect  (with  the  excep¬ 
tion  of  the  Goupillaud  medium),  are  shown  in  Figs.  11 
and  12.  In  Fig.  11  the  scattering  strength  decreases  with 
frequency.  For  a  periodic  system,  the  result  is  that  for 
the  higher  frequencies  the  bands  are  wider  and  the  gaps 
are  narrower,  as  expected.  Fig.  11c  shows  the  high  pass 
filtering  due  to  Anderson  localization  in  the  disordered 
system.  By  comparing  the  exit  displacements  of  the  pe¬ 
riodic  and  disordered  systems.  Fig.  11  b  and  c,  one  sees 
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that  disorder  actually  makes  the  pulse  appear  narrower. 

Results  with  a  system  where  the  strength  of  the  scat- 
terer  increases  with  frequency  are  shown  in  Fig.  12.  The 
transmission  spectrum  and  pulse  behavior  for  a  periodic 
system  are  shown  in  Fig.  12a  and  b.  Results  for  a  dis¬ 
ordered  system,  illustrating  low  pass  filtering  by  the  An¬ 
derson  localization,  are  shown  in  Fig.  12c  and  d. 


VIII.  THE  QUASICRYSTALLINE  POTENTIAL 
FIELD 

One  of  the  original  goals  of  the  research  with  the  acous¬ 
tic  simulations  was  to  study  two-dimensional  Anderson 
localization.  This  research  goal  was  diverted  with  the 
discovery  of  quasicrystals.  Until  a  few  years  ago  it  was 
believed  that  solid  matter  could  exist  in  two  basic  forms: 
crystalline  and  amorphous  (glassy).  In  an  amorphous 
material  the  atoms  are  positioned  at  random  positions, 
and  a  macroscopic  sample  would  be  homogeneous  and 
isotropic.  Crystals  are,  of  course,  quite  different;  crystals 
are  formed  by  taking  a  unit  cell  and  periodically  repeat¬ 
ing  it  to  fill  three  dimensional  space.  In  order  to  fill  all 
space  with  long  range  periodic  order,  only  unit  cells  of 
particular  shapes  are  allowed;  only  fourteen  shapes  fit 
together  to  fill  space,  and  these  form  the  bases  for  the 
fourteen  Bravis  lattices  of  crystallography.  Since  there 
are  only  fourteen  possible  unit  cells,  only  certain  rota¬ 
tional  symmetries  are  allowed;  in  particular,  five-fold  ro¬ 
tational  symmetry  is  forbidden.  However  a  few  years 
ago  Shechtman  [24]  at  the  National  Bureau  of  Standards 
made  an  aluminum  alloy  whose  x-ray  diffraction  pattern 
indicated  five-fold  rotational  symmetry.  While  it  is  pos¬ 
sible  to  have  atoms  in  clusters  with  five-fold  (icosahedral) 
order,  the  diffraction  patterns  had  sharp  spots,  indicating 
long  range  order.  At  first  the  existance  of  such  materials 
seemed  impossible,  but  theorists  pointed  out  that  while 
it  is  impossible  to  have  five-fold  rotational  symmetry  and 
long  range  periodic  order,  it  is  possible  to  have  five-fold 
rotational  symmetry  and  another  type  of  long  range  or¬ 
der  which  is  quasiperiodic.  Thus  atoms  may  minimize 
their  energy  by  arranging  themselves  quasiperiodically, 
forming  quasicrystals. 

In  one  dimension  the  notion  of  quasiperiodicity  is  rela¬ 
tively  easy  to  understand.  For  a  line  with  periodic  lattice 
sites  at  a  spacing  a,  the  Fourier  transform  (or  diffraction 
pattern)  has  a  sharp  line  at  tt/o.  If  a  line  has  points  posi¬ 
tioned  randomly,  then  the  Fourier  transform  would  show 
a  broad  spectrum.  Now  suppose  one  takes  a  line  with  pe¬ 
riodic  lattice  spacing  b,  and  superimposes  it  on  the  line 
with  periodic  spacing  a.  The  result  may  appear  similar  to 
the  line  with  random  spacing.  However,  if  the  two  lattice 
constants  a  and  b  are  commensurate,  i.e.  their  ratio  a/6  is 
equal  to  the  ratio  of  two  integers,  then  the  superposition 
will  be  periodic.  The  period  may  be  much  larger  than  a 
or  6,  but  it  will  be  exactly  periodic,  and  the  powerful  the¬ 
orems  pertaining  to  periodic  systems  (Bloch’s  theorem. 


group  theory,  etc.)  will  apply,  and  the  properties  of  the 
system  which  follow  from  symmetry  may  be  calculated 
exactly.  On  the  other  hand,  if  the  two  lattice  constants  a 
and  b  are  not  commensurate,  i.e.  their  ratio  a/6  is  equal 
to  an  irrational  number,  then  the  superposition  is  not  pe¬ 
riodic,  and  there  is  in  general  no  easy  way  to  calculate  the 
properties.  Nevertheless,  the  superposition  does  possess 
long  range  order;  it  is  constructed  from  simple  rules,  and 
its  Fourier  transform  contains  sharp  peaks  at  7r/a  and 
7r/6.  The  superposition  of  periodic  lines  with  incommen¬ 
surate  lattice  constants  is  an  example  of  one-dimensional 
quasiperiodicity. 

While  quasiperiodicity  in  one-dimension  is  fairly 
straightfoward,  in  two  and  three  dimensions  the  notion 
is  considerably  more  interesting.  For  higher  dimensions, 
another  method  of  generating  quasiperiodic  patterns  is 
used.  One  begins  with  a  periodic  lattice  in  a  higher  di¬ 
mension,  e.g.  a  square  lattice  in  two  dimensions.  The 
higher  dimensional  lattice  is  traversed  with  a  lower  di¬ 
mensional  surface,  e.g.  a  straight  line  passing  through 
the  square  lattice,  making  an  angle  9  with  one  of  the  lat¬ 
tice  directions.  Next  a  window  width  is  defined,  and  lat¬ 
tice  points  falling  within  that  window  are  projected  onto 
the  lower  dimensional  surface.  If  the  direction  cosines  de¬ 
scribing  the  orientation  of  the  lower  dimensional  surface 
are  irrational,  then  the  sites  projected  onto  the  surface 
will  form  a  quasiperiodic  pattern.  In  the  one-dimensional 
example  a  particularily  interesting  case  occurs  when  the 

slope  of  the  line  is  such  that  tan  ^  =  r  =  ^y/5  -h  /2,  the 

Golden  Mean  (also  known  as  the  Devine  Ratio),  which 
is  “the  most  irrational  number.”  In  this  case  the  pattern 
of  sites  can  be  related  to  a  Fibbonacci  sequence,  and  rig¬ 
orous  theorems  describing  the  properties  of  this  special 
quasiperiodic  symmetry  can  be  derived.  An  algorithm 
which  generates  this  sequence  is 


aj=T-{T-  1) 


(177) 


where  Int{x)  indicates  the  integer  part,  and  j  = 
0,1, 2, 3...  etc.  The  quantity  aj  will  take  on  the  values 
r  and  1  in  a  quasiperiodic  sequence. 

General  theories  for  one-dimensional  systems  have 
been  reviewed  by  Simon,  [25]  and  renormalization  group 
and  dynamic  mapping  techniques  have  been  introduced 
by  Kohmoto,  Kadonoff,  and  Tang  [26]  and  by  Ostlund, 
et  al.  [27]  Since  the  discovery  of  the  aluminum  al¬ 
loy  quasicrystals,  [24]  there  has  been  considerably  more 
work  with  renormalization  group  techniques  and  numer¬ 
ical  calculations.  [28,29]  Some  special  properties  of  1-D 
quasiperiodic  systems  are:  (1)  the  eigenvalue  spectrum 
is  a  Cantor  set,  (2)  there  may  exist  a  mobility  edge 
and  a  metal-insulator  transition,  (3)  the  eigenfunctions 
may  be  extended,  localized,  or  critical.  One-dimensional 
quasiperiodic  systems  have  received  some  experimental 
attention,  through  measurements  of  infrared  reflectivity 
in  quasiperidic  superlattices  formed  with  molecular  beam 
epitaxy.  [30] 
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If  one  begins  with  a  six-dimensional  periodic  lattice 
(e.g.  a  hypercubic  lattice),  and  intersects  it  with  a 
three-dimensional  surface,  then  one  may  obtain  a  three- 
dimensional  quasicrystalline  pattern;  such  patterns  may 
describe  the  recently  discovered  aluminum  alloy  qua¬ 
sicrystals.  If  one  begins  with  a  five-dimensional  pe¬ 
riodic  lattice  and  intersects  it  with  a  two-dimensional 
(plane)  surface,  then  one  may  obtain  a  two-dimensional 
quasiperiodic  pattern,  or  Penrose  tiling;  [31,32]  one  such 
pattern  is  illustrated  in  Fig.  13.  If  one  tries  to  tile  a  plane 
with  only  one  tile  shape  (unit  cell),  then  as  in  three  di¬ 
mensions  only  certain  shapes  and  rotational  symmetries 
are  allowed.  However  if  one  is  allowed  to  use  tiles  of  two 
or  more  shapes  then  five-fold  and  other  symmetries  are 
possible.  Articles  and  cover  stories  on  Penrose  tilings 
have  appeared  in  Scientific  American,  [32]  American  Sci¬ 
entist,  [33]  etc. 

Although  Penrose  tile  patterns  are  not  periodic,  they 
do  have  some  symmetry  properties.  [30,32]  Special  pat¬ 
terns  may  have  “inflation  symmetry” ,  so  that  a  decora¬ 
tion  of  the  tiles  with  certain  lines  will  produce  a  replica¬ 
tion  of  the  original  Penrose  pattern,  but  with  a  reduced 
scale.  There  is  also  Conway^s  theorem  which  states  that 
given  any  local  pattern  (having  some  nominal  diameter), 
an  identical  local  pattern  will  be  found  within  a  distance 
of  two  diameters.  The  typical  Penrose  tiling  shown  in 
Fig.  13  is  formed  with  two  different  rhombuses,  a  fat  one 
and  a  skinny  one;  the  ratio  of  the  areas  is  the  Golden 

Mean,  +  l)  /2. 

Quasiperiodic  patterns  are  a  new  symmetry  of  Nature, 
and  it  will  be  important  to  understand  how  this  new  sym¬ 
metry  effects  the  properties  of  materials.  A  fundamental 
question  is:  given  a  wave  equation  (for  Schrodinger  waves 
or  sound  waves)  with  a  potential  field  having  quasicrys¬ 
talline  symmetry,  what  are  the  eigenvalues  and  eigenfunc¬ 
tions.  Unlike  the  theorems  for  the  quasiperiodic  patterns 
in  one  dimension,  theorems  for  two  and  three  dimensions, 
if  they  exist,  have  not  yet  been  discovered.  For  a  pattern 
which  is  periodic  Bloch  ^s  theorem  may  be  used  to  obtain 
exact  solutions.  For  a  pattern  which  is  random  statistical 
methods  may  be  used  to  make  predictions  about  proper¬ 
ties  (e.g.  Anderson  localization).  However  a  quasiperi¬ 
odic  pattern  is  not  periodic,  so  that  Bloch’s  cannot  be 
used;  and  it  is  not  random,  so  that  statistical  methods 
cannot  be  used. 

In  the  absence  of  a  “quasi-Bloch  theorem”,  progress  in 
understanding  the  consequences  of  2-D  quasicrystalline 
symmetry  has  relied  mostly  on  numerical  calculations. 
[34-36]  However  these  calculations  have  found  no  features 
which  reflect  the  quasiperiodic  symmetry. 

Despite  the  notable  efforts  in  searching  for  unique 
consequences  of  2-D  quasiperiodic  symmetry,  existing 
studies  do  not  treat  the  problem  which  we  wish  to  ad¬ 
dress,  namely,  the  properties  of  a  wave  equation  with  a 
quasiperiodic  potential.  All  of  the  current  theoretical  re¬ 
search  has  dealt  with  a  hopping  Hamiltonian  involving  a 
matrix  embodying  the  quasiperiodic  topology,  but  hav¬ 


ing  all  non-zero  matrix  elements  identical.  For  an  actual 
wave  equation  the  problem  can  be  reduced  to  a  simi¬ 
lar  matrix,  but  the  non-zero  matrix  elements  would  be 
complex  functions  of  the  eigenvalue,  whose  determina¬ 
tion  would  involve  solving  a  complicated  transcendental 
equation  (an  example  is  presented  below).  The  resulting 
eigenvalue  spectrum  would  be  quite  different  from  the 
ones  found  with  the  existing  theoretical  models,  because 
now  one  must  contend  with  the  possibility  of  phase  co¬ 
herence  effects  in  a  system  of  scatters  with  a  quasiperi¬ 
odic  pattern.  Another  way  of  viewing  the  situation  is 
to  note  that  another  length,  the  wavelength,  has  en¬ 
tered  the  problem.  The  relation  between  the  wavelength 
and  the  inflation  and  pattern  repetition  properties  of  the 
quasiperiodic  pattern  results  in  new  features  in  the  den¬ 
sity  of  the  states. 

A  convenient  description  of  an  acoustic  2-D  quasiperi¬ 
odic  system  as  an  analog  of  the  Schrodinger  equation 
may  be  obtained  with  a  “tight-binding”  approach,  where 
local  oscillators,  which  when  isolated  have  a  single  sharp 
eigenvalue  or  resonant  frequency,  are  coupled  together 
to  produce  a  spectrum  of  eigenvalues.  While  this  seems 
identical  to  the  models  used  in  the  numerical  studies, 
there  is  a  crucial  difference:  in  the  numerical  studies 
the  coupling  has  been  analogous  to  “massless  springs”, 
whereas  in  the  acoustic  system  the  coupling  is  through 
a  wave  medium  (a  spring  with  a  finite  mass)  involving  a 
wavelength,  phase  coherence,  etc. 

As  an  example,  consider  a  system  where  each  local 
oscillator  is  a  mass  m  on  a  massless  spring  with  reso¬ 
nant  frequency  a;o.  and  the  coupling  to  nearest  neighbors 
(NN)  is  through  waves  in  other  springs  with  sound  speed 
c,  individual  masses  mjviv.  and  lengths  ajviv-  Following 
the  notation  of  Ref.  [36],  where  ^(x)  is  the  amplitude 
at  a  site  x  and  xp  {x')  is  that  of  a  nearest  neighbor,  the 
equations  of  motion  are 

Eip  {x)  =  -Y^  [ai>  {x')  -  /3i>  (x)]  (178) 

NN 

where  in  the  acoustic  case  the  eigenvalue  E  is  equal  to 
the  square  of  the  acoustic  resonance  frequency,  E  = 
and 

2  f^O'NN  UJaNN\ 

“  =  ^  CSC  j  (179) 

a  ^0,2  (^0,NN  .i^aNN\ 

^  — - —  cot  — - — j  (180) 

where  ojp/N  =  (c/Inn)  ^/'^^nn/t^  a-nd  z  is  the  number  of 
nearest  neighbors.  These  equations  illustrate  the  com¬ 
ments  made  in  the  earlier  paragraph:  if  the  coupling 
springs  were  massless,  the  speed  of  sound,  proportional 
to  l/^rriNNy  would  be  infinite  {  unn  would  remain  fi¬ 
nite),  the  factors  in  parentheses  in  Eqs.  (179)  and  (180) 
would  be  unity,  and  the  matrix  elements  a  and  0  would 
become  constants,  no  longer  functions  of  the  eigenvalue. 
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This  is  the  model  used  in  existing  numerical  calculations. 
However,  in  order  to  have  a  wave  equation,  c  must  be  fi¬ 
nite,  and  determining  the  eigenfrequencies  u)  with  a  and 
P  functions  of  cj  involves  a  complicated  transcendental 
equation. 

An  experiment  which  provided  experimental  results  for 
the  consequences  for  quasicrystalline  symmetry  in  a  two- 
dimension  wave  medium  is  presented  in  Ref.  [37]. 


APPENDIX  A:  LAYERED  MEDIA 

Here  we  consider  a  system  composed  of  layers,  each 
with  a  characteristic  impedance  Zj  —  fijCj,  The  coordi¬ 
nate  and  indexing  system  is  as  in  section  4,  which  de¬ 
scribed  sections  of  length  aj  =  Xj  —  Xj-i  between  point 
scatterers.  We  now  insert  in  each  section  aj  an  interme¬ 
diate  layer  of  thickness  bj  extending  from  Xj  -  bj  to  Xj. 
We  also  allow  each  layer  to  have  its  own  wave  speed  Cj, 
so  that  each  layer  has  its  own  wavevector  qj  =  a;/cj.  Now 
the  wave  fields  between  xj-i  and  xj  —  bj,  Xj  —  bj  and  Xj, 


fZ'A  /Zj+A  ^ 

UJ  V  )[zy 

•=S1I-(WI 


sin  (g'-fcj) 


cos 


Z'j\  (Zj+i)  /V 

zJ  ~[zj 


sm 


Note  that  the  determinant  of  the  matrix  is 


(AlO) 


The  equations  simplify  if  we  have  a  uniform  medium 
with  non-uniform  slabs  inserted;  i.e.  Zj  =  Zj^i  =  Z  ^ 
Zjj  and  Qj  =  Qj^i  =  q  ^  qj-  Furthermore,  for  thin  slabs 
we  can  take  the  limit  that  bj  goes  to  zero,  but  bjZj  re¬ 
mains  finite.  Then  we  get  aj  and  Pj  as  in  Eqs.  (58)  and 


and  Xj  and  Xj^i  —  6j+i  are  given  by 

(59),  but  with  T}j  =  q^^bjZjl2Z, 

(Al) 
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FIG.  1.  Dispersion  relation  for  a  one-dimensional  system 
of  harmonically  coupled  particles. 

FIG.  2.  Graphical  representation  of  the  transcendental 
equation  giving  the  relationship  between  the  frequency  pa¬ 
rameter  q  =  ufc,  and  the  Bloch  wave  parameter  k, 

FIG.  3.  Actual  plot  of  the  frequency  lj  =  cq  versus  Block 
wave  parameter  k,  which  is  the  conventional  band  structure 
found  in  solid  state  physics.  The  dashed  line  indicates  the  dis¬ 
persion  for  the  wave  medium  without  the  scatterers,  u  =  ck. 

FIG.  4.  Eigenfunctions  corresponding  to  various  points  in 
the  band  structure.  Letters  correspond  to  the  letters  labeling 
points  in  Fig.  2. 

FIG.  5.  Illustration  of  a  typical  bloch  wave  function,  a) 
The  actual  wavefunction.  b)  The  modulus  of  the  periodic 
part,  c)  A  trig  function  of  the  phase  of  the  wave  function, 
which  is  clearly  not  a  simple  sinusoid. 

FIG.  6.  Real  part  of  the  driving  point  impedance  as  a  func¬ 
tion  of  frequency  for  a  periodic  mass-loaded  string,  driven  at 
one  end  and  clamped  at  the  other.  The  Q  of  the  system  is 
1500. 


FIG.  7,  Frequency  spectra  of  power  delivered  to  a  periodic 
system  of  32  scatterers  with  reflection  coefficients  of  .99.  a) 
Power  delivered  by  a  velocity  drive  to  the  system  with  no 
damping,  but  with  the  system  terminated  with  an  impedance 
fj.c.  The  first  three  peaks  are  clipped  in  the  figure;  the  first 
peak  is  actually  50  times  higher  than  the  fourth,  b)  Power 
delivered  by  a  velocity  drive  to  the  system  with  damping  (with 
a  Q  of  2000)  and  fixed  at  the  end.  c)  Same  as  b,  but  with 
a  force  drive.  Note  that  the  peaks  do  not  occur  at  the  szime 
frequencies  as  in  b. 


FIG.  8.  Numerical  calculations  for  a  periodic  system  with 
64  scatterers  with  reflection  coefficients  of  .99.  a)  Transmis¬ 
sion  spectrum  showing  dispersion  near  band  edges,  b)  Typical 
wavefunction  for  a  state  with  qa  near  the  band  edge,  c)  Typ¬ 
ical  wavefunction  for  a  state  with  qa  near  the  band  center,  d) 
A  pulse  formed  with  states  in  the  middle  third  of  the  band, 
at  an  early  time,  e)  Same  as  d  at  a  later  time. 


FIG.  9.  Same  as  Fig.  8,  but  with  2%  disorder  in  the  spacing 
between  the  scatterers.  a)  Transmission  spectrum,  showing 
significant  reduction  in  total  transmission,  b)  and  c)  Ander¬ 
son  localized  wavefunctions.  d)  A  pulse  at  an  early  time,  e) 
A  pulse  at  a  later  time;  the  early  local  oscillators  do  not  give 
up  all  of  their  energy  as  for  the  periodic  system  in  Fig.  8. 


FIG.  10.  Transmission  spectra  and  narrow  pulse  behavior 
in  a  Goupillaud  medium,  a)  Transmission  spectrum  for  a  pe¬ 
riodic  sequence  of  layers,  b)  Pulse  behavior  for  a.  c)  Trans¬ 
mission  spectrum  for  a  disordered  sequence  of  layers,  but  with 
equal  transit  times.  Note  the  symmetry  in  the  spectrum,  d) 
Pulse  behavior  for  c.  That  the  response  looks  like  a  spreading 
Gaussian  is  an  accidental  artifact  of  the  Goupillaud  medium. 


FIG.  11.  Transmission  spectrum  and  pulse  behavior  for  a 
system  of  scatterers  whose  strength  decreases  with  frequency, 
a)  Transmission  spectrum  for  a  periodic  system,  b)  Pulse 
behavior  for  a  periodic  system,  c)  Transmission  spectra  for 
a  disordered  system,  showing  the  high  pass  filtering  due  to 
Anderson  localization,  d)  Pulse  behavior  for  the  disordered 
system;  with  high  pass  filtering,  the  pulse  appears  narrower. 


FIG.  12.  Transmission  spectrum  and  pulse  behavior  for  a 
system  of  scatterers  whose  strength  increases  with  frequency, 
a)  Transmission  spectrum  for  a  periodic  system,  b)  Pulse 
behavior  for  a  periodic  system,  c)  Transmission  spectra  for 
a  disordered  system,  showing  the  low  pass  filtering  due  to 
Anderson  localization,  d)  Pulse  behavior  for  the  disordered 
system,  with  obvious  consequences  of  the  low  pass  filtering. 


FIG.  13.  Typical  Penrose  tiling  pattern.  Two  rhombuses, 
whose  areas  axe  in  the  ratio  of  the  Golden  Mean,  are  used  to 
tile  the  plane  with  five-fold  rotational  symmetry. 
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SINGLE  BUBBLE  SONOLUMINESCENCE 

ANTHONY  A.  ATCHLEY 
Physics  Department 
Naval  Postgraduate  School 
Monterey,  CA 

A  single  gas  bubble,  acoustically  levitated  in  a  standing  wave  field  and  oscillating  under  the 
action  of  diat  field,  can  emit  a  single  pulse  of  blue-white  light.  This  emission,  called 
sonoluminescence  (SL),  has  a  number  of  remarkable  features.  It  is  easily  visible  to  the  unaided 
eye.  The  duration  of  the  SL  pulse  is  probably  less  than  50  ps.  The  emission  can  be  extremely 
stable  and  repetitive,  lasting  for  hours,  or  it  can  be  chaotic.  The  spectrum  is  broadband  and 
increases  in  intensity  in  the  ultraviolet.  Slight  cooling  of  the  host  liquid  significantly  increases  the 
intensity.  The  intensity  of  the  luminescence  is  sensitive  to  changes  in  the  composition  of  gases 
within  the  bubble  of  less  than  1%.  Single  SL  pulses  are  isotropic  and  unpolarized.  Several 
mechanisms,  ranging  from  classical  to  quantum  mechanical,  have  been  proposed  to  accoimt  for 
this  phenomenon.  Yet,  there  is  no  completely  satisfactory  explanation.  The  purpose  of  this 
lecture  is  to  provide  a  review  of  this  field. 

Because  single  bubble  sonoluminescence  is  intimately  tied  to  the  response  of  a  bubble  driven 
by  an  acoustic  field,  the  lecture  begins  with  a  discussion  of  bubble  dynamics.  Topics  include 
acoustic  levitation  and  the  Rayleigh-Plesset  (R-P)  equation.  The  R-P  equation  is  a  simple 
differential  equation  that  describes  the  motion  of  the  bubble  wall  under  ordinary  circumstances. 
Results  of  calculations  of  the  pressures  and  temperatures  within  the  bubble  using  the  R-P  equation 
are  used  as  an  oversimplified  lead-in  to  a  review  of  the  astonishing  properties  of  SL  that  have  been 
determined  experimentally.  Comparisons  to  a  related  phenomenon,  multiple-bubble 
sonoluminescence,  will  be  made.  Next  attention  is  turned  to  theoretical  explanations  of  this 
phenomena.  Limitations  of  the  R-P  equation  are  discussed  and  why  more  sopWsticated  methods 
of  prediction  the  dynamics  of  the  bubble  are  needed.  Other  topics  include  evolution  of  shock 
waves  inside  the  bubble,  and  radiation  mechanisms  such  as  black-body,  bremsstrahlung, 
collision-induced  emission,  and  zero-point  fluctuations. 

Almost  from  the  outset,  people  have  conjectured  about  the  limits  of  SL.  One  extreme  limit  is 
SL  as  a  source  of  nuclear  fusion.  The  viability  of  this  proposition  will  be  addressed. 

Finally,  because  seeing  is  believing,  there  will  be  a  demonstration  of  SL  (with  any  luck). 

The  following  references  are  suggested.  Additional  material  may  be  found  in  the  references 
provided  in  these  articles. 

1  L.  A.  Crum,  "Sonoluminescence,"  Physics  Today,  22-29,  September  1994. 

2.  S.  J.  Putterman,  "Sonoluminescence:  Sound  into  Light,"  Scientific  American,  46-51, 
February  1995. 

3.  B.  P.  Barber  and  S.  J.  Putterman,  "Observations  of  Synchronous  Picosecond 
Sonoluminescence,"  Nature,  Vol.  352,  318-323,  1991. 

4.  B.  P.  Barber,  R.  Hiller,  K.  Arisaka,  H.  Fetterman,  and  S.  J.  Putterman,  "Resolving  the 
picosecond  characteristics  of  synchronous  sonoluminescence,"  J.  Acoust.  Soc.  Am.,  Vol. 

91,  3061-  3063,  1992. 

5.  R.  Hiller,  S.  J.  Putterman  and  B.  P.  Barber,  "Spectrum  of  Synchronous  Picosecond 
Sonoluminescence,"  Phys.  Rev.  Lett.,  Vol.  69,  1182-1184,  1992. 
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FUNDAMENTALS  AND  APPLICATIONS  OF  NONLINEAR  ACOUSTICS 

Mark  F.  Hamilton 

Department  of  Mechanical  Engineering 
The  University  of  Texas  at  Austin 
Austin,  Texas  78712-1063 


Abstract 

In  recent  years,  sessions  on  nonlinear  acoustics  at  meetings  of  the  Acoustical 
Society  of  America  have  focused  on  topics  that  include  modeling  of  sonic  boom  rise 
times  to  predict  noise  due  to  supersonic  aircraft,  extracorporeal  lithotripsy  (the 
disintegration  of  kidney  stones  with  focused  shock  waves),  nonlinear  losses  in 
thermoacoustic  engines,  use  of  acoustic  radiation  pressure  to  levitate  and  position 
objects  in  the  microgravity  environment  provided  by  spacecraft,  and  acoustical 
measurement  of  third-order  elastic  properties  of  rock.  Each  of  these  processes  is 
associated  with  nonlinear  terms  that  are  discarded  in  the  small-signal  approximation 
(sometimes  called,  regrettably,  the  acoustic  approximation)  of  the  equations  of  motion 
and  state. 

The  purpose  of  this  lecture  is  to  provide  an  introduction  to  the  basic  theory  of 
nonlinear  acoustics,  and  to  illustrate  the  principal  nonlinear  effects  with  results  from  a 
variety  of  experiments.  Topics  of  discussion  will  include:  distortion  and  shock 
formation  in  finite  amplitude  waves;  harmonic  generation  and  spectral  interactions; 
effects  of  absorption  and  dispersion  in  thermoviscous  fluids,  relaxing  media,  and 
bubbly  liquids;  diffraction  of  intense  sound  beams;  parametric  arrays;  radiation 
pressure;  acoustic  streaming.  While  the  emphasis  is  on  finite  amplitude  sound  in 
gases  and  liquids,  similarities  and  differences  with  nonlinear  properties  of  elastic 
waves  in  solids  will  be  noted. 

The  road  map  for  this  lecture  is  the  accompanying  overview  article  having  the 
same  title  (M.  F.  Hamilton,  “Fundamentals  and  Applications  of  Nonlinear  Acoustics,” 
ASME,  1986).  To  prepare  for  the  lecture,  students  may  benefit  from  perusal  of  the 
following  sections:  Introduction  (history);  I.  Basic  Concepts  (equations  for  distortion 
and  shock  formation  in  plane  waves);  II.  Acoustic  Saturation  (the  upper  limit  on  how 
much  sound  power  can  be  transmitted  through  a  fluid);  III.  Suppression  of  Sound  by 
Sound  (use  of  one  sound  wave  to  pump  energy  out  of  another);  VII.  Parametric  Arrays 
(a  novel  method  of  beamforming);  VIII.  Self-Demodulation  (nonlinear  distortion  of  a 
pulse). 

The  second  review  article  (D.  T.  Blackstock,  “Nonlinear  Acoustics— Theoretical,” 
AlP,  1972)  is  included  primarily  for  future  reference.  It  contains  the  main  equations 
used  to  describe  waveform  distortion  and  shock  formation  in  one-dimensional 
progressive  sound  waves. 
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FUNDAMENTALS  AND  APPLICATIONS  OF  NONLINEAR  ACOUSTICS 

M.  F.  Hamilton 

Department  of  Mechanical  Engineering 
The  University  of  Texas  at  Austin 
Austin,  Texas 


ABSTRACT 

The  fundamental  theory  of  nonlinear  acoustics  in  fluids  is  reviewed  in  the  context  of  practical 
3-PP^ications.  First  the  classical  theory  of  nonlinear  sound  wave  propagation  is  presented.  Ex¬ 
amples  of  acoustic  saturation  and  the  suppression  of  sound  by  sound  are  given.  Spreading  and 
thermoviscous  losses  are  then  taken  into  account.  A  spectral  analysis  is  presented  that  is  useful 
for  numerical  computation  of  finite  amplitude  wave  propagation.  Classical  models  of  paramet¬ 
ric  transmitting  and  receiving  arrays  are  discussed,  including  the  self-demodulation  property 
of  pulsed  parametric  arrays.  Considerable  attention  is  given  to  the  combined  effects  of  non¬ 
linearity,  absorption,  and  diffraction  in  directive  sound  beams.  The  distinction  between  linear 
and  nonlinear  farfield  regions  is  emphasized.  Analytically  simple  Gaussian  beam  models  are 
presented  with  transformations  that  permit  their  application  to  radiation  from  circular  sources. 


INTRODUCTION 

Only  during  the  last  few  decades  has  nonlinear  acoustics  evolved  into  its  own  distinctive 
area  of  research.  The  development  of  high  power  sound  sources  and  improved  signal  processing 
techniques  has  supported  a  growing  number  of  practical  applications  that  take  advantage  of  finite 
amplitude  sound.  Nonlinear  sonars  referred  to  as  parametric  arrays  [l]  have  found  widespread 
use  in  underwater  applications.  An  increasingly  important  parameter  for  characterizing  body 
tissue  with  medical  ultrasonics  is  the  acoustical  nonlinearity  of  the  specimen  [2].  Nonlinear  effects 
are  responsible  for  the  improved  resolution  observed  when  acoustic  microscopes  are  operated  at 
high  sound  power  levels  [Sj.  The  propagation  of  noise  from  underwater  explosions  [4]  and  jet 
aircraft  engines  [5]  is  an  inherently  nonlinear  phenomenon.  Just  recently,  the  Space  Shuttle 
carried  aboard  an  apparatus  for  levitating  and  positioning  objects  with  high  intensity  sound. 
The  list  of  these  and  other  applications  is  expanding  as  advances  continue  to  be  made  in  the 
science  and  technology  of  nonlinear  acoustics. 

Although  problems  in  nonlinear  acoustics  have  been  pondered  since  the  18th  century,  suc¬ 
cessful  contributions  to  the  science  have  been  intermittent,  the  early  history  of  which  has  been 
chronicled  by  Blackstock  [6].  Perhaps  the  first  (although  slightly  incorrect)  nonlinear  wave  equa¬ 
tion  governing  finite  amplitude  sound  was  published  by  Euler  [7]  in  1759.  Shortly  thereafter, 
Lagrange  [8]  derived  a  (once  again  slightly  incorrect)  general  solution  which  yielded  a  propaga¬ 
tion  speed  that  depends  on  the  local  amplitude  of  the  sound  wave.  Lagrange  concluded  that  his 
solution  was  in  error  because  he  felt  that  a  nonconstant  propagation  speed,  the  basic  mechanism 
in  nonlinear  distortion,  violated  the  observed  behavior  of  sound.  Not  until  1808  did  Poisson  [9] 
derive  an  exact  solution  for  progressive  plane  waves  in  an  isothermal  gas,  although  he  too  did  not 
understand  the  consequences  of  his  solution.  The  implication  of  the  nonconstant  propagation 
speed  that  bothered  Lagrange  and  Poisson  was  explained  by  Stokes  [10],  who  in  1848  published 
the  first  illustration  of  waveform  steepening.  Stokes  also  produced  the  first  analysis  of  shock 
waves  and  suggested  that  viscosity  and  heat  conduction  are  responsible  for  the  inevitable  losses 
at  the  shock  front.  The  beginning  era  of  research  in  nonlinear  acoustics  concluded  with  two 
important  papers  published  around  1860.  Riemann  [11]  obtained  a  solution  for  plane  waves  that 


travel  in  opposite  directions  by  what  is  now  referred  to  as  the  method  of  characteristics,  and 
Earnshaw  [12]  tackled  the  difficult  problem  of  describing  the  sound  radiated  by  the  arbitrary 
finite  displacement  of  a  piston.  A  number  of  the  early  papers  have  been  compiled  recently  by 
Beyer  [13]  in  a  collection  of  benchmark  papers  in  nonlinear  acoustics. 

Apart  from  the  analyses  of  shock  waves  by  Rankine,  Hugoniot,  Rayleigh,  and  Taylor,  the 
next  significant  advance  in  the  understanding  of  finite  amplitude  sound  awaited  the  publication 
of  three  papers  in  the  1930’s.  Two  Fourier  series  solutions  were  derived  for  plane  waves  that 
start  out  as  pure  tones  and  subsequently  undergo  harmonic  distortion  as  they  propagate.  One 
by  Fubini  [14]  applies  to  waves  in  a  lossless  fluid  prior  to  shock  formation,  and  the  other  by 
Fay  [15]  is  an  asymptotic  solution  for  strong  waves  subjected  to  viscous  losses.  While  these  two 
papers  provide  the  first  explicit  models  of  harmonic  generation  in  sound  waves,  the  third  paper 
by  Thuras,  Jenkins,  and  O’Neil  [16]  gives  an  account  of  the  first  experimental  investigation  of 
this  phenomenon. 

Wave  equations  derived  around  1950  by  Eckart  [iT^ji  Lighthill  [ISji  Mendousse  [19] 
opened  the  modern  era  of  nonlinear  acoustics.  The  equations  of  Bkkart  and  Lighthill  permitted 
the  study  of  nonplanar  finite  amplitude  waves,  while  Mendousse  demonstrated  that  the  Burgers 
equation  may  be  used  to  model  plane  waves  in  viscous  fluids.  A  considerable  number  of  papers 
then  followed  both  in  the  United  States  and  the  Soviet  Union.  Generalizations  of  the  Burgers 
equation  were  shown  by  Khokhlov  and  coworkers  to  model  spherical  [20]  and  cylindrical  [21] 
waves,  and  detailed  solutions  of  the  plane  wave  Burgers  equation  were  investigated  in  detail 
by  Blackstock  [22].  By  far  the  most  noteworthy  contribution  in  terms  of  far  reaching  practical 
applications  was  the  work  by  Westervelt  on  the  scattering  of  sound  by  sound  [23,24]  which 
ultimately  led  to  hb  theory  for  the  parametric  array  [1]  in  1960.  In  the  parametric  array, 
the  nonlinear  interaction  of  two  high  frequency  sound  beams  produces  a  narrow  beam  of  low 
frequency  sound  having  virtually  no  sidelobes.  The  process  permits  the  radiation  of  highly 
directive  sound  from  a  relatively  small  transducer,  with  the  added  benefit  that  wide  frequency 
bands  may  be  transmitted.  Ebcperimental  verification  of  the  parametric  array  by  Beilin  and 
Beyer  [25]  was  reported  in  the  paper  foUowing  that  of  Westervelt  [l]  at  a  meeting  of  the  Acoustical 
Society  of  America. 

Unlike  any  other  single  application  of  nonlinear  acoustics,  the  parametric  array  was  responsi¬ 
ble  for  a  renaissance  of  research  activity,  the  history  of  which  b  discussed  in  a  review  by  Muir  [26]. 
Even  though  the  parametric  array  was  first  conceived  and  tested  in  the  United  States,  subsequent 
work  on  the  device  before  1968  appeared  only  in  England  and  Norway.  Berktay  [27-29]  worked 
out  examples  for  a  variety  of  possible  applications  afforded  by  the  parametric  array,  although  a 
few  of  hb  theoretical  predictions  were  later  found  [30,31]  to  be  somewhat  overoptimbtic.  Never¬ 
theless,  as  Muir  [26]  points  out,  the  lack  of  activity  in  the  United  States  ended  when  it  became 
evident  from  Berktay’s  work  that  the  attractive  features  of  the  parametric  array  often  outweigh 
the  inherent  inefficiency  of  the  device.  By  the  early  1970*3,  parametric  sonars  were  in  use  in 
both  civilian  and  military  applications,  and  papers  on  parametric  arrays  presented  at  acoustical 
society  meetings  and  symposia  numbered  more  that  100  per  year.  Recently  an  entire  textbook 
devoted  to  parametric  arrays  was  published  by  Novikov,  Rudenko,  and  Timoshenko  [32]. 

The  next  turning  point  for  the  practical  application  of  nonlinear  effects  in  sound  beams 
resulted  from  the  theoretical  work  performed  in  the  Soviet  Union  around  1970  by  Zabolotskaya 
and  Khokhlov  [33]  and  by  Kuznetsov  [34].  The  result  was  a  parabolic  nonlinear  wave  equation, 
referred  to  in  the  Soviet  Union  as  the  KZK  ( Khokhlov- Zabolotskayar Kuznetsov)  equation,  which 
provides  an  excellent  model  for  the  combined  effects  of  nonlinearity,  diffraction,  and  dissipation 
in  directive  sound  beams.  Similar  parabolic  equations  had  previously  been  used  to  describe 
the  propagation  of  laser  beams,  and  consequently  the  model  b  sometimes  referred  to  as  the 
quasioptical  approximation.  Throughout  the  1970*8  there  appeared  in  the  Soviet  literature  a 
large  volume  of  work  based  on  the  KZK  equation,  much  of  which  was  devoted  to  Gaussian  beams. 
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A  review  of  the  numerical  work  was  published  recently  in  a  book  by  Bakhvalov,  Zhileikin,  and 
Zabolotskaya  [35] .  However,  the  most  definitive  research  on  nonlinear  effects  in  sound  beams  was 
published  this  decade  in  a  series  of  papers  by  the  Norwegian  mathematicians  Naze  Tj0tta,  Tj0tta, 
and  coworkers  [36-42].  Their,  work  is  important  in  that  it  accounts  for  the  intricate  diffraction 
effects  that  exist  in  high  intensity  sound  fields  radiated  from  circular  sources,  a  geometry  which 
characterizes  most  ultrasonic  transducers. 

The  purpose  of  this  review  is  to  highlight  the  fundamental  theory  of  nonlinear  acoustics 
while  aiming  toward  results  that  have  found  recent  application.  The  review  begins  with  the 
classical  theory  of  nonlinear  effects  in  plane  wave  propagation.  Distortion  leading  up  to  shock 
formation  is  discussed,  with  the  role  of  thermoviscous  and  spreading  losses  taken  into  account. 
Examples  of  acoustic  saturation  and  the  suppression  of  sound  by  sound  are  given.  Various  model 
equations  of  nonlinear  acoustics  are  presented,  and  methods  for  obtaining  both  analytical  and 
numerical  solutions  are  pointed  out.  The  classical  model  for  the  parametric  array  is  discussed. 
Finally,  the  recently  well  understood  role  of  nonlinear  effects  in  directive  sound  beams  is  stressed 
because  of  its  many  practical  applications. 

Any  review  of  an  area  of  research  inevitably  reflects  the  interests  of  the  author,  and  in  any 
event  it  cannot  do  justice  to  the  wide  variety  of  topics  usually  involved.  For  example,  strong  shock 
waves,  radiation  pressure,  and  acoustic  streaming  are  not  considered.  Two  books  on  nonlinear 
acoustics  may  be  referred  to  for  more  complete  discussions.  One  by  Beyer  [43]  highlights  the 
many  achievements  in  the  field,  including  much  of  the  experimental  work.  The  other  by  Rudenko 
and  Soluyan  [44]  is  more  of  a  textbook,  but  whose  treatment  of  recent  developments  is  restricted 
to  work  done  in  the  Soviet  Union. 

L  BASIC  CONCEPTS 

A  particularly  simple  equation  may  be  derived  for  a  progressive  plane  wave  that  propagates  in 
a  perfect  isentropic  gas  (see  Ref.  45): 

— +  (co  +  ^u)— =  0.  (1) 

where  u(x,t)  is  the  particle  velocity  of  the  gas,  cq  =  y/'lPo/Po  is  the  small  signal  sound  speed, 
pQ  and  po  ambient  values  of  the  pressure  and  density,  respectively,  7  is  the  specific  heat 
ratio,  and  ^  =  (7  +  l)/2  is  the  coefficient  of  nonlinearity.  EJquation  (1)  is  exact,  from  which  we 
obtain  for  the  propagation  speed  of  a  finite  amplitude  acoustical  disturbance 

—  =  Co  +  ^U.  (2) 

Points  (wavelets)  of  the  waveform  having  different  particle  velocity  amplitudes  thus  propagate 
at  different  speeds.  There  are  two  physical  mechanisms  responsible  for  this  phenomenon.  First, 
the  passage  of  a  sound  wave  is  accompanied  by  pressure,  density,  and  temperature  fluctuations 
in  the  medium.  As  a  fluid  is  compressed,  its  stiffness  increases  in  such  a  way  as  to  cause  a 
corresponding  increase  in  the  sound  speed.  A  compression  phase  of  a  wave  therefore  sees  a 
slightly  stiffer  medium  with  a  higher  sound  speed  than  that  for  an  expansion  phase.  For  a 
perfect  isentropic  gas  the  sound  speed  b 

C  =  Co  +  )»*.  (3) 

where  the  small  signal  sound  speed  cq  is  the  limiting  value  for  infinitesimal  wave  amplitudes. 
The  second  mechanism  that  contributes  to  the  nonconstant  propagation  speed  b  convection. 
The  motion  of  the  fluid  represented  by  the  particle  velocity  actually  constitutes  a  local  flow  field. 
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Fig.  1 — Sketch  of  waveform 
distortion. 


To  account  for  the  convection  of  a  wavelet  by  this  flow,  the  local  velocity  u  must  be  added  to 
Eq.  (3)  in  order  to  recover  the  propagation  speed  in  Eq.  (2). 

The  nonconstant  propagation  speed  causes  peaks  of  a  sound  wave  to  travel  faster  than  the 
troughs,  a  process  which  can  eventually  lead  to  shock  formation.  Shown  in  Fig.  1  is  the  first 
illustration  of  waveform  distortion  from  the  paper  by  Stokes  [10].  The  upper  curve  represents 
the  spatial  profile  of  a  waveform  at  some  instant  in  time,  with  the  letters  a,  6,  and  c  marking 
the  zero  crossings  of  the  wave.  According  to  EJq.  (2),  all  zero  crossings  propagate  at  the  same 
speed  cq.  In  the  lower  portion  of  the  figure  is  a  second  snapshot  of  the  same  wave  but  at  a  later 
time  and  at  a  distance  cot  farther  away.  In  other  words,  we  are  in  a  coordinate  system  that 
moves  with  the  zero  crossings.  Note  that  the  peaks  have  advanced  and  the  troughs  have  receded 
in  relation  to  the  zero  crossings.  Left  unchecked  by  other  physical  mechanisms,  the  peaks  will 
catch  up  with  and  eventually  overtake  the  troughs,  culminating  in  the  physical  impossibility  of 
a  multivalued  waveform.  Such  an  implication  was  of  no  small  concern  to  the  physicists  of  the 
19th  century.  In  fact,  it  prompted  one  [46]  to  conclude  that  ‘‘plane  waves  are. . .  impossible”  (see 
Ref.  6  for  the  ensuing  debate),  a  remark  that  motivated  the  paper  by  Stokes.  The  key  bsue  here 
is  that  thermal  and  viscous  losses,  not  accounted  for  in  Eq.  (1),  offset  the  tendency  of  a  wave 
to  form  a  discontinuity.  More  will  be  said  later  about  the  relative  effects  of  nonlinearity  and 
dissipation  on  waveform  distortion. 

Poisson  [9j  obtained  a  general  solution  of  Eq.  (1)  (although  for  an  isothermal  rather  than 
an  isentropic  gas)  which  may  be  written  as  either 

u  =  /(t - «=?(*- (co  +  ^«)0>  W 

V  Co  +  pu/ 

where  /  and  g  are  arbitrary  functions.  The  first  solution  is  suitable  for  boundary  value  problems, 
the  second  for  initial  value  problems.  It  is  difficult  to  apply  either  in  its  present  implicit  form, 
but  the  first  yields  useful  explicit  results  if  we  make  an  approximation.  Suppose  that  u/cq  C  1. 
Values  of  u/co  less  than  0.1  are  usually  sufficient,  which  in  air  correspond  to  sound  pressure  levels 
up  to  174  dB  re  20  pPa  and  encompass  levels  that  are  generated  by  jet  engines.  The  expansion 
(co  +  ^u)“^  w  Cq  ^  —  i9u/c§  may  then  be  used  to  write  the  first  of  Eqs.  (4)  as 

«  =  /(r  +  ^^),  u/co<l,  (5) 

where  r  =  t  —  s/co  is  the  retarded  time.  Now  assume  that  the  source  excitation  is  time  harmonic, 
and  let 

u(x  =  0)  =  uo  sinwt.  (6) 

It  may  then  be  shown  that  the  range  where  shock  formation  occurs,  i.e.,  where  an  infinite  slope 
first  appears  on  the  waveform,  is  given  by  [47] 


(7) 


where  k  =  ui/cg  is  the  wavenumber  and  e  =  uq/cq  the  peak  acoustic  Mach  number  at  the  source. 
Shock  formation  occurs  closer  to  the  source  as  either  the  amplitude  or  frequency  of  the  wave  is 
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increased.  As  the  frequency  increases  the  wavelength  decreases,  and  a  peak  need  not  travel  as 
fai*  to  catch  up  with  a  trough. 

Since  EJq.  (1)  does  not  account  for  any  losses,  shock  formation  is  inevitable  and  the  the¬ 
ory  eventually  breaks  down:  The  dilemma  is  resolved  by  incorporating  the  weak  shock  theory 
outlined  by  Blackstock  [45,48j.  Prom  the  Rankine-Hugoniot  relations  it  can  be  shown  that  the 
propagation  speed  of  a  weak  shock  is 

where  and  ue>  are  the  values  of  the  particle  velocity  immediately  ahead  of  behind  the  shock, 
respectively.  Theory  based  on  Eq.  (1)  is  valid  for  all  continuous  segments  of  the  wave,  and  it 
may  be  used  to  evaluate  Ua  and  Uf,  at  the  shock.  The  combined  application  of  Eqs.  (2)  and  (8) 
thus  describes  the  behavior  of  all  parts  of  the  wave  not  only  prior  to  but  also  following  shock 
formation.  The  foregoing  procedure  constitutes  the  weak  shock  method,  which  has  been  used  to 
model  the  propagation  of  iV  waves  [45 j  and  exponential  pulses  [4]  from  explosive  sources. 

We  now  return  to  the  problem  of  pure  tone  radiation.  The  solution  of  Eq.  (5)  subject  to 
Elq.  (6)  may  be  written  in  the  form  of  the  Fourier  series 


tt  =  Uo  ^  Bn  si 


smmt;r. 


n=sl 


Prior  to  shock  formation  the  Fourier  coefficients  are  given  by 

=  ,<i. 


na 


(9) 


(10) 


where  Jn  is  the  Bessel  function  of  order  n,  and  the  dimensionless  parameter  a  =  fiekx  measures 
range  in  terms  of  the  shock  formation  distance  S.  Equation  (10)  is  known  as  the  Fubini  [14| 
solution,  one  of  the  most  well  known  explicit  solutions  in  nonlinear  acoustics.  The  general 
solution  for  >  1  is  rather  involved  (48),  but  for  cr  >  3  a  very  simple  asymptotic  form  b 
obtained: 


2 

n(l  +  cr)  ’ 


<r  >  3. 


(11) 


Equations  (9)“{ll)  are  valid  for  waves  of  sufficient  strength  that  thermal  and  viscous  losses  do 
not  prevent  the  formation  of  well  defined  shocks.  The  case  history  of  such  a  wave  is  shown 
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Fig.  2 — Case  history  of  a  high  intensity 
sound  wave. 


Fig.  3 — Harmonic  amplitudes  of  an  orig¬ 
inally  sinusoidal  wave. 


in  Fig.  2  [49],  with  the  first  three  harmonic  amplitudes  graphed  in  Fig.  3  [48].  In  Fig.  2a  is 
shown  one  cycle  of  a  sinusoidal  source  waveform.  The  subsequent  db  tort  ion  process  leading  up 
to  shock  formation  (Fig.  2c)  b  accompanied  by  an  upshift  of  energy  from  the  spectral  component 
at  the  fundamental  source  frequency  to  the  higher  harmonics  (Fig.  3).  Note  that  in  Fig.  2  the 
abscbsa  represents  time  whereas  in  Fig-  1  it  represents  range,  which  accounts  for  the  two  figures 
showing  waves  that  steepen  in  opposite  “directions.”  At  a  =  3  (Fig.  2c),  where  Elq.  (11)  b  valid, 
the  waveform  has  acquired  a  stable  sawtooth  shape.  Energy  in  the  wave  b  now  continuously 
dissipated  at  the  shock,  and  the  amplitude  of  the  fundamental  component  b  already  down  by 
50%  (Fig.  3).  For  a  while  the  wave  maintains  its  sawtooth  shape  but,  according  to  Eq.  (11),  it 
decays  as  (1  +  a)”^  (Fig.  2/).  Eventually  the  amplitude  is  sufficiently  reduced  that  nonlinear 
effects  can  no  longer  maintain  a  shock  in  the  presence  of  the  inevitable  thermal  and  vbcous 
losses  (Fig.  2^).  Thermovbcous  losses  effectively  low-pass  filter  the  wave,  which  ultimately 
yields  a  wave  dominated  by  the  fundamental  source  frequency  component  (Fig.  2h).  However, 
the  amplitude  of  the  wave  in  this  old  age  region  b  much  lower  than  what  would  have  existed  in 
the  absence  of  nonlinear  effects. 

Some  general  comments  on  the  nature  of  cumulative  versus  noncumulative,  or  local  non¬ 
linear  effects  are  in  order.  It  can  be  seen  from  Elq.  (2)  and  Fig.  2  that  distortion  due  to  the 
nonconstant  propagation  speed  produces  effects  that  accumulate  with  dbtance.  For  example,  in 
the  case  of  pure  tone  radiation  in  an  inviscid  and  thermally  nonconducting  fluid,  a  shock  must 
eventually  form  no  matter  how  small  the  source  amplitude  (see  EJq.  (7)).  Now  recall  the  source 
condition  in  Eq.  (6).  A  real  physical  source  would  involve  dbplacement  of  the  radiating  surface 
about  the  point  x  =  0.  Taking  into  account  the  finite  displacement  of  the  source  introduces  new 
dbtortion  components  which  grow  less  rapidly  with  range  than  those  resulting  from  the  noncon¬ 
stant  propagation  speed  [47|.  The  new  components  represent  local  effects  which  are  significant 
only  on  the  order  of  one  wavelength  from  the  source,  and  they  are  usually  ignored.  Local  effects 
also  appear  when  the  exact  nonlinear  impedance  relation  b  used  to  express  either  the  source 
condition  or  final  solution  in  terms  of  the  acoustic  pressure  p  rather  than  the  particle  velocity  u. 
For  example,  beyond  one  wavelength  from  the  source,  the  linear  plane  wave  impedance  relation 
p  =  pqCqu  may  be  used  to  write  EJq.  (9)  in  terms  of  pressure,  as  b  often  done. 

Finally,  the  theory  in  this  section  is  easily  generalized  to  liquids.  Recall  that  the  nonconstant 
propagation  speed  is  due  in  part  to  the  finite  amplitude  sound  speed  given  in  EJq.  (3).  Consistent 
with  the  approximation  u/cq  1  used  in  EJq.  (5)  is  the  expression 


for  the  speed  of  sound  in  an  arbitrary  liquid,  where  B/ A  is  the  ratio  of  coefficients  in  a  Taylor 
series  expansion  of  the  bentropic  equation  of  state  [50]  (see  also  Ref.  43).  The  generalized 
coefficient  of  nonlinearity  thus  becomes  p  =  Bf2Aj  where  for  a  perfect  bentropic  gas  B/A  b 
replaced  by  (7  ~  1).  Typical  values  are  ^9  =  1.2  for  air  and  /9  =  3.5  for  water.  Since  the  “1”  in  P 
represents  convection,  the  dominant  cause  of  waveform  distortion  in  air  is  convection,  whereas 
in  water  it  b  the  nonlinearity  in  the  equation  of  state. 

n.  ACOUSTIC  SATURATION 

The  irreversible  energy  loss  at  shock  fronts  imposes  an  upper  bound  on  how  much  sound  power 
can  be  transmitted  beyond  a  certain  range.  Suppose  x  is  fixed  at  a  location  beyond  x  and  either 
the  source  amplitude  or  frequency  is  increased.  The  shock  formation  distance  x  =  (P^k)  ^  moves 
closer  to  the  source,  which  allows  more  and  more  energy  to  be  dbsipated  at  the  shocks  before 
the  wave  arrives  at  the  observation  point.  A  limit  b  eventually  reached,  say  by  increasing  the 
source  amplitude,  where  cr  ^  1  and  EJqs.  (9)  and  (11)  reduce  to 
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Fig.  4 — Amplitude  response  curve  showing  the  de¬ 
velopment  of  saturation. 


Fig.  5 — Saturation  of  harmonic 
components  in  a  directive  sound 
beam. 


2co  1  . 
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Note  that  the  wave  no  longer  depends  on  the  source  amplitude  uq*  All  additional  energy  pumped 
into  the  wave  by  the  source  is  lost  at  the  shock  fronts,  and  acoustic  saturation  is  said  to  have 
occurred. 


In  Eig.  4  [51j  is  an  amplitude  response  curve  showing  the  development  of  saturation.  The 
distance  between  the  source  and  receiver  is  held  constant,  and  the  received  sound  pressure  level 
b  monitored  as  the  source  level  b  varied.  At  sufBciently  low  source  levels  the  response  of  the 
fluid  to  the  passage  of  the  sound  wave  is  linear,  and  any  change  in  the  source  level  causes  an 
identical  change  in  the  received  level.  As  the  source  level  is  increased,  saturation  eventually  sets 
in.  The  energy  lost  at  the  shocks  b  responsible  for  the  extra  attenuation  noted  in  Fig.  4.  The 
extra  attenuation  of  the  fundamental  component  in  decibels,  often  referred  to  as  EXDB,  has 
been  calculated  by  Blackstock  [22]  for  plane  waves  in  thermoviscous  fluids  (see  abo  Eq.  (18)). 

Acoustic  saturation  is  not  restricted  to  plane  waves.  The  first  correctly  interpreted  observa¬ 
tion  of  the  phenomenon  was  made  in  1950  by  Allen  [52]  in  an  experimental  investigation  of  high 
intensity  spherical  waves  in  air.  Subsequent  experimental  work  on  saturation  involved  not  only 
plane  waves  [51]  but  also  directive  sound  beams  [49,53].  In  Fig.  5  [42]  are  shown  data  reported 
by  Riley  [53]  for  the  s^.varation  of  a  470  kHz  sound  beam  radiated  in  water  by  a  circular  source 
of  radius  3.8  cm.  Measurements  of  the  fundamental  through  fourth  harmonic  component  were 
taken  in  the  center  of  the  beam  at  a  dbtance  of  11.2  m  from  the  source.  Along  the  abscbsa  is 
the  normalized  source  amplitude  in  terms  of  the  Rayleigh  distance  tq  (1.4  m)  and  the  plane  wave 
shock  formation  distance  Iq  (the  same  as  given  by  Eq.  (7)).  The  dimensionless  amplitude  may 
therefore  be  rewritten  vq/Id  =  pekro.  It  can  be  seen  that  each  harmonic  component  saturates 
at  approximately  the  same  source  level.  Note  that  in  the  linear  region  (ro/lo  <  0*2),  the  rate 
of  growth  of  each  harmonic  component  increases  with  n.  Expansion  of  Eq.  (10)  reveals  that  at 
low  amplitudes  Bn  oc  £**,  which  is  the  same  trend  that  is  displayed  in  Fig.  5.  The  bottom  line 
on  acoustic  saturation  b  that  large  amounts  of  power  may  be  wasted  by  overdesigned  sound 
sources.  Muir  [26]  points  out  that  the  concept  of  saturation  was  not  appreciated  by  sonar  engi- 


neers  until  the  1970*s,  when  many  existing  systems  could  have  operated  with  much  less  power 
and  yet  produced  the  same  sound  pressure  level  at  the  target. 

in.  SUPPRESSION  OF  SOUND  BY  SOUND 

The  suppression  of  sound  by  sound  refers  to  the  use  of  one  wave  to  pump  energy  out  of  another 
wave.  Consider  the  bifrequency  source  condition 

u(x  =  0)  =  Up  sin  £jpt  -h  u^sinw^t.  (14) 

Fenlon  [54]  obtained  for  the  preshock  region  an  exact  Fubini-type  solution  of  Eq.  (5)  for  the 
boundary  condition  in  Eq.  (14).  Of  interest  here  is  the  interaction  of  a  strong,  low  frequency 
(pump)  wave  (wp)  with  a  weak,  high  frequency  wave  (w«;)-  The  weak  wave  has  little  effect  on 
the  propagation  of  the  pump  wave,  and  harmonic  distortion  of  the  latter  is  adequately  described 
by  EJq.  (10).  However,  the  pump  wave  will  modulate  the  weak  wave  and  generate  sidebands 
at  ±  rujp.  An  approximation  of  Fenlon’s  bifrequency  solution  provides  an  expression  for  the 
wave  formed  by  and  its  sidebands  [55].  Here  we  are  concerned  only  with  the  source  frequency 
component  u(ct;tt,)  which  is  given  by 

xi(u}w)  ^  u^Jo{fiepk^x)siTHjj^T^  tip  ^  WpCcj^,,  (15) 

where  Cp  =  Up/co  and  =  uj^/cq.  The  nonlinear  effect  of  the  pump  wave  on  the  weak  wave, 
subject  to  the  restrictions  indicated  in  Eq.  (15),  does  not  depend  on  the  amplitude  of  the  weak 
wave  or  the  frequency  of  the  pump  wave.  Note  that  u(cjti;)  vanishes  at  zeros  of  the  Hessel  func¬ 
tion.  Whenever  u((j«,)  vanishes,  all  of  its  energy  has  been  pumped  into  adjacent  sidebands. 
Thus  the  energy  in  u((j„,)  is  not  absorbed  but  merely  redistributed  at  other  frequencies.  Ex¬ 
perimental  studies  of  the  suppression  of  sound  by  sound  have  been  performed  in  both  air  [55] 
and  water  [56|.  Suppression  has  also  been  observed  when  the  two  interacting  waves  propagate 
in  different  directions  [57]. 

Shown  in  Fig.  6  [58|  are  results  from  a  suppression  experiment  performed  by  Gong,  Zhu, 
and  Du  [59]  in  an  air  filled  plane  wave  tube.  The  frequencies  used  were  899  Hz  for  the  pump 
wave  (n  =  Wp)  and  4023  Hz  for  the  weak  wave  {u  =  a;„,).  As  the  amplitude  of  the  pump  wave 
(Uo/co  =  €p)  was  increased  from  0  to  150  dB,  a  point  was  reached  where  47  dB  suppression  of  the 
high  frequency  weak  wave  was  observed  at  a  fixed  location  downstream  from  the  source.  Along 


Fig.  6 — Investigation  of  suppression 
in  an  air  filled  plane  wave  tube. 
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the  abscissa  in  Fig.  6  is  the  argument  of  the  Bessel  function  in  E!q.  (15).  Although  the  first  zero 
of  the  Bessel  function  occurs  when  its  argument  has  the  value  2.4,  the  maximum  suppression 
shown  in  Fig.  6  occurs  when  fiepk^x  =  2.8.  Such  discrepancies  have  in  the  past  been  attributed 
to  the  effects  of  absorption  [55,58]. 

So  far,  interest  in  the  suppression  of  sound  by  sound  has  been  primarily  academic,  since 
practical  application  of  the  phenomenon,  in  particular  to  noise  control,  is  apparently  thwarted 
by  various  inherent  difficulties  [58] .  Energy  pumped  out  of  the  weak  wave  ends  up  in  sidebands 
which,  by  virtue  of  the  restriction  Up  ^  are  located  very  close  to  the  frequency  where 
suppression  is  desired.  A  possible  remedy  would  seem  to  result  from  choosing  Wp  ^  a;«,,  for 
then  the  sidebands  would  cluster  around  the  pump  frequency  rather  than  around  the  frequency 
of  the  weak  wave.  Unfortunately,  however,  high  frequency  pump  waves  are  very  ineffective  in 
suppressing  low  frequency  waves  [60] .  An  alternative  application  was  considered  by  Wester- 
velt  [61],  who  developed  a  theory  that  predicts  the  amount  of  energy  removed  from  a  pure  tone 
as  it  propagates  through  an  isotropic  noise  field.  Westervelt’s  theory,  which  was  subsequently 
verified  by  experiment  [62,63],  may  account  for  additional  losses  suffered  by  underwater  sound 
that  propagates  long  distances  through  ambient  noise  fields. 


IV.  THERMOVISCOUS  LOSSES 

The  nonlinear  propagation  of  plane  waves  in  a  viscous  fluid  was  shown  by  Mendousse  [19]  to  be 
governed  by  the  Burgers  equation.  Subsequent  generalizations  by  Light  hill  [64]  to  therm  oviscous 
gases  and  later  by  Tj0tta  [65]  to  arbitrary  thermoviscous  fluids  permit  the  Burgers  equation  to 
be  written 

dz  2poCq  dr^ 

Thermoviscous  effects  are  accounted  for  by  6  =  ^  +  (4/3)?;  +  k{1/c„  —  1/cp),  where  ^  is  the  bulk 
viscosity,  rj  the  shear  viscosity,  k  the  thermal  conductivity,  and  and  Cp  the  specific  heats  at 
constant  volume  and  pressure,  respectively.  As  implied  by  the  retarded  time  r,  the  Burgers 
equation  applies  only  to  progressive  wave  motion.  The  local  nonlinear  effects  discussed  in  Sec.  I 
are  not  accounted  for  in  Eq.  (16). 

Both  exact  and  asymptotic  solutions  of  Eq.  (16)  that  satisfy  the  pure  tone  source  condition 
in  £!q.  (6)  have  been  investigated  by  Blackstock  [22].  Exact  solutions  are  obtained  by  employing 
the  nonlinear  Hopf-Cole  transformation,  which  allows  Eq.  (16)  to  be  written  as  a  linear  diffusion 
equation  in  terms  of  the  new  dependent  variable.  However,  the  exact  analytical  solutions  are 
unwieldy  and  seldom  used  in  practice.  Here  we  shall  consider  only  a  farfield  asymptotic  solution 
for  the  pure  tone  source  condition.  The  solution  for  strong  plane  waves  that  have  propagated 
beyond  the  shock  formation  distance  was  derived  by  Fay  [15]: 
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(17) 


The  quantity  F  =  ffekfa  is  called  the  Gol’dberg  [66]  number  (see  Ref.  22),  where  a  =  buj^/2poCQ 
is  the  thermoviscous  attenuation  coefficient  at  the  source  frequency.  The  criterion  F  1  de¬ 
scribes  a  plane  wave  of  sufficient  strength,  relative  to  thermoviscous  effects,  that  a  shock  will 
form  around  cr  =  1.  In  the  absence  of  thermoviscous  effects  (F  =  oo),  Eq.  (17)  reduces  to  the 
sawtooth  solution  given  by  Eqs.  (9)  and  (11).  Now  suppose  that  we  move  sufficiently  far  away 
from  the  source  that  the  old  age  region  shown  in  Fig.  2h  is  reached,  where 
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Saturation  has  again  occurred,  but  the  amplitude  here  is  different  from  that  in  EJq.  (13)  because 
of  thermal  and  viscous  losses.  Now  suppose  that  the  nonlinear  term  on  the  right  hand  side  of 
Eq.  (16)  is  neglected,  and  linear  solutions  for  time  harmonic  waves  are  derived.  It  would  be  found 
that  the  attenuation  coefficient  of  a  wave  at  frequency  nuj  is  n^ot,  where  a  is  the  coefficient  at 
frequency  w.  The  linear  attenuation  coefficient  thus  depends  quadratically  on  frequency.  In  the 
old  age  region,  however,  where  one  might  suppose  the  wave  to  be  sufficiently  weak  as  to  propagate 
according  to  linear  theory,  the  attenuation  coefficient  of  the  nth  harmonic  component  is  na  and 
not  n^a.  The  decay  rates  of  the  spectral  components  are  therefore  indicative  of  whether  the 
signal  has  ever  experienced  strong  nonlinear  effects.  Or  to  put  it  another  way,  a  wave  that  was 
once  finite  amplitude  is  always  finite  amplitude. 

A  simple  approximate  expression  was  derived  by  Merklinger  [67]  for  the  source  frequency 
component  of  a  plane  wave  in  a  thermoviscous  fluid: 

-  -  ^  (19) 

v/l  +  (r/4)2{l-e-2«)2 

Equation  (19)  differs  from  the  exact  solution  of  E!q.  (16)  for  the  fundamental  component  by  at 
most  1  dB.  The  numerator  of  Eq.  (19)  is  the  linear  solution,  and  the  denominator  accounts  for 
the  nonlinear  losses  incurred  when  F  is  sufficiently  large.  A  suitable  criterion  for  which  nonlinear 
effects  may  be  ignored  altogether  is  evidently  F  <  1.  A  comparison  of  Merklinger’s  model  with 
other  approximate  solutions  is  made  in  Appendix  C  of  Ref.  41.  The  perturbation  methods  that 
lead  to  Eq.  (19)  have  also  been  applied  to  spherical  waves  [68]. 


V.  SPREADING  LOSSES 


Spreading  rather  than  thermoviscous  losses  are  taken  into  account  by  rewriting  Eq.  (16)  (see 
Ref.  69) 


a 

— u 
r 


P  du 
—u 


dr* 


(20) 


where  a  =  0, 1/2,1  for  plane,  cylindrical,  or  spherical  waves.  A  restriction  on  Eq.  (20)  for 
nonplanar  waves  (a  ^  0)  is  that  kr  1,  where  k  is  a  characteristic  wavenumber  and  r  is  range. 
The  restriction  is  relatively  weak  in  practice,  since  it  merely  requires  a  wave  to  possess  a  radius 
of  curvature  that  exceeds  roughly  one  wavelength.  For  example,  a  sound  source  whose  radius  is 
smaller  than  one  wavelength  is  very  inefficient  and  therefore  unlikely  to  radiate  finite  amplitude 
sound. 

An  exaict  solution  of  E3q.  (20)  for  plane  waves  (a  =  0)  b  given  by  EJq.  (5)  (with  x  =  r), 
and  a  simple  transformation  permits  generalization  of  the  solution  to  cylindrical  and  spherical 
waves  [69].  By  defining  the  new  dependent  variable  w  =  (r/ro)®u,  where  tq  b  a  reference 
dbtance,  we  may  eliminate  the  spreading  loss  term  in  EJq.  (20).  A  new  independent  variable 
z  may  then  be  defined  that  reduces  the  equation  for  u;(2,  r)  to  one  identical  in  form  to  that 
for  «(r,r)  when  a  =  0.  The  necessary  transformation  b  given  by: 


cylindrical  waves  (a  =  1/2)  :  z  = 

spherical  waves  (a  =  1)  :  z  =  tq  In  (r/ro). 


(21a) 

(216) 


All  results  derived  from  EJq.  (5)  may  now  be  used  for  cylindrical  and  spherical  waves  by  replacing 
X  everywhere  with  z  and  multiplying  the  final  solution  by  (ro/r)®.  The  reference  range  tq  can  be 
either  the  source  radius  or  any  other  point  in  space  where  the  waveform  b  known.  For  example, 
to  obtain  the  shock  formation  dbtance  for  a  spherical  wave  whose  time  dependence  at  rg  b 
uosincjt,  set  z  in  Eq.  (216)  equal  to  (^ck)^^  and  solve  for  r  =  r  to  obtain 

r  =  roe^/^'‘’‘».  (22) 
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Note  that  the  shock  formation  distance  can  be  considerably  farther  from  a  spherical  source  than 
from  a  planar  source  that  radiates  at  the  same  amplitude  and  frequency.  Shock  formation  is 
nevertheless  inevitable  in  the  absence  of  thermoviscous  losses,  regardless  of  spreading  losses. 

The  above  analysis  was  used  by  Lockwood,  Muir,  and  Blackstock  [70]  to  investigate  the  prop¬ 
agation  of  directive  spherical  waves.  Sufficiently  far  from  any  directive  sound  source,  diffraction 
effects  are  negligible  and  the  radiated  waves  obey  spherical  propagation  laws.  If  the  thermovis¬ 
cous  attenuation  is  not  too  high,  most  of  the  nonlinear  distortion  occurs  in  the  spherical  farfield 
of  the  source.  Now  choose  for  the  reference  distance  tq  the  range  where  the  spherical  wave  region 
begins,  and  let 

u(r  =  To)  =  uoD(S)  sinwtj  (23) 

where  D[B)  is  the  farfield  directivity  function  associated  with  linear  radiation  from  the  source 
at  frequency  a;.  In  writing  Elq.  (23)  it  is  assumed  that  nonlinear  effects  due  to  propagation  up 
to  the  range  ro  may  be  ignored.  Beyond  tq  the  results  for  spherical  waves  may  be  used,  with 
the  acoustic  Mach  number  at  tq  given  by  €D($),  The  solution  is  thus  found  by  replacing  a  with 
^€Z?(^)A;ro  ln(r/ro)  in  Eq.  (10).  Expansion  of  Eq.  (10)  for  weak  nonlinearity  then  yields  for  the 
directivity  function  Dn(6)  of  the  nth  harmonic  component 


Dn(0)  = 

The  power  law  dependence  on  the  directivity 
function  of  the  fundamental  component  shows 
that  beam  patterns  of  the  nonline arly  generated 
higher  harmonics  become  increasingly  narrower 
as  n  increases.  For  example,  the  first  sidelobe  of 
radiation  from  a  circular  source  is  around  18  dB 
below  the  main  lobe.  According  to  Eq.  (24),  the 
second  harmonic  radiation  has  not  only  a  nar¬ 
rower  main  lobe,  but  its  first  sidelobe  is  down 
by  almost  36  dB.  Although  the  power  law  de¬ 
pendence  is  valid  only  at  large  distances  from 
the  source  (see  Sec.  X),  it  provides  a  very  conve¬ 
nient  estimate  of  directive  harmonic  radiation. 

Shown  in  Fig.  7  are  results  from  an  experi¬ 
ment  performed  by  Muir  [71]  that  demonstrate 
how  the  properties  governed  by  Eq.  (24)  may 
be  used  to  enhance  the  resolution  of  acoustic 
imaging  systems.  A  sound  source  radiating  at 
100  kHz  was  used  underwater  to  image  a  barge 
located  100  m  away.  In  the  first  column  are 
beam  patterns  for  the  fundamental  component 
and  the  first  few  nonlinearly  generated  harmon¬ 
ics.  Note  both  the  narrowing  of  the  beam  pat¬ 
tern  and  improved  sidelobe  suppression  with  in¬ 
creasing  harmonic  number.  The  second  column 
shows  the  images  obtained  by  monitoring  the 
associated  frequencies.  Resolution  improves  as 
the  harmonic  number  increases,  with  the  higher 
harmonics  clearly  able  to  define  pilings  that  are 
15  cm  in  diameter.  Although  the  higher  fre¬ 
quencies  can  usually  be  generated  directly  by 
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Fig.  7 — Use  of  nonlinearly  generated 
harmonics  for  acoustic  imaging. 


the  sound  source,  lower  sidelobes  and  therefore  less  reverberation  problems  result  from  generating 
the  higher  frequencies  nonlinearly. 


VI.  NUMERICAL  SOLUTION 

The  combined  effects  of  nonlinearity,  therm oviscous  dissipation,  and  spreading  losses  are  taken 
into  account  by  single  equation 


du  a 
dr  2pocl 


6  5*u  d 


c2“ar' 


(25) 


Attempts  have  been  made  to  rewrite  Eq.  (25)  in  a  form  for  which  exact  analytical  solutions  are 
known.  Khokhlov  and  coworkers  [20,21|  showed  by  using  the  transformations  w  =  (r/ro)“u  and 
Elqs.  (21)  that  although  the  spreading  loss  term  in  Eq.  (25)  can  be  eliminated,  the  coefficient 
of  the  term  that  accounts  for  thermoviscous  effects  becomes  a  function  of  range  for  nonplanar 
waves.  So  far,  no  exact  solutions  of  Eq.  (25)  have  been  found  for  nonplanar  waves,  and  analytical 
approaches  are  usually  abandoned  in  favor  of  numerical  techniques.  A  number  of  the  more 
popular  numerical  methods  (e.g.,  see  Refs.  72  and  73)  are  based  on  the  spectral  analysis  of 
Fenlon  [74).  The  particle  velocity  is  first  expanded  in  terms  of  the  complex  Fourier  series 

n/ut 

“(’■>’■)  =  ‘*'»(0«^'*“’^>  where  u„(r)  =  —  j  u(r,T)e~^'*“’’<ir.  (26) 


Substitutioin  of  the  first  of  Eqs.  (26)  in  Eq.  (25)  yields  the  following  coupled  ordinary  differential 
equations  for  the  harmonic  amplitudes  u^: 


where  a  =  b(J^ fZpo^Q*  In  writing  the  summations  it  was  assumed  that  u  b  real;  therefore 
u-n  =  where  u*  is  the  complex  conjugate  of  Un- 

Korpel  [75]  noted  that  the  spectral  form  of  Eq.  (27)  permits  generalization  to  fluids  that 
possess  arbitrary  absorption  and  dispersion.  The  thermoviscous  attenuation  coefficient  n^a  may 
be  replaced  by  a  coefficient  otn  that  depends  in  an  arbitrary  fashion  on  n.  Dispersion  is  included 
by  making  an  complex  and  writing  the  imaginziry  part  as  ^),  where  Cn  is  the  frequency 

dependent  sound  speed  and  cq  the  reference  sound  speed.  EJquation  (27)  can  also  be  modified  for 
application  to  finite  amplitude  waves  in  horns  (see  Ref.  45).  The  cross  sectional  area  A(x)  of  the 
horn,  where  x  replaces  the  range  variable  r,  must  vary  sufficiently  slowly  that  the  waves  remain 
quasiplanar.  Then  the  spreading  loss  coefficient  o/r  may  be  replaced  by  /2A,  where  A'  is  the 
derivative  of  A.  The  nonlinear  horn  equation  reduces  to  the  equation  for  spherical  waves  with 
conical  horns  (A  oc  x^)  and  to  the  equation  for  cylindrical  waves  with  parabolic  horns  (A  oc  x). 

In  numerical  computations,  the  number  of  harmonics  retained  in  E3q.  (26)  must  be  limited  to 
some  finite  number  iV.  Consequently,  the  upper  limit  on  the  second  summation  in  Eq.  (27)  is  abo 
replaced  by  N.  The  coupled  equations  may  then  be  solved  by  standard  techniques  (see  Ref.  73). 
Calculations  for  the  distortion  of  waves  from  monofrequency  sources  can  be  performed  very 
rapidly  and  are  conveniently  done  on  personal  computers.  In  fact,  when  there  is  no  dispersion, 
for  a  monofrequency  source  only  the  imaginary  parts  of  Un  need  to  be  calculated,  and  the 
efficiency  of  the  algorithm  may  be  further  increased.  However,  the  algorithm  is  not  particularly 
suitable  for  pulses  or  noise.  Prohibitive  numbers  of  harmonics  must  be  retained  in  order  to 
account  for  the  harmonics  generated  by  the  highest  frequencies  in  the  initial  waveform.  Time 
domain  algorithms  such  as  those  described  in  Refs.  5  and  76  are  preferable  for  multifrequency 
sources.  The  amplitude  dependent  propagation  speed  b  used  to  modify  the  waveform  as  it 
propagates  step  by  step.  Fourier  transforms  must  be  performed  at  each  step  in  order  to  include 
the  frequency  dependent  absorption. 


Vn.  PARAMETRIC  ARRAYS 

As  pointed  out  in  the  Introduction,  the  parametric  array  is  probably  the  most  well  known 
practical  application  of  nonlinear  acoustics.  The  concept  was  originated  by  Westervelt  [1]  in 
1960,  and  the  last  two  decades  have  witnessed  numerous  scientific  and  technological  advances 
made  in  a  number  of  different  countries.  A  large  volume  of  papers  has  been  written  on  the 
subject,  many  of  which  are  discussed  in  reviews  by  leading  researchers  in  the  field  [26,32,43,77- 
80|.  Here  we  shall  discuss  only  the  fundamental  properties  of  parametric  arrays. 

A  parametric  array  is  formed  when  two  collimated,  finite  amplitude  sound  beams  of  dif¬ 
ferent  yet  neighboring  frequencies  (wj  and  W2>  wj  «  a;2)  are  transmitted  in  the  same  direction. 
The  nonlinear  interaction  of  the  two  primary  waves  gives  rise  to  a  component  at  the  difference 
frequency  (w..  =  wj  ^0)2).  Additional  components  are  also  generated  at  other  intermodulation 
and  harmonic  frequencies.  Since  the  tendency  of  fluids  is  to  low-pass  filter  sound  waves,  the 
difference  frequency  component,  the  lowest  in  the  spectrum,  is  eventually  the  lone  survivor.  In 
Westervelt’s  model  of  the  parametric  array,  it  is  assumed  that  linear  absorption  mechanisms 
limit  the  region  of  nonlinear  interaction  to  the  nearfields  of  the  two  primary  waves.  The  am¬ 
plitudes  of  the  primary  waves  are  attenuated  as  where  oti  is  the  attenuation  coefficient 

at  frequency  To  a  first  approximation,  the  two  primary  beams  may  be  modeled  as  plane 
waves  that  propagate  in  an  imaginary  tube  whose  cross  section  is  constant  and  equal  to  that 
of  the  sound  source.  Now  suppose  the  source  is  circular  with  radius  a,  and  on  its  surface  the 
pressure  is  poi  sinwit  H-po2  8inw2t.  The  quasilinear  solution  for  the  complex  difference  frequency 
pressure  in  the  farfield  of  the  nonlinear  interaction  region  is  then  [l,8l| 


^  „  _ 

- - —Dw{ff)DM 


r  aj\A:-a^/2, 
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where 


Bw(ff)  = 
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The  physical  pressure  is  given  by  with  x- =  k- -  ja-  the  complex  wavenumber, 

k-  =  w_/co  the  real  wavenumber,  and  a_  the  attenuation  coefficient  at  the  difference  frequency; 
ar  =  ai  +  02  -  a-  is  a  combined  attenuation  coefficient.  If  tq  =  koa^/2  is  dehned  to  be  the 
collimation  length  (or  Rayleigh  distance)  of  the  primary  waves,  where  ko  is  the  average  primary 
wavenumber,  then  ar»’o  >  1  is  a  suitable  criterion  for  the  validity  of  Eq.  (28).  An  additional 
restriction  on  Eq.  (28)  is  that  the  primary  waves  suffer  only  relatively  small  finite  amplitude 
losses. 


The  most  remarkable  property  of  the  parametric  array  is  its  beam  pattern.  When  k^a  <  1, 
as  is  often  the  case,  the  aperture  factor  is  approximately  equal  to  unity  and  may  be 

ignored  [81].  The  angular  dbtribution  of  difference  frequency  radiation  is  then  governed  by 
the  Westervelt  directivity  function  Dw{eY  Note  that  Dw{B)  does  not  predict  the  appearance 
of  any  sidelobes.  The  reason  for  the  absence  of  sidelobes  is  that  p_  is  not  radiated  from  the 
physical  source  of  radius  a,  but  instead  it  is  generated  from  the  volume  of  fluid  occupied  by 
the  primary  waves.  The  volume  where  the  nonlinear  interaction  occurs  extends  out  from  the 
circular  source  to  a  range  given  approximately  by  La  =  The  absorption  length  and 

not  the  source  radius  a,  is  the  characteristic  dimension  of  the  parametric  array.  In  addition, 
the  parametric  array  exhibits  an  exponential  amplitude  taper,  and  it  is  phased  in  such  a  way  as 
to  create  an  end-fire  configuration.  The  difference  frequency  radiation  from  this  exponentially 
tapered  end-fire  array  forms  a  beam  pattern  devoid  of  a  sidelobe  structure.  Prom  the  Westervelt 
directivity  function,  the  half  power  angle  of  the  radiation  is  found  to  be  Bhp  =  >/2ar/A;-.. 
Since  the  beamwidth  b  independent  of  the  physical  source  dimension  a,  the  parametric  array 
b  capable  of  generating  narrow  low  frequency  radiation  fields  from  relatively  small  ultrasonic 
sources.  In  fact,  direct  radiation  at  the  difference  frequency  from  a  circular  source  is  described 


by  the  aperture  factor  which  typically  predicts  a  much  broader  beam  than  does  Dw{S). 

Finally,  the  parametric  array  possesses  unusual  bandwidth  characteristics.  Since  wi  »  0^2,  a 
small  percentage  change  in  either  of  the  primary  frequencies  causes  a  relatively  large  percentage 
change  in  the  difference  frequency.  Although  a  narrowband  transducer  may  generate  the  primary 
waves,  a  relatively  wide  frequency  band  exists  at  the  downshifted  difference  frequency. 

The  model  conceived  by  Westervelt  is  often  referred  to  as  an  absorption  limited  array,  be¬ 
cause  absorption  is  assumed  to  be  the  only  loss  mechanism  responsible  for  terminating  the  non¬ 
linear  interaction  region.  However,  when  the  absorption  length  is  large  compared  to  the  Rayleigh 
distance  (aT-ro  <1  1),  spherical  spreading  can  be  the  principal  mechanism  that  limits  the  length 
of  the  interaction  region.  The  latter  type  of  parametric  interaction  is  said  to  be  diffraction  lim¬ 
ited.  Taking  into  account  nonlinear  interaction  in  the  spherical  wave  region  leads  to  different 
conclusions  regarding  sum  and  difference  frequency  generation  in  an  absorbing  fluid  [821.  Suffi¬ 
ciently  far  from  the  parametric  array,  the  difference  frequency  wave  is  governed  by  linear  theory 
and  decays  as  On  the  other  hand,  the  sum  frequency  wave  depends  asymptotically 

on  the  product  of  the  primary  waves  and  decays  as  (see  also  Ref.  83).  In  effect, 

the  sum  frequency  wave  never  truly  escapes  from  the  nonlinear  interaction  region.  Difference 
frequency  beamwidths  measured  independently  by  researchers  working  with  different  parameter 
ranges  have  been  compiled  and  analyzed  by  Hobaek  and  Tjdtta  [TOj  (see  ako  Ref.  84).  It  was 
found  that  for  diffraction  limited  arrays,  the  half  power  angle  of  the  difference  frequency  wave 
is  close  to  that  of  the  primary  waves. 

Results  from  a  parametric  array  experiment  performed  in  water  by  Muir  and  Willette  [85] 
are  shown  in  Figs.  8  and  9.  Primary  waves  at  418  and  482  kHz  were  radiated  by  a  single  3.8  cm 
radius  circular  transducer,  and  sound  pressure  levels  at  the  sum  (900  kHz),  difference  (64  kHz), 
and  primary  frequencies  were  measured  as  functions  of  range  and  angle.  Shown  in  Fig.  8  are 
the  axial  propagation  curves.  The  collimated  nearfield  of  the  primary  waves  ends  just  beyond 


Q  MEAN  OF  the  418- and 


RANGE  -  YO 


Fig.  8 — Propagation  curves  for  a 
parametric  array. 


00000  experiment 
. .  theory 


(o)  (b)  (c) 

Fig.  9 — Beam  patterns  for  the  (a)  482  kHz 
primary,  (b)  64  kHz  difference  frequency, 
and  (c)  900  kHz  sum  frequency  waves. 


198 


1  yd  from  the  source,  as  seen  by  where  the  propagation  curve  begins  to  follow  the  spherical 
spreading  law  p  oc  The  primary  waves  eventually  decay  more  rapidly  than  on  account 
of  absorption.  Note  that  the  difference  frequency  wave  does  not  experience  spherical  spreading 
until  it  has  traveled  50-100  yd.  Significant  nonlinear  interaction  therefore  occurs  well  into  the 
farfield  of  the  primary  waves.  The  sum  frequency  wave  falls  off  much  sooner  because  of  the 
much  higher  absorption  at  that  frequency.  As  pointed  out  above,  the  difference  frequency  wave 
is  eventually  the  lone  survivor,  despite  the  fact  that  it  starts  out  more  than  30  dB  below  the 
sum  frequency  wave.  Shown  in  Fig.  9  are  the  corresponding  farfield  beam  patterns.  Between  the 
—  10  dB  points,  the  beam  pattern  of  the  upper  primary  wave  and  that  of  the  difference  frequency 
wave  are  very  similar,  despite  their  frequencies  differing  by  a  factor  of  7.5.  Note  also  the  absence 
of  sidelobes  in  the  difference  frequency  beam  pattern. 

By  far  the  most  widespread  use  of  parametric  arrays  has  been  in  underwater  applications, 
many  of  which  are  discussed  by  Novikov,  Rudenko,  and  Timoshenko  [32].  The  absence  of  side- 
lobes  makes  the  parametric  array  particularly  useful  in  highly  reverberant  environments  created 
by  shallow  water.  For  example,  fish  detection  and  location  in  shallow  water  is  sometimes  more 
easily  performed  with  a  parametric  array  then  with  conventional  sonar.  Parametric  arrays  have 
been  used  in  tank  experiments  where  the  propagation  of  single  modes  in  water  channels  is  inves¬ 
tigated.  The  narrow,  low  frequency  beams  have  also  proved  useful  in  bottom  and  sub-bottom 
profiling  of  the  ocean  floor.  Although  only  a  small  percentage  of  the  energy  in  the  primary  waves 
is  transferred  to  the  difference  frequency  component,  signal  processing  advantages  are  gained  by 
exploiting  the  wide  bandwidth  properties  of  the  parametric  array.  Moreover,  the  beam  pattern 
of  the  parametric  array  is  relatively  unaffected  by  changes  in  frequency. 

Vra.  SELF-DEMODULATION 

When  pubes  rather  than  continuous  signab  are  used  to  drive  the  parametric  array,  the  time 
signal  received  in  the  farfield  is  dramatically  different  from  what  is  supplied  to  the  source.  For 
the  time  waveform  at  the  source  lei 


p(x  =  0)  =  Po/(0  sinwt, 


(29) 


where  f[t)  is  an  envelope  function  that  b  normalized  to  have  a  maximum  value  of  unity.  It  b 
assumed  that  the  envelope  varies  slowly  with  time  compared  to  sinwt.  Berktay  [27]  showed  that 
the  farfield  pressure  on  the  axb  of  the  parametric  array  b  (see  also  Ref.  86) 


p(0  =  0)  = 
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where  a  is  the  absorption  coefficient  of  the  carrier,  S  is  the  area  of  the  source,  and  A  is  the 
characteristic  wavelength  of  the  farfield  pressure  p.  The  carrier  wave  is  of  much  higher  frequency 
than  the  envelope  function  and  b  therefore  more  rapidly  absorbed  by  the  fluid.  Eventually  all 
that  b  left  on  axb  b  a  squared  and  differentiated  version  of  the  original  envelope  function.  The 
process  b  referred  to  as  self-demodulation. 

Graphic  experimental  verification  of  the  self-demodulation  phenomenon  appeared  in  a  series 
of  papers  by  Moffett  and  coworkers  [86-88].  Shown  in  Fig.  10  [86]  are  results  from  an  experiment 
performed  with  10  MHz  pubes  in  carbon  tetrachloride.  Note  the  simultaneous  absorption  of  the 
carrier  and  distortion  of  the  envelope.  The  experimental  results  are  in  excellent  agreement 
with  Eq.  (30)  [87],  Research  currently  underway  in  Japan  [89,90]  is  directed  toward  the  use  of 
parametric  arrays  in  air  for  the  transmbsion  of  audio  signab  in  narrow  sound  beams.  Problems 
associated  with  construction  of  such  a  parametric  loudspeaker  center  around  power  requirements 
and  suitable  electrical  predbtortion  networks. 
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Fig.  10 — Self-demodulation  of  a  pulsed  10  MHz 
carrier  wave  in  carbon  tetrachloride. 


DC-  PARAMETRIC  RECEIVERS 

Westervelt  [l]  pointed  out  that  highly  directional  receivers  as  well  as  transmitters  can  be  formed 
by  the  interaction  of  finite  amplitude  sound  waves.  A  parametric  receiver  consists  of  only  two 
transducers  (see  Fig.  11  [91]).  One  is  a  source,  referred  to  as  the  pump,  capable  of  radiating  a 
collimated,  high  intensity  sound  beam.  The  other  Is  a  hydrophone  located  along  the  acoustic  axis 
of  the  pump.  Because  of  its  high  intensity,  the  pump  wave  interacts  nonlineau'ly  with,  and  thus 
modulates,  any  acoustic  signal  that  propagates  through  its  path.  The  resulting  intermodulation 
components  detected  by  the  hy¬ 
drophone  provide  information  ^ 

about  the  incoming  signal.  When  \  \  \ 

the  pump  wave  and  incoming  sig-  \  \  \  \  K 
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with  the  propagation  direction  of  the  incoming  signal.  Departure  from  such  a  collinear  orientation 
causes  the  amplitudes  to  vary  according  to  the  farfield  directivity  function  of  an  end-fire  array 
having  the  same  length  as  the  distance  L  between  the  pump  and  hydrophone.  If  the  pump 
generates  a  collimated  plane  wave  of  frequency  fp  and  the  incoming  signal  is  a  plane  wave  of 
frequency  and  if  /p  <  1,  ^  where  a  is  the  pump  radius  and  otp  is  the 

attenuation  coefficient  of  the  pump  wave,  then  the  dependence  of  the  received  sum  and  difference 
frequency  pressure  amplitudes  on  the  angle  of  the  incoming  wave  is  [92,93] 


D{e)^ 


sm[ktLsin^  {6I2)\ 
k^Lsiv?  [B/l] 


(31) 


The  differential  elements  that  form  a  continuous  end-fire  array  are  thus  synthesized  by  the 
nonlinear  response  of  the  fluid  to  the  pump  wave. 

The  first  experiments  with  parametric  receivers  were  reported  around  1969  in  England  by 
Berktay  and  AI-Temini  [92|  and  in  the  Soviet  Union  by  Zverev  and  Kalachev  [93].  Subsequent 
work  improved  on  the  basic  theoretical  model  by  allowing  for  spherically  spreading  [94]  and 
diffracting  [95]  pump  waves,  but  the  directivity  function  was  always  found  to  closely  resemble 
Eq.  (31).  Ikuchard  [96,97]  investigated  both  theoretically  and  experimentally  the  effect  of  pump 
geometry  on  parametric  reception.  The  novel  concept  of  an  array  of  parametric  receivers  was 
considered  by  Berktay  and  Muir  [98].  Use  of  more  than  one  receiver  not  only  allows  more  directive 
reception  but  in  addition  provides  a  means  for  beam  steering.  Goldsberry  and  coworkers  [91,99] 
considered  some  of  the  engineering  problems  associated  with  parametric  reception. 

The  utility  of  the  parametric  receiver  lies  in  the  advantage  of  being  able  to  construct  large 
apertures  for  directional  reception  with  only  two  relatively  small  transducers.  Since  the  half 
power  angle  is  Bffp  =  0.94\/A,/Ii,  the  beamwidth  is  determined  primarily  by  the  pump  to 
hydrophone  separation.  An  upper  bound  on  the  length  of  a  parametric  receiver  is  determined  by 
the  maximum  range  at  which  the  intensity  of  the  pump  wave  is  capable  of  maintaining  sufficiently 
strong  nonlinear  interaction  with  the  noise  signal.  Maximum  receiver  lengths  are  typically  on  the 
order  of  hundreds  of  meters,  although  design  parameters  for  receivers  tens  of  kilometers  in  length 
have  been  discussed  by  McDonough  [100).  A  particularly  useful  application  of  the  parametric 
receiver  is  the  directional  measurement  of  low  frequency  noise  in  the  ocean.  The  construction  of 
conventional  low  frequency  receivers  that  are  sufficiently  large  to  provide  high  directivity  can  be 
impractical  for  either  financial  or  logistical  reasons. 


X.  DIFFRACTION 

/ 

The  combined  effects  of  nonlinearity,  dissipation,  and  diffraction  of  directive  sound  beams  are 
accounted  for  consistently  to  lowest  order  by  the  KZK  (Khokhlov-Zabolotskaya-Kuznetsov)  equa¬ 
tion  [33,34]  (see  also  Ref.  36) 

^  -  fivip- -L.fi  =  (32) 

dzdT  2  2poCo  2poCo 

In  the  derivation  of  Eq.  (32)  it  is  assumed  that  the  sound  waves  are  sufficiently  well  collimated 
(iba  !>  1)  that  the  wavefronts  are  quasiplanar.  A  coordinate  system  is  used  where  the  z  axis 
coincides  with  the  acoustic  axb  of  the  sound  beam,  and  the  retarded  time  associated  with  the 
propagating  quasiplane  waves  is  r  =  t  —  z/cq.  The  transverse  laplacian  operator  =  5^/9x^  + 
d^fd^  accounts  for  the  wavefront  curvature  that  results  from  di&action.  Ek^uation  (32)  may  be 
written  in  terms  of  particle  velocity  by  using  the  linear  plane  wave  impedance  relation  p  =  po^o^- 
The  substitution  is  valid  because  (1)  ka:>  I  [36],  and  (2)  the  local  effects  discussed  in  Sec  I  are 
not  accounted  for  in  £}q.  (32).  Without  the  diffraction  term  V^p,  Eq.  (32)  thus  reduces  to  the 
form  of  the  Burgers  equation  in  Eq.  (16). 


The  first  investigations  based  on  the  KZK  equation  were  performed  almost  exclusively  in  the 
Soviet  Union.  Much  of  the  Soviet  work  on  nonlinear  effects  in  sound  beaips  is  reviewed  in  books 
by  a  number  of  the  leading  researchers  [32,35,44].  Early  work  on  second  harmonic  generation  [lOlj 
and  parametric  radiation  [102]  was  often  based  on  Gaussian  beam  theory  because  of  the  resulting 
analytical  simplifications  in  quasilinear  analyses  (see  Sec.  XI).  Numerical  solutions  presented  in  a 
series  of  papers  by  Bakhvalov  and  coworkers  [103-109]  and  reviewed  in  Ref.  [35]  demonstrated  the 
significance  of  di&action  in  nonlinear  waveform  distortion.  However,  apart  from  the  quasilinear 
analysis  by  Kunitsyn  and  Rudenko  [110],  the  intricate  diffraction  effects  in  the  practical  case  of 
finite  amplitude  radiation  from  a  circular  source  were  all  but  ignored. 

The  most  detailed  analysis  of  the  combined  effects  of  nonlinearity,  diffraction,  and  ab¬ 
sorption  in  directive  sound  beams  appeared  in  a  series  of  papers  by  Naze  Tjdtta,  Tj0tta,  and 
coworkers  [36—42].  Their  theoretical  work  is  based  on  the  KZK  equation,  and  it  is  in  excellent 
agreement  with  experimental  results.  Although  their  analysis  applies  to  arbitrary  sources,  here 
we  shall  restrict  attention  to  single  frequency  excitation  of  a  uniform  circular  source  of  radius  a. 
Specifically,  let 


p{z  =  0)  =  po  sincjt,  r  <  a,  (33) 

=  0,  r  >  o, 

where  r  =  y/x^  is  the  radial  coordinate  in  the  plane  that  is  perpendicular  to  the  acoustic 
axis.  Since  the  relation  p  =  pqcqu  is  valid  for  Eq.  (32),  E3q.  (33)  is  the  correct  boundary  condition 
for  a  circular  source  that  vibrates  with  uniform  velocity.  The  basic  analytical  models  for  the 
radiated  sound  field  are  derived  via  the  method  of  successive  approximations. 

As  a  first  approximation,  it  is  assumed  that  the  source  amplitude  is  sufficiently  low  that 
linear  theory  provides  an  adequate  description  of  the  wave  at  frequency  a;.  This  approximation 
holds  as  long  as  nonlinear  losses  can  be  ignored.  The  right  hand  side  of  Eq.  (32)  is  then  set  equal 
to  zero,  and  the  solution  that  satisfies  E3q.  (33)  b  obtained.  The  linear,  or  first-order  solution  Pi 
is  found  using  integral  transforms  to  be  [37,111] 

(i^marfax  \ 

1  -  J  j^(2u)duj,  (34) 

where  zq  =  k<x^/2  is  the  Rayleigh  distance,  k  =  w/cq,  ot  =  /2poCq,  and  the  physical  pressure 
is  Im(pxe^**^*').  Ek^uation  (34)  is  written  in  a  form  that  is  particularly  convenient  for  numerical 
computations.  On  axis  (r  =  0),  the  integral  vanishes  and  the  solution  reduces  to  px  = 

tijg  absence  of  absorption  the  axial  amplitude  is  proportional  to  8in(2o/2z),  which 
for  z/a  >  O.S(A:a)i/3  (37,110,1111  is  in  good  agreement  with  the  exact  axial  solution  given  by 
King  [112j.  In  other  words,  EJq.  (34)  breaks  down  on  axis  only  within  a  few  radii  from  the 
source.  Off  axis,  Eq.  (34)  is  valid  within  the  paraxial  region,  away  from  the  edges  of  the  beam. 
For  example,  the  farfield  directivity  function 


<-) 

obtained  from  Elq.  (34)  is  the  same  as  that  which  is  derived  in  the  Fresnel  approximation.  In 
summary,  Eq.  (34)  provides  an  accurate  description  of  those  regions  of  the  sound  field  where 
most  of  the  energy  is  located. 

The  second  approximation  consists  of  adding  to  the  linear  solution  the  quasilinear  solution 
obtained  from  Eq.  (32)  when  p  =  Im(pxcJ"*‘)  is  substituted  in  the  nonlinear  term  on  the  right 
hand  side.  The  resulting  inhomogeneous  wave  equation  has  a  forcing  function  at  frequency  2ci;. 
According  to  Eq.  (33)  there  is  no  second  harmonic  radiation  by  the  source,  so  the  quasilinear 
solution  p2  must  vanish  at  z  =  0.  The  general  solution  for  p2  involves  a  quadruple  integral  that 
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must  be  evaluated  numerically  [40].  However,  a  relatively  simple  farfield  result  is  obtained  for 
the  region  beyond  the  Rayleigh  distance,  but  before  the  range  where  absorption  is  important: 

D^{$)  +  0(z“^),  zo/2  a  <  l/2a.  (36) 


^  (lz\  .IT 

P2  - 5 - 2 - -  *“  JX  “7 

8poc5  z  \zo^  2 


The  physical  pressure  is  Im(p2cJ2‘-*’),  and  7  =  0.577. ..  is  the  Euler  number. 

Analysis  of  EJq.  (36)  reveals  that  the  farfield  of  the  second  harmonic  component  begins  at 
a  significantly  greater  range  than  that  of  the  fundamental  component.  The  farfield  is  defined 
as  the  region  where  the  beam  pattern  no  longer  depends  on  range.  Although  the  first  term  in 
Eq.  (36)  may  be  separated  into  independent  functions  of  z  and  the  second  term  represented 
by  0(z^^)  may  not.  The  farfield  of  the  second  harmonic  component  begins  when  the  first  term  in 
Eq.  (36)  dominates  the  second.  When  the  first  term  is  of  the  same  order  as  the  second,  the  beam 
pattern  is  still  a  function  of  range.  The  second  term  accounts  for  nonlinear  effects  generated 
very  near  the  source,  as  indicated  by  the  decay  rate.  Cumulative  effects  are  represented 
by  the  first  term,  which  decays  at  the  slower  rate  of  because  energy  is  continuously 

pumped  into  the  second  harmonic  wave  from  the  fundamental  component.  Nearfield  effects 
are  dominated  by  cumulative  effects  only  when  the  slowly  varying  logarithm  in  the  first  term 
becomes  large  compared  to  unity.  The  nordintar  farfield  is  therefore  reached  only  when  z  exceeds 
zq  by  several  orders  of  magnitude,  in  contrast  to  the  usual  /mcar  farfield  criterion  z  »  zq-  Only 
in  the  nonlinear  farfield  does  the  product  directivity  D^(0)  apply  to  the  second  harmonic,  as 
was  derived  previously  (see  Eq.  (24))  by  ignoring  diffraction  effects.  Similar  results  apply  to  all 
higher  harmonics  [42]. 

Numerical  solutions  of  EJq.  (32)  for  the  full  set  of  nonlinearly  generated  harmonics  may  be 
obtained  by  a  method  similar  to  that  described  in  Sec.  VI.  Such  an  approach  was  developed  by 
Aanonsen  [113]  (see  also  Refs.  41  and  42).  A  Fourier  expansion  where  the  spectral  amplitudes 
are  functions  of  as,  y,  and  z  is  substituted  in  EJq.  (32).  The  resulting  set  of  coupled  equations  is 
similar  to  Eq.  (27),  except  now  the  differential  operators  on  the  left  hand  side  are  of  the  diffusion 
type.  Solutions  can  then  be  obtained  by  standard  finite  difference  methods.  Finite  difference 
solutions  of  the  KZK  equation  were  used  to  generate  the  theory  shown  in  Fig.  5. 

Beam  patterns  calculated  numerically  for  the  fundamental  through  the  fourth  harmonic  com¬ 
ponents  that  result  from  the  boundary  condition  in  Eq.  (33)  are  shown  in  Fig.  12  [42|.  The  range 
is  fixed  at  z  =  IOzqi  for  which  the  dimensionless  coordinate  along  the  abscissa  is  u'  =  0.45A;a  tan  0, 
The  source  amplitude  is  characterized  by  ^ekzo  =  1.5,  where  e  =  po/poc§.  A  plane  wave  having 
the  same  initial  amplitude  would  form  a  shock  at  0.6720,  so  the  sound  beam  is  strongly  nonlinear. 
The  three  sets  of  beam  patterns  correspond  to  different  amounts  of  absorption:  (a)  azo  =  1.0, 
(6)  azo  =  0.1,  and  (c)  azo  =  0.01.  Consider  first  the  case  with  high  absorption  (az^  =  1.0).  In 
this  case  the  absorption  prevents  any  significant  nonlinear  losses  at  the  fundamental  frequency. 
The  beam  pattern  of  the  fundamental  component  (n  =  1)  in  Fig.  12a  is  described  by  Eq.  (35). 
Absorption  has  also  eliminated  the  nonlinear  nearfield  effects,  and  the  directivity  functions  of 
the  higher  harmonics  are  given  by  Eq.  (24).  Figure  12a  therefore  depicts  a  situation  where  the 
nonlinear  farfield  is  reached  within  ten  Rayleigh  distances  from  the  source,  and  there  is  agree¬ 
ment  with  the  conventional  farfield  criterion  z  ^  zq  for  linear  radiation.  Now  consider  the  case 
of  low  absorption  in  Fig.  12c,  where  azo  :=  0.01.  Because  of  nonlinear  losses,  the  beam  pattern 
of  the  fundamental  component  is  no  longer  described  by  Eq.  (35).  Since  nonlinear  losses  are 
most  significant  where  the  amplitude  of  a  wave  is  highest,  in  a  directive  sound  beam  the  losses 
are  most  pronounced  on  axis.  Note  that  the  main  lobe  is  considerably  flatter  in  Fig.  12c  than  in 
Fig-  12a.  Nonlinear  losses  are  manifested  as  an  erosion  of  the  main  lobe,  which  corresponds  to 
an  increase  in  the  relative  level  of  the  sidelobes.  Whereas  the  first  sidelobe  of  the  fundamental 
component  is  down  by  almost  18  dB  in  Fig.  12a,  the  same  lobe  is  down  by  only  11  dB  in  Fig.  12c 
(see  Ref.  49  for  related  experimental  work).  However,  the  most  striking  feature  of  Fig.  12c  is  the 
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Fig.  12 — Beam  patterns  calculated  at 
z  =  IO20  for  n  =  1  ( — ),  n  =  2  ( — ), 

n  =  3  ( - ),  and  n  =  4  (•  •  •),  where 

v!  =  0.45A;atan^,  and  (a)  azo  =  1.0, 
(b)  azo  —  0.1,  (c)  OLZo  =  0.01. 


appearance  of  nearfield  effects.  In  the  second  har¬ 
monic  beam  pattern  there  are  twice  as  many  side- 
lobes  as  in  Fig.  12a,  three  times  as  many  for  the 
third  harmonic,  and  so  on.  The  additional  sidelobes, 
referred  to  as  fingers  [40],  are  higher  in  amplitude 
than  the  sidelobes  predicted  by  the  power  law  for 
the  directivity  pattern.  The  fingers  are  the  nearfield 
effects  represented  by  0{z~^)  in  E3q.  (36).  Not  until 
the  fingers  disappear  is  the  nonlinear  farfield  reached, 
which  for  low  absorption  may  not  occur  for  hundreds 
of  Rayleigh  distances.  Figure  126  shows  a  case  of 
medium  absorption,  where  at  z  =  IOzq  the  fingers 
still  exist  but  do  not  dominate  the  field  structure. 

Fingers  have  been  observed  in  experimental  in¬ 
vestigations  (see  Refs.  40  and  42),  but  in  the  past 
they  have  been  attributed  to  direct  radiation  from 
the  source  at  the  various  harmonic  frequencies.  Such 
a  conclusion  is  not  suprising,  since  the  fingers  ap¬ 
pear  precisely  where  one  would  expect  to  find  side¬ 
lobes  if  the  source  were  radiating  directly  at  that 
particular  frequency.  Shown  in  Fig.  13  [42]  are  ex¬ 
perimental  results  obtained  by  Lockwood  [114]  (see 
also  Ref.  70).  The  fundamental,  second,  and  third 
harmonic  beam  patterns  were  measured  10  m  (z  = 
7.1zo)  away  from  a  circular  source  of  radius  3.8  cm 
driven  at  450  kHz  in  water.  The  dimensionless  source 
amplitude  was  jSekzo  =  0.88,  just  over  half  that  mod¬ 
eled  in  Fig.  12,  and  the  dimensionless  absorption 
was  azo  =  0.01.  If  the  measurements  were  taken 
in  the  farfield,  EJq.  (24)  would  be  valid,  and  sidelobes 
would  appear  only  at  ^  ~  4®.  However,  not  only 
are  nearfield  effects  quite  pronounced,  but  agreement 
between  experiment  and  theory  based  on  EJq.  (32)  is 
very  good. 

The  use  of  finite  amplitude  sound  for  acoustic 
imaging  requires  a  basic  understanding  of  the  rela¬ 
tive  effects  of  nonlinearity,  diffraction,  and  absorp¬ 
tion  in  directive  radiation.  Nonlinear  losses  at  the 
source  frequency  can  result  in  wider  beams  and  lower 
received  levels  than  are  predicted  by  linear  theory. 
When  an  imaging  system  uses  information  from  non- 
linearly  generated  waves,  it  is  important  to  take  into 
account  the  sensitive  dependence  of  di&action  ef¬ 
fects  on  the  geometry  and  amplitude  of  the  source 
and  the  absorption  of  the  medium.  The  theoretical 
model  discussed  in  this  section  has  played  an  impor¬ 
tant  role  in  advancing  the  understainding  of  paramet¬ 
ric  arrays  [38|,  nonlinear  focusing  systems  [115-117], 
and  the  transmission  [118]  and  reflection  [119]  of  fi¬ 
nite  amplitude  sound  beams  incident  on  an  interface 
between  different  media. 
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Fig.  13 — Harmonic  beam 
patterns  measured  at 

2  =  T.lzo. 


XI.  GAUSSIAN  BEAMS 

Gaussian  beams  are  often  used  to  model  directive  radiation  when  the  basic  phenomena  to  be 
investigated  do  not  require  the  complexity  of  the  analysb  outlined  in  Sec.  X.  The  extensive 
research  based  on  Gaussian  beams  in  the  Soviet  Union  is  reviewed  in  Refs.  32,  35  and  44. 
When  appropriately  scaled,  the  results  from  Gaussian  beam  theory  often  compare  favorably  with 
experiments  that  involve  radiation  from  circular  sources.  For  the  Gaussian  source  condition  let 

p(x  =  0)  =  sinwt,  (37) 

where  r  is  again  the  transverse  radial  coordinate,  and  tq  b  the  spot  sise  of  the  source  excitation. 
As  in  Sec.  X,  the  method  of  successive  approximations  is  used  to  derive  expressions  for  the 
fundamental  and  second  harmonic  components.  Ignoring  the  nonlinear  term  in  EJq.  (32),  we 
obtain  for  the  fundamental  component 


Pi 


Pg 

1  -  jz/zo 


exp 


jr/ro)^  \ 

l-jz/zo)' 


(38) 


where  zq  =  fcr§/2  b  the  collimation  length  of  the  source,  and  the  physical  pressure  b  Im(pic«?"*’). 
In  the  nearfield  (z  C  zq)  the  factors  of  z/zq  may  be  ignored  and  Eq.  (38)  describes  a  plane  wave, 
with  Gaussian  amplitude  shading,  that  propagates  in  an  absorbing  fluid.  None  of  the  oscillatory 
nearfield  structure  that  characterizes  radiation  from  circular  sources  appears  in  Gaussian  beams. 
Note  that  the  transverse  amplitude  distribution  is  Gaussian  at  all  ranges.  In  the  farfield,  for 
example,  the  directivity  function  b  D(6)  =  exp[— (ijkro  tantf)^]. 

The  second  harmonic  component  is  calculated  by  solving  Eq.  (32)  with  the  linear  solution 
substituted  in  the  nonlinear  term  [83] : 


P2  = 


4poc§(l  -  jz/zo) 


exp  I 


-4az  — 


2(»-/ro)=i 


-  (-^ii-y^i  -  ^i[-y2a(i  -  yz/zo)]) , 


1  -  jz/zo 

2,  io  (39) 

where  Ei(z)  =  t  *dt  is  the  exponential  integral,  which  is  easily  evaluated  with  various 
series  expansions  [120,121|.  The  physical  pressure  of  the  second  harmonic  component  is  given 
by  Im(p2e^^“’’).  First  consider  the  limiting  case  of  no  absorption,  for  which  a  particularly 
simple  result  b  obtained.  As  a  — ♦  0,  the  two  exponential  integrals  in  £!q.(39)  combine  to 
yield  ln(l  —  jz/zq).  In  the  nearfield  p2  oc  z,  which  agrees  with  the  result  for  plane  waves  in  the 
quasilinear  approximation.  In  the  farfield,  where  z  exceeds  zq  by  several  orders  of  magnitude,  the 


dependence  becomes  p2  oc  2:“^  Inz,  the  same  as  was  found  in  Sec.  X  for  radiation  from  a  circniar 
source.  When  absorption  is  taken  into  account,  the  farfield  solution  yields  p2  cc  and 

the  directivity  function  (whether  or  not  there  is  absorption)  is  2?2(S)  =  D^{6)^  Since  the  farfield 
dependence  of  the  linear  solution  is  pi  cx  one  obtains  in  the  nonlinear  farfield 

P2  oc  p^.  The  farfield  behavior  of  the  second  harmonic  component  in  an  absorbing  fluid  thus 
depends  only  on  the  local  behavior  of  the  fundamental  component  [82,83,122]. 

Fenlon  and  coworkers  [83,123,124]  have  employed  a  transformation  that  modifies  Gaussian 
beam  solutions  for  application  to  sound  radiated  from  circular  sources.  A  farfield  matching 
technique  is  used  that  equates  Eq.  (38)  near  the  acoustic  axis  to  the  linear  solution  that  satisfies 
the  source  condition  in  EJq.  (33).  The  matching  procedure  yields  Pg  =  2po  and  tq  =  a/\/2  for  the 
Gaussian  beam  parameters.  Use  of  the  transformation  in  EJq.  (39)  yields  a  solution  for  the  second 
harmonic  component  which  for  a  =  0  matches  E]q.  (36)  in  the  paraxial  farfield  (note  that  zq  is 
defined  differently  in  the  two  equations).  Modified  Gaussian  beam  solutions  have  been  compared 
with  results  for  parametric  arrays  generated  by  circular  sources  [39,83,123].  The  solutions  are 
shown  to  be  accurate  on  axis  beyond  about  one  half  Rayleigh  distance  from  the  source.  In  fact, 
modified  Gaussian  beam  solutions  for  both  the  sum  and  difference  frequency  waves  generated 
with  a  parametric  array  were  shown  to  be  virtually  indistinguishable  from  the  theory  presented 
in  Fig.  8  [83]. 

Equations  (38)  and  (39)  are  also  easily  modified  for  the  study  of  focused  finite  amplitude 
sound.  A  source  with  focal  length  d  is  modeled  by  multiplying  the  complex  source  condition  by 
the  phase  term  Equivalently,  one  could  just  replace  the  spot  size  tq  by  the  modified 

complex  spot  size  fo  =  ro(l  —  Substitution  of  fo  for  tq  in  Elqs.  (38)  and  (39)  thus 

yields  results  for  focused  sound  beams.  For  example,  making  the  substitution  in  Eq.  (38)  yields 
for  the  linear  solution 


Pi 


Pg 

1  —  z/d  —  jz/zQ 


exp 


l-jzp/d  / jr_\  2\ 

1-  z/d-  jz/zo\ro/  / 


(40) 


If  the  effects  of  absorption  are  ignored,  the  pressure  amplitude  at  the  focus  is  found  to  be 
{kr^/2d)pg.  To  model  focused  sound  from  a  circular  source  we  may  again  let  pg  =  2po  and 
To  =  aly/2.  The  pressure  amplitude  at  the  focus  is  then  found  to  be  [ka^/2d)pof  which  is  in 
agreement  with  the  exact  linear  solution  of  Eq.  (32)  for  a  focused  circular  source  [125].  Focused 
finite  amplitude  sound  from  a  circular  source  can  thus  be  modeled  fairly  accurately  in  the  paraxial 
focal  region  with  Gaussian  beam  theory. 
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3n.  Nonlinear  Acoustics  (Theoretical) 
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Until  the  early  1950s  most  of  what  was  known  about  sound  waves  of  finite  amplitude 
was  confined  to  propagation,  and  to  a  lesser  extent  reflection,  of  plane  waves  in  loss¬ 
less  gases.  Since  that  time  a  great  deal  has  been  learned  about  propagation  in  other 
media,  about  nonplanar  propagation  (still  chiefly  in  one  dimension),  about  the  effect 
of  losses,  and  about  standing  waves.  Inroads  have  been  made  on  problems  of 
refraction.  Diffraction  is  still  relatively  untouched. 

In  this  section  the  exact  equations  of  motion  for  thcrmoviscous  fluids  will  first 
be  stated.  Various  retreats  from  the  full  generality  of  these  equations  will  then  be 
discussed.  No  attempt  will  be  made  to  cover  streaming  and  radiation  pressure.  See 
Secs.  3c-7  and  3c-8  for  a  discussion  of  those  topics. 


GENERAL  EQUATIONS  FOR  FLUIDS 

The  basic  conservation  equations  will  be  stated  briefly  for  viscous  fluids  with  heat 
flow.  Other  compressible  media,  such  as  solids  and  relaxing  fluids,  are  discussed 
later  in  the  section. 

3n-l.  Conservation  of  Mass,  Momentum,  and  Energy.  In  Eulerian  (spatial)  coor¬ 
dinates  the  continuity  and  momentum  equations  are  respectively 


Dp  dui 


Duj  ,  dp_  _ 

Dt  dXi  dx. 


(v'dkk^if  +  27>d,7) 


(3n.l) 


(3n-2) 
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Aq  entropy  equation  is  stated  here  in  place  of  the  usual  energy  equation: 


'  Dt  ^\.  Di  Dl  \  ^ 


dXi 


(3n-3) 


Here  p  b  the  density,  Ui  b  the  fth  (cartesian)  component  of  particle  velocity,  p  b 
pressure,  5,,-  is  the  Kronecker  delta,  d,y  =  ^{dm/dXi  +  dui/dx,)  is  the  rate-of-defor- 
mation  tensor,  and  ij'  are  the  shear  and  dilatational  coeilicicnts  of  viscosity,  C,  and 
Cp  arc  the  specific  heats  at  constant  volume  and  pressure,  3  b  absolute  temperature, 
S  b  entropy  per  unit  mass,  y  =  CpfCr.  b  the  ratio  of  specific  heats,  j3,  =«  — p“'(c)p/d3), 
is  the  coefficient  of  thermal  expansion,  +  v'dkkdu  is  the  viscous  energy 

dbsipation  function,  and  Q,  is  the  ith  component  of  the  total  heat  flux.  Tlie  material 
derivative  Z)(  )/Dt  stands  for  3(  )/dt  +  tt,d(  If  the  flow  of  heat  b  due 

to  conduction, 


Qi~ 


dX{ 


(3n-4) 


where  k  is  the  coefficient  of  thermal  conduction.  For  heat  radiation  the  relation 
between  q  and  3  is  generally  quite  complicated ;  see,  for  example,  Vincenti  and  Baldwin 
(ref.  1).  The  model  used  by  Stokes  (ref.  2)  amounts  to  Newton’s  law  of  cooling  and 
may  be  expressed  by 

^  -  3o)  (3n-5) 


where  3o  b  the  ambient  temperature,  and  g  b  the  radiation  coefficient.  Although 
too  simple  to  describe  radiant  heat  transfer  in  a  fluid  adequately,  thb  equation  b 
worth  considering  because^f  (1)  its  analytical  simplicity  and  (2)  its  application  as 
a  convenient  model  for  relaxation  processes. 

8n-2.  Equation  of  State.  To  the  conservation  equations  must  be  added  an 
equation  of  state. 

Perfect  Gas.  The  gas  law  for  a  perfect  gas  b 


P  •»  I2p3  (3n-6) 

where  R  b  the  gas  constant.  An  approximate  form  of  thb  equation  will  now  be 
derived.  For  a  perfect  gas  the  small-signal  sound  speed  co  is  given  by  co*  =  yR3o 
rPo/po,  where  po  and  po  are  the  ambient  values  of  p  and  p.  Let  3  =  0,o(l  +  B), 
P  *=  P»  +  Poc^^P,  and  p  “  po(l  +  a),  where  /3,o  b  the  ambient  value  of  0,  (for  perfect 
gases  /3,o3o  =  1).  Assume  that  0,  P,  and  a  are  small  quantities  of  first  order.  Expan¬ 
sion  of  Eq.  (3n-6)  to  second  order  yields 

5  -  7?  -  s  +  a*  -  7^*  (3n-7) 

First-order  relations  are  now  defined  to  be  those  that  hold  in  linear,  lossless  acoustic 
theory;  examples  are  pt  =  — p*V  u  and  p  -  po  =  co*(p  -  po).  At  this  point  we 
assert  that  any  factor  in  a  second-order  term  in  Eq.  (3n-7)  may  be  replaced  by  its 
first-order  equivalent.  The  justification  is  that  any  more  precise  substitution  would 
result  in  the  api)earance  of  third-  or  higher-order  terms,  .anil  such  terms  have  already 
been  excluded  from  Eq.  (3n-7).  Thus  in  the  last  second-order  term  in  Eq.  (3n-7) 
P  may  be  replaced  by  s  to  give 


®  •»  7P  —  (7  —  l)s* 


(3n— 8) 


correct  to  second  order.  Thb  b  a  useful  approximate  form  of  the  perfect  law. 
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One  of  the  most  fruitful  special  eases  to  consider  is  the  iscntropic  perfect  gas. 
When  a  perfect  gas  is  inviscid  and  there  is  no  heat  flow,  Eq.  (3n-3)  can  be  used  to 
reduce  the  gas  law,  Eq.  (3a-4)),  to 


-  =  (-)' 

(3n-9) 

.  po  \po/ 

The  square  of  the  sound  speed)  which  by  definition  is, 

'  ■  e). 

(3n-10) 

becomes 

.  2£  »  c*  ( 

P  \Po/ 

(3n-ll) 

An  expanded  form  of  Eq.  (3a-9)  is  as  follows: 

P  «  «  +  i(7  -  1)4*  +  •  •  • 

(3n-12) 

Other  Fluids.  For  liquids  and  for  gases  that  are  not  perfect,  one  can  start  with  a 
general  equation  of  state  3  =  3(p,p).  Recognizing  that  (dZ/dp)p  —  y(j)C^0.)~^,  one 
obtains  the  exact  expression 


^  (1  +  [7  (7)  P,  -  ».] 


(3n-13) 


In  order  to  obtain  an  approximation  analogous  to  Eq.  (3n-8),  it  is  first  necessary 
to  set  doAvn  a  general  iscntropic  equation  of  state, 


P  —  P*  —  PoCi* 


(.  +  : 


■h’‘ 


■) 


(3n-14) 


where  the  coefficients  B/A,  C/A,  etc.,  are  to  be  determined  experimentally  (see 
Sec.  3o).  With  the  help  of  this  expression  and  some  elementary  thermodynamic 
relations,  one  invokes  the  approximation  procedure  described  following  Eq.  (3n-7) 
and  reduces  Eq.  (3n-13)  to  (ref.  3) 


$  yP  -  s  -  {h  -  l)s»  (3n-15) 

correct  to  second  order,  where 

“  1+  +  i(7  -  1)  (1  -  -  {7  “  l)*(4^.o3)-‘  (3n-16) 

If  Eqs.  (3n-14)  and  (3n-12)  are  compared,  it  will  be  seen  that  B/A  replaces  the 
quantity  7  —  1  in  describing  second-order  nonlinearity  of  the  p  —  p  relation.  For 
a  perfect  gas,  therefore,  replace  B/A  by  7  —  1  and  0,t,  by  3o"‘  in  Eq.  (3n-16).  The 
quantity  h  then  reduces  to  7,  and  Eq.  (3n-7)  is  recovered. 

PROPAGATION  IN  LOSSLESS  FLUIDS 

For  isentropic  flow  (taken  here  to  mean  that  the  entropy  of  every  particle  is  the 
same  and  remains  so)  Eqs.  (3n-l}  and  (3n-2)  reduce  to 

if  +  ® 

!^+^=0  (3^-176) 

and  the  equation  of  state  may  be  expressed  simply  by  p  =  p(p).  If  the  new  thermo¬ 
dynamic  quantity 
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is  introduced,  Eqs.  (3n-17)  take  the  following  symmetric  form: 

(3n-19a) 
(3n-196) 

Very  little  has  been  done  in  the  way  of  solving  these  general  equations. 

3n-S.  Plane  Waves  in  Lossless  Fluids.  For  one-dimensional  flow  in  the  x  direction 
Eqs.  (3n-19)  become 

Xi  -f  uX,  -f  cu,  *  0  (3n-20a) 

ti,  +  uu,  -f  cX.  =  0  (3n-20b) 

where  subscripts  x  and  t  now  denote  partial  differentiation,  and  u  represents  the 
particle  velocity  in  the  x  direction.  Hyperbolic  equations  of  this  form  have  been 
studied  in  great  detail  (ref.  4).  Their  solutions  are  of  two  general  types:  (1)  those 
representing  simple  waves  (waves  propagating  in  one  direction  only),  and  (2)  those 
representing  compound  waves  (waves  propagating  in  both  directions). 

Simple  IVaws.  Simple-wave  flow  is  characterized  by  the  existence  of  a  unique 
relationship  between  the  particle  velocity  and  the  local  thermodynamic  state  of  the 
fluid.  For  simple  waves  traveling  into  a  medium  at  rest,  this  relationship  is  (ref.  5) 

^  (3n-21) 

where  the  (-1-)  sign  holds  for  outgoing  waves  (waves  traveling  in  the  direction  of 
increasing  x),  and  the  (  -)  sign  for  incoming  waves  (waves  traveling  in  the  direction 
of  decrei^ing  x).  Hereinafter  when  multiple  signs  are  used,  the  upper  sign  pertains 
to  outgoing  waves.  Equations  (3n-20)  now  reduce  to  the  single  equation 

«i  +  (u  ±  c)«,  =  0  (3n-22) 

which  becomes  autonomous  once  the  equation  of  state  is  specified,  since  Eqs.  (3n-18) 
and  (3n-21)  imply  a  relationship  c  =  c{u).  Note  that  the  linearized  version  of 
Eq*_(3n-22),  Ut  i  CoUi  =  0,  possesses  the  familiar  traveling-wave  solution  u  = 
/(x  +  CoO  of  linear  acoustics. 

The  most  important  nonlinear  effect  in  simple-wave  flow  can  be  readily  identified 
directly  from  Eq.  (3n-22).  Combine  that  equation  with  the  differential  expression 
du  =  dx  +  Ut  dt  to  obtain 

/dx\  Uf 

<3n-23) 

This  relation  states  that  the  propagation  speed  of  a  given  point  on  the  wraveform 
(the  point  being  identified  by  the  value  of  u  there)  is  «  ±  c.  In  linear  theory  the 
propagation  speed  of  all  points  is  the  same,  namely,  ±Co.  The  ramifications  of  the 
variable  propagation  speed  are  discussed  in  Sec.  3n-4. 

Compound  IKarcs.  When  waves  traveling  in  both  directions  are  present,  there  is 
no  fixed  relationship  between  u  and  X.  A  propagation  speed  can  still  be  defined, 
however.  New  dependent  variables  t  and  6,  called  “lliemaun  invariants,”  may  be 
defined  by 

2r  «  X  -H  u  2«  =  X  -  u  (3n.24) 

If  Eqs.  (3n-20)  arc  first  added  and  then  subtracted,  the  results  are  respectively 

r,  +  (u  -f  c)r,  *  0 
+  (u  —  c)«,  -=  0 


DX  ,  eOUj 
Dt  dXi 
Duj  cdX 

i><  ■‘’dxT 


0 


(3n-25a) 

(3n-256) 
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Thus,  as  first  found  by  Iliemann  (ref.  6), 


» «  +  c  (3n-26a) 

/  C^COMt 


Despite  its  apparent  simplicity,  this  result  is  much  more  complicated  to  apply  than 
Eq.  (30-23). 

3n-4.  Plane,  Simple  Waves  in  Lossless  Gases.  For  perfect  gases  the  iscntropic 
equation  of  state  is  given  by  Eq.  (3n-9).  For  this  case  X  =  2(c  —  Ct)/{y  —  1),  and 
the  simple-wave  relation  Eq.  (3n-21)  becomes 


c  -  Co  ±  (^  -  l)a  (3n-27) 

where  fi  »  -f  l).  Combination  of  this  equation  with  Eq.  (3n-ll)  leads  to 

p-p.  =  Po|[l  ±  -ij  (3n-28) 

which  can  be  used  to  obtain  the  characteristic  impedance  for  finite-amplitude  waves. 
For  weak  waves,  Le.,  «/c#  «  1,  this  expression  reduces  to  the  traditional  one, 


p  —  Po  “  ±PoCott  (3n-29) 

The  nonlinear  diiTerential  equation  for  simple  waves,  Eq.  (3n-22),  becomes 

+  (^u  ±  Co)u,  a»  0  (3n-30) 

If  we  restrict  ourselves  momentarily  to  outgoing  waves,  the  propagation  speed  is 

(^)«  “  +  Co  (3n-31a) 


oui 


which  shows  quite  clearly  that  the  peaks  of  the  wave  travel  fastest,  the  troughs 
slowest.  Equivalently,  as  the  wave  travels  from  one  point  to  another,  the  peaks 
suffer  the  least  delay,  the  troughs  the  most.  This  latter  view  is  illustrated  in  Fig.  3n-l, 


(o)X«0  (b)X>0  (e)X«X  (d)X>T 

Fio.  ^-1.  Progressive  distortion  of  a  finite-amplitude  wave.  Symbols  are:  u  =■  particle 
velocity,  X  «  spatial  coordinate,  t  ■»  time,  t'  **  t  —  x/co  (delay  time),  i  =  point  at  which 
a  shock  begins  to  form. 


which  shows  the  time  waveform  of  an  outgoing  disturbance  at  various  distances  from 
the  source.  The  progressive  distortion  is  quite  striking,  leading  eventually  to  the 
curious  waveform  shown  in.  Fig.  3n-ld.  The  interpretation  of  Fig.  3n-ld  will  be 
discussed  presently. 

Why  physically  does  the  e.xact  propagation  speed  differ  from  Co,  the  accepted  value 
in  linear  theory?  Two  effects  are  at  work:  one  kinematic,  the  other  thermodynamic. 
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The  sound  wave  travels  with  speed  c  with  respect  to  the  fluid  particles.  But  these 
particles  arc  themselves  in  motion,  moving  with  velocity  «.  To  a  fixed  observer 
therefore,  the  net  speed  is  «  +  c.  This  is  the  kinematic  effect  and  is  frequently 
referred  to  as  convection  (the  fluid  particles  convect  the  wave  along  as  a  result  of  their 
own  motion).  The  thermodynamic  effect  is  the  deviation  from  constancy  of  the 
sound  speed  c.  Where  the  acoustic  pressure  is  positive,  the  gas  is  a  little  hotter. 
Consequently  c  is  greater.  Conversely,  in  the  wave  troughs,  where  the  gas  is  ex¬ 
panded  and  therefore  colder,  c  is  less.  The  variation  of  c  from  point  to  point  along 
the  wave  can  be  traced  to  nonlinearity  of  the  pressure-density  relation.  As  Eq. 
(3n-10)  shows,  e  would  be  constant  if  p  were  linearly  related  to  p.  This  would  be 
true,  for  example,  for  an  isothermal  gas. 

For  an  incoming  wave  the  propagation  speed  is 

(3»-316) 

Similar  arguments  apply  in  this  case.  A  difference  is  that  the  troughs  of  the  particle 
velocity  wave  travel  fastest  (in  a  backward  direction),  the  peaks  slowest.  Because 
pressure  and  particle  velocity  are  out  of  phase  in  an  incoming  wave,  however,  it  is 
still  true  that  the  peaks  of  the  pressure  wave  proceed  most  rapidly  and  the  trouglis 
least  so. 

General  Solutions.  Three  forms  of  the  general  solution  of  Eq.  (3n-30)  are  now  given. 
First  is  what  might  be  called  the  “Poisson  solution”  (ref.  7) 


tt  -  /li  -  03u  ±  co)fl  (3n-32) 

which  18  implied  by  E(}.  (3n-31),^is  an  arbitrary  function.  This  result  is  most  easily 
interpreted  as  the  solution  of  an  initial-value  problem  for  which  the  spatial  dependence 
of  the  particle  velocity  is  prescribed  everywhere  at  t  e  o,  i.e.,  ti(x,0)  =  f(x).  The 
problem  is  somewhat  artificial,  however,  because  the  progressive  wave  motion  must 
already  exist  at  t  =  0.  Of  more  practical  interest  are  boundary-value  problems 
involving  a  source;  then  simple  waves  arise  quite  naturally.  If  the  time  history  of 
the  particle  velocity  is  known  at  a  particular  place,  say  «(0,0  »  g(t),  the  solution  is 


This  equa-tion  has  been  used  to  construct  the  waveforms  in  Fig.  3n-I.  To  make  such 
constructions,  it  is  convenient  to  use  the  following  “inverted”  form  of  the  solution: 


^  **  &”*(“) 


0U  £ 
Co  ±  fiu  Co 


(3n-34) 


where  f'  =  <  T  x/co  is  the  delay  (for  outgoing  waves)  or  advance  (for  incoming 
waves)  time  appropriate  for  zeros  of  the  waveform,  and  tr“>(«)  the  inverse  function 
corresponding  to  g,  i.e.,  g“*(f^(«)l  =  «. 

The  solution  of  the  classic  piston  problem,  in  which  a  piston  at  rest  begins  at  time 
I  »  0  to  move  smoothly  with  a  given  displacement  X(t)  in  a  lossless  tube,  is  more 
complicated  because  of  the  moving  boundary  condition 


n(A'(0,t)  =  X'it)H{t) 


where  //(t)  is  the  unit  step  function.  The  solution  of  this 
parametric  form  as  follows  (refs.  5,  8): 


X  MI,  (i^) 

i  _  >  -  X(4>) 

^X'(^)  ±  ct 


(3n-35) 

problem  may  be  given  in 
(3n-36a) 


where 


(3n-366} 
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The  parameter  <t>  represents  the  time  at  which  a  given  signal  (i.e.,  given  value  of  u) 
Irfl  the  piston. 

It  is  generally  quite  difficult  to  convert  any  of  the  three  general  solutions  into  an 
explicit  analytical  expression  u(x,l).  One  can,  however,  always  obtain  a  sketch  of 
the  waveform  through  use  of  the  inversion  procedure  indicated  by  Eq.  (3n-34). 

Shock  Formation.  A  more  far-reaching  limitation,  both  mathematically  and 
physically,  is  that  these  solutions  contain  the  seeds  of  their  own  destruction.  Except 
fi»r  a  wave  of  pure  expansion,  the  dependence  of  the  propagation  speed  on  u  will 
cause  steepening  of  the  waveform.  Steepening  eventually  leads  to  multivalued 
shapes  like  that  shown  in  Fig.  3n-ld.  But  these  must  be  rejected  because  pressure 
disturbances  in  nature  cannot  be  multivalued,  either  in  time  or  in  space.  In  fact 
once  any  section  of  the  waveform  attains  a  vertical  tangent,  as  in  Fig.  3n-lc,  results 
cannot  in  general  be  continued  further  (ref.  9).  Physically,  what  happens  is  that  a 
shock  wave  begins  to  form.  For  reasons  discussed  in  detail  in  Sec.  3n-8,  this  formally 
marks  the  end  of  validity  of  lossless,  simple-wave  theory.  For  mathematical  analyses 
of  shock  formation  see,  for  example,  refs.  4  and  8. 

Fuhini  Solution.  A  problem  of  special  interest  in  acoustics  is  the  propagation  of  a 
finite-amplitude  wave  that  is  sinusoidal  at  its  point  of  origin.  Suppose  that  the 
wave  is  produced  by  sinusoidal  vibration  of  a  piston  in  a  lossless  tube.  Let  the  piston 

displacement  be  given  by  X(0  =  (uo/«)(l  -  cos  wf)  where  u,  is  the  velocity  amplitude 

of  the  piston,  and  u  is  the  angular  frequency.  The  solution  is  given  by  applying 
Eqs.  (3n-36).  For  the  outgoing  wave  we  have 


where 


—  “  sin  (t  —  — ^ 

«o  \  Co/ 


Ci>^  =  ul 


kx  —  t(l  —  cos  utl>) 
1  +  fit  sin  o>4> 


(3n-37a) 


(3n-376) 


Here  k  =  «/co  is  the  wave  number,  and  «  =  Vo/co  is  the  velocity  amplitude  expressed 
as  a  Mach  number. 

An  explicit  solution  is  now  sought  by  writing  u  as  a  Fourier  series. 


~  2 An  cos  n(ut  —  kx)  -f-  sin  n(ut  —  kx^ 


(3n-38) 


.Although  the  exact  expressions  for  all  the  coefficients  A„  and  B„  have  not  been 
obtained,  an  approximate  computation  is  available.  First  expand  Eq.  (3n-376) 
writing  <r  for  fiekx,  and  t'  for  t  —  x/co,  and  rearrange  as  follows: 

«=  (T  sin  W0  -h  «(1  —  cos  —  fio  sin*  <f>)  -f  0(«») 

If  «  (i.e.,  fikx  »  1),  and  €  1,  this  equation  reduces  to 


=  tilt'  -f-  <r  sin  utp  (3n-39) 

Under  this  approximation  the  Fourier  coefficients  A*  vanish,  and  the  B„  can  be 
evaluated  in  terms  of  Bessel  functions.  The  final  result  is  (ref.  8) 


Uo 


■=2 


(nff)  sin  n(ut  —  kx) 


(3n-40) 


which  is  generally  referred  to  as  the  Fubini  solution  (ref.  10). 

The  acoustic  pressure  signal  is  found  by  substituting  the  value  of  u  given  by  Eq 
(3n-40)  in  the  linear  impedance  relation,  Eq.  (3n-29).  Use  of  a  more  accurate 
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expansion  of  Eq.  (3n-28)  for  this  purpose  would  not.  be  consi.stcnt  with  the  approxi¬ 
mations  that  led  to  Eq.  (3n-39), 

The  shock  formation  distance  for  this  problem  can  be  deduced  by  inspection  of 
Eqs.  (3n-39)  [or,  alternatively,  the  exact  expression  Eqs.  (3n-376)]  and  (3n-37a). 
The  relationship  of  u  to  t'  is  one-to-one  only  if  a  <  1.  For  »  >  1  the  waveform  curve 
u{t')  is  multivalued.  Hence  a  shock  starts  to  form  at  =  1,  i.e.,  at 


1  »  (3n-41) 

where  the  overbar  signifies  shock  formation.  The  ph5’sical  interpretation  of  <r  is 
therefore  that  it  is  a  spatial  variable  scaled  in  terms  of  the  shock  formation  distance. 
The  Fubini  solution  is  not  valid  beyond  the  point  a  =  1. 

8n-6.  An  Approximate  Theory  of  Lossless  Simple  Waves.  The  approximations 
leading  to  the  Fubini  solution  can  be  used  to  obtain  a  general  approximate  theory  of 
traveling  waves  of  finite  amplitude.  The  mathematical  restrictions  required  are 

»  »  «  (3n-42a) 

(3n-426) 

where  the  definitions  of  <r  and  «  are  generalized  to 


(3n-43) 


Here  Xc  is  a  characteristic  distance  defined  so  that  significant  distortion  (for  example, 
shock  formation)  takes  place  over  the  range  0  <  «r  <  1,  and  uo  is  the  maximum 
particle  velocity  that  occurs  in  the  flow.  The  physical  implications  of  these  restric¬ 
tions  are  as  follows; 

1.  The  finite  displacement  of  the  source  can  be  neglected.  In  other  words,  the 
exact  boundary  condition  given  by  Eq.  (3n-35)  can  be  replaced  by 


u(0,0  =  X'mit)  (3n-44) 

Any  error  thus  committed  is  made  small  by  inequality  (3n-42a). 

2.  The  linear  impedance  relation,  Eq.  (3n-29),  can  be  used  to  obtain  the  acoustic 
pressure,  once  the  particle  velocity  waveform  is  known. 

3.  The  nonlinear  effect  that  tnust  be  taken  into  account  is  the  nonconstancy  of  the 
propagation  speed.  But  this  effect  is  approximated  by  writing  Eqs.  (3n-31)  as 
follows: 

/dx\  ±Co 

\dl )  1  qp  &u/ei  (3n-45) 

Retention  of  nonconstancy  of  the  propagation  speed  as  the  only  important  non¬ 
linear  effect  gives  recognition  to  the  fact  that  this  effect  is  the  only  cumulative  one. 
It  is  the  cause  of  the  progressive  distortion  that  engulfs  the  w'ave.  We  neglect  the 
other  nonlinear  effects  because  they  are  noncumulative,  or  local.  The  distortion 
they  cause  does  not  grow  with  distance. 

The  formal  theory  based  on  these  ideas  will  now  be  developed.  An  approximate 
differential  equation  may  be  derived  by  applying  the  method  used  earlier  to  convert 
Eq.  (3n-7)  to  (3n-8).  For  simple  waves  the  appropriate  first-order  relation  is  a 
T  When  this  is  substituted  in  the  nonlinear  term  in  Eq.  (3n-30),  the  result  is 


Coti*  ±Ut  —  fiCiT'uu,  «  0  (3n-46) 

This  differential  equation  could  also  have  been  deduced  from  Eq.  (3d-45). 

Next  let  X  and  ('  =  f  T  x/co  be  new  independent  variables.  Equation  (3n-46) 
reduces  to 

eo*«.  -  0uur  “  0  (3n-47) 
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For  the  boundary  condition 

=  git')  (3n-48) 

where  it  is  assumed  that  git)  =  Q  for  ^  <  0,  the  solution  is 

«  =  gi<l>)  (3n-49a) 

^  +  ficir'xgi<t>)  (3n-496) 

When  the  excitation  is  sinusoidal,  i.e.  git)  —  wo  sin  wi,  the  Fubini  solution  follows 
exactly.  It  is  also  worth  noting  that  within  the  limits  of  the  approximate  theory  the 
difference  between  Lagrangian  and  Eulcrian  coordinates  is  negligible.  As  a  general 
rule,  the  approximate  theory  is  useful  when  *  <  0.1  (ref.  8). 

3n-6.  Plane,  Simple  Waves  in  Liquids  and  Solids.  Liquids.  For  lossless  fluids 
whose  iscntropic  equation  of  state  is  not  given  by  Eq.  (3n-9),  we  may  proceed  by  using 
EJq.  (3n-14).  The  propagation  speed  is  (ref.  8) 


u  ±  Co(l  +  CiU  +  C2U*  +  •  •  •) 


(3n-50) 


where  U  =  u/co  and  c,  *  B/2A,  c,  =  C/2A  +  B/4.4  -  iD/2A)\  etc.  Thus,  in 
the  exact  solution  of  the  piston  problem  {Eqs.  (3n-36)],  the  parameter  0  is  given  by 


_ »  -  Xi<t>) _ 

w  i  Co(l  +  CiU  +  CzU^  •  ‘  •) 


(311-51) 


where  C/  is  to  be  interpreted  as 

Solids.  The  mathematical  formalism  for  plane,  longitudinal  elastic  waves  in 
solids,  either  crystalline  or  isotropic,  is  very  similar  to  that  for  liquids  and  gases 
(refs.  11-13).  The  wave  equation  is  given  in  Lagrangian  coordinates  as 


{«  =  Co*(?(U{««  (3n-52) 

where  C«.)  „  ,  +  . .  (3„.53, 

Here  a  represents  the  rest  position  of  a  particle;  $  is  partical  displacement;  and  Af*, 
Mt,  J/4,  etc.,  are  quantities  involving  the  second-,  third-,  fourth-,  and  higher-order 
elastic  coefficients  (ref.  12).  The  quantity  Co'G  plays  the  same  role  that  (pc/po)* 
does  for  fluids  (ref.  14).  By  the  Lagrangian  equation  of  continuity,  po/p  =  !+{«; 
thus  replace  E(p  (3n-18)  by 

^  ^  -Co  [GiU)]^  dU'  (3n-54) 

“  ~Co({a  —  -j-wisfa*  +  (^  —  *  •  *1  (3n-55) 

where  nts  =  —ifz/Mt,  m4  =  1  —  Mt/Mtmj*,  etc.  Riemann  invariants  are  defined 
as  before  by  Eq.  (3n-24).  Note  that  u  in  Lagrangian  coordinates. 

Simple-wave  fields  are  again  specified  by  Eq.  (3n-21),  which  when  combined  with 
Eq.  (3n-5)  leads  to 

5a  =  T  ?/  +  -j-miJ/*  T  \mim.z'U*  •  •  •  (3n-56) 

The  propagation  speed  for  simple  waves  is 


icoGi 


(3n-57) 


The  factor  u,  which  appears  in  Eq.  (3n-2.3),  is  ab.sent  here  because  the  coordinate 
system  is  Lagrangian.  Equation  (Sn-.l?)  expanded  in  series  form  is 


UonaCOflSl 


=  ±Co[l  ±  ^mzU  -b  ^m,>(l  -  2m^)U*  •  •  -J 


(3n-58) 
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Therefore,  the  solution  of  the  piston  problem,  given  w(0,0  —  is 


4> 


t  T 


_ a/ Co _ 

1  ±  “  2m^U*  •  •  • 


(3n-59) 


where  17  is  to  be  interpreted,  as  in  Eq.  (3n-51),  as  Co"’ A”* (<#>).  More  complete  versions 
of  some  of  the  series  expansions  given  above  can  be  found  in  ref.  12. 

AppToximaU  Theory.  The  approximate  theory  of  simple  waves  described  in 
Sec.  3n-5  is  very  easily  generalized  to  apply  to  liquids  and  solids.  For  liquids  7  •—  1 
is  replaced  by  B/A,  as  mentioned  after  Eq.  (3n-16).  For  solids  7  +  1  is  replaced 
by  —Ml/ Mi  (see  ref.  12  for  other  useful  associations).  Therefore,  let 


iiy  + 1) 

1+-^ 

'  ^2A 


-M, 

2Mt 


for  gases 
for  liquids 

for  solids 


(3n-60a) 

(3n-605) 

(3n-60c) 


and  all  results  stated  in  Sec.  3n-5  become  applicable  for  a  very  wide  range  of  con¬ 
tinuous  media.  For  many  liquids  and  solids  the  first  “nonlinearity  coefficient” 
(B/A  for  liquids,  Mi/Mt  for  solids)  is  known,  but  higher-order  ones  are  not.  In 
such  cases  it  is  difficult  to  justify  using  anything  more  precise  than  the  approximate 
theory.  But  see  ref.  12  for  a  discussion  related  to  this  point. 

3n-7.  Nonplanar  Simple  Waves.  In  this  section  one-dimensional  nonplanar  waves 
are  considered,  namely,  spherical  and  cylindrical  waves,  and  waves  in  horns.  The 
general  theory  is  not  very  highly  developed.  One  fundamental  difficulty  is  that 
simple  waves  of  arbitrary  waveform  do  not  generally  exist  for  nonplanar  waves 
(ref.  15).  Consider,  for  example,  the  wave  motion  generated  by  a  pulsating  sphere  in 
an  infinite  medium.  Most  of  the  wave  field  consists  of  outgoing  radiation,  but  there 
is  also  some  backscatter  (ref.  15).  In  the  far  field,  however,  simple  waves  do  occur 
as  an  approximation.  This  is  the  case  treated  here.  The  result.s  represent  an 
extension  of  the  approximate  theory  developed  in  Secs.  3n-5  and  3n-6. 

Spherical  and  Cylindrical  Waves.  For  large  values  of  the  radial  coordinate  r 
(actually  large  kr,  where  1;  is  an  appropriate  wave  number  of  the  disturbance),  the 
following  approximate  equation  for  simple  waves  in  a  fiuid  can  be  obtained  (ref.  16): 

Coho,  —  fiurWf  «=  0  (3n-61) 


where  I'  *=>  i  T  (r  —  to)/co,  ro  is  a  reference  distance,  and  0  is  given  by  Eq.  (3n-60a) 
or  (3n-605).  This  equation  may  also  apply  to  longitudinal  waves  in  an  isotropic 
solid,  but  so  fax  no  derivation  has  been  given.  The  dependent  variable  w  equals 
and  (r/ro)u  for  cylindrical  and  spherical  waves,  respectively.  The  inde¬ 
pendent  variable  z  is  given  for  the  two  cases  by 

Cylindrical:  *  *=  2(Vr  —  Vi^)  y/u  (3n-62tf) 

Spherical:  #  —  r#  In  —  (3o-626) 

To 


Note  that  z  >  0  for  diverging  waves  (r  >  ro),  but  2  <  0  for  converging  waves  (r  <  ro). 

Equation  (3d-€1)  is  solved  by  recognizing  that  it  has  the  same  form  as  the  plane- 
wave  equation  (3n-47).  For  the  boundary  condition  take  u(r(„l)  =»  g{t),  which  may 
represent  cither  the  motion  of  a  source  at  ro  or  the  measured  time  signal  of  a  wave  as 
it  passes  by  the  point  r©.  Since  2  =  0  and  1'  =  I  when  r  =  ro,  the  condition  on  10  is 


(3n-63) 
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Therefore,  for  the  two  kiads  of  waves  the  solution  is 


Cylindrical: 

.  -  (p)'  »(♦) 

(3n-64a) 

♦  «  t'  -b  2^Co"*  y/n(y/r  -  v ro)g(^) 

(3n-646) 

Spherical: 

(3n-65a) 

♦  *  +  /Jcr*r#  In  —  gi<t>) 

To 

(3n-656) 

Some  applications  of  these  results  are  given  in  refs.  16  to  18.  It  has  been  shown 
(ref.  19)  that  Eq.  (3n-65b)  corresponds  to  a  second-order  approximation  of  results 
obtained  using  the  Kirkwood-Bethe  hypothesis  (ref.  20). 

Many  special  solutions  for  spherical  and  cylindrical  waves  have  also  been  found. 
Most  are  of  the  similarity  type.  The  most  famous  is  Taylor’s  solution  for  the  com¬ 
pression  wave  generated  by  a  sphere  that  expands  at  a  constant  rate  (refs.  21,  22). 

Waves  in  Homs.  For  waves  traveling  in  ducts  whose  cross-sectional  area  .4  =  4(x) 
does  not  vary  npidly,  the  waves  may  be  assumed  to  be  quasi-plane.  It  is  assumed 
that  the  effect  cf  variations  in  the  cross  section  can  be  accounted  for  simply  by  cor¬ 
recting  the  continuity  equation  as  follows: 

+  p4tt.  «  0  (3n-66) 


The  one-dimensional  formalism  is  thereby  retained. 

By  the  same  methods  used  for  spherical  and  cylindrical  waves  it  is  possible  to 
derive  an  equation  exactly  like  Eq.  (3n-61).  However,  w  and  z  are  now  defined  as 


w  “ 

2  ■ 


(3n-67o) 

(3n-676) 


where  Zo  is  a  reference  distance,  Ao  =  >l(xo),  and  t'  =  t  ±  {x  —  Xo)/co.  The  sign 
of  2  identifies  the  wave  as  outgoing  (x  >  Xo)  or  incoming  (x  <  Xo).  Note  that  a 
conical  horn  (4  «  x*)  gives  results  identical  with  those  for  spherical  waves,  and  a 
parabolic  horn  (4  «  i)  gives  results  identical  with  those  for  cylindrical  waves. 

The  general  solution  for  a  boundary  condition  of  the  form  given  by  Eq.  (3n-63) 
is  (ref.  23) 

v>  *  u  =»  (3n-68a) 

^  "b  Pcfr*zg{^4>)  (3n-686) 

For  reference  the  value  of  the  stretched  coordinate  z  for  an  exponential  horn  (4  « 
«««)  is 

2  ■■  f“‘(l  —  «-*(»-*•))  (3n-G9o) 

and  for  a  catenoidal  horn  (4  «  cosh*  lx)  is 

2  •  2f“‘(tan“‘  e‘*  —  tan“‘  «'*o)  cosh  Ixo  (3n-695) 

All  the  results  previously  obtained  for  plane  waves  (approximate  theory)  may  now 
be  applied  to  nonplanar  une-dimcnsioual  waves  simply  by  replacing  u  and  i  by  w 
and  z,  as  given  by  Eqs.  (3n-67).  For  example,  for  sinusoidal  excitation  at  x  =  Xo 
the  shock  formation  distance  is  found  by  putting  z  =  ±  (0tk)~‘  and  then  making  use 
of  Eq.  {3n-676). 


ACOUSTICS 


Parametric  Array.  An  application  of  particular  interest  is  the  so-called  parametric, 
end-fired  array,  conceived  by  Westcrvelt  (ref.  53).  A  source  such  as  a  ballled  piston 
emits  radiation  consisting  of  two  high-frequency  carrier  waves  into  an  open  medium. 
The  carriers,  whose  frequencies  are  wi  and  wt,  interact  nonlincarly  to  produce  a  dif¬ 
ference-frequency  wave  (frequency  wj  =  wj  —  wi).  Also  produced,  of  course,  but  not 
of  interest  here,  arc  the  harmonics  of  the  two  carriers  as  well  as  the  sum-frcqucncy 
and  other  intcrmodulation  components  (ref.  54).  In  Westervclt's  original  treatment 
the  two  carrier  waves  were  assumed  to  be  collinear  beams  of  collimated  plane  waves. 
More  recently,  Muir  (ref.  55)  has  taken  the  directivity  and  spherical  .spreading  of  the 
carriers  into  account.  In  any  case,  however,  the  interaction  to  produce  the  dilTerence- 
frcqucncy  wave  amounts  to  setting  into  operation  a  line  of  virtual  sources  of  frequency 
wrf,  all  phased  so  as  to  constitute  an  end-fired  array.  The  result  is  that  the  difference- 
frequency  wave  has  a  very  high  directivity.  In  other  words,  a  low-frequency  beam 
is  produced  that  is  much  more  highly  directive  than  would  have  been  the  case  had 
the  source  emitted  the  difference-frequency  signal  directly.  Typically,  too,  there  are 
no  minor  lobes.  Absorption  by  the  medium  may  be  relied  upon  to  filter  out  the  two 
carrier  waves  and  the  sum-frequency  component,  eventually  leaving  the  difference- 
frequency  wave  as  the  most  prominent  signal.  Experiments  have  confirmed  the 
remarkable  properties  of  the  parametric  array  (refs.  5.5,  56),  and  many  further  studies 
of  it  have  been  done  (ref.  57). 

WEAK-SHOCK  THJIORY 

3n-8.  General  Discussion.  The  appearance  of  shocks  in  a  flow  poses  a  serious 
challenge  to  the  theory  of  simple  waves  as  developed  thus  far.  In  the  first  place, 
the  waveform  gradient  at  a  shock  is  so  high  that  the  dissipation  terms  in  Eqs.  (3n-2) 
and  (3n-3),  heretofore  deemed  negligible,  are  in  fact  very  large.  A  second  problem 
is  that  since  the  shock  is  (at  least  approximately)  a  discontinuity  in  the  medium,  it 
can  cause  partial  reflection  of  signals  that  catch  up  with  it.  The  presence  of  reflected 
waves  invalidates  the  simple-wave  assumption.  Strictly  speaking,  therefore,  the 
flow  cannot  be  simple  wave,  once  shocks  form  (ref.  9). 

The  situation  is  not  quite  so  bad  as  it  seems,  however,  provided  we  restrict  our¬ 
selves  to  relatively  weak  waves,  i.e.,  Uo/co  <  0.1,  approximately.  Under  this  con¬ 
dition  the  signals  that  are  reflected  from  a  shock  in  the  waveform  are  so  feeble  as  to 
be  negligible.  The  simple-wave  model  may  therefore  be  retained  as  a  good  approxi¬ 
mation.  Next,  triple-valued  waveforms  of  the  kind  shown  in  Fig.  3u-l  must  be 
avoided.  This  requires  that  provision  be  made  for  dissipation.  There  are  two 
approaches.  First,  one  can  take  explicit  account  of  the  dissipation  terms.  This 
leads  to  Burgers’  equation,  or  variations  thereof ;  the  method  is  described  in  Sec.  3n-12. 
Alternatively,  one  can  postulate  mathematical  discontinuities — shocks — at  places 
where  the  waveform  would  otherwise  be  triple  valued.  The  Rankinc-Ilugoniot 
relations  are  invoked  to  relate  conditions  on  cither  side  of  each  shock.  In  this  way 
dissipation  is  accounted  for  indirectly.  A  tacit  assumption,  it  will  be  noted,  is  that 
all  the  dissipation  takes  place  at  the  shocks. 

The  mathematical  method  is  more  fully  appreciated  if  the  physical  aspects  of  the 
process  arc  first  understood.  The  history  of  a  typical  waveform  is  depicted  in  Fig. 
3n-2  (taken  from  ref.  27).  Figure  3n-2a  shows  the  initial  waveform.  Numbered 
dots  indicate  initial  phase  points  (values  of  <^)  on  the  wave.  In  the  beginning, 
distortion  takes  place  as  described  in  Sec.  3n-4  (Fig.  3n-2fc  and  c).  After  tlie  shock 
is  born  (Fig.  3u-2c),  it  travels  supersonically.  In  consefiuonce  of  Eq.  (3n-72),  how¬ 
ever,  phase  ]ioints  just  behind,  sucli  as  number  5,  travel  faster.  As  they  catch  up 
with  the  shock,  it  grows  because  the  top  of  the  discontinuity  is  always  determined  by 
the  amplitude  of  the  phase  point  that  just  caught  ui>  with  it.  (Conversely,  the 
bottom  of  the  discontinuity  always  coincides  with  the  jjhiuse  point  just  overtaken  by 
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the  shock.)  Tlic  top  reaches  a  inaxiiimm  when  pljase  point  5  catches  up.  After 
that,  the  top  decays  (Fig.  3n-2c).  In  Fig.  .■{n-2/  the  decay  has  progressed  to  the 
extent  that  all  phase  points  of  the  original  waveform  between  4  and  6  have  dis¬ 
appeared.  Eventually  all  that  remains  (Fig.  on-2^)  is  the  shuck  and  a  linear  section 
connecting  it  with  the  zero,  phase  point  7.  This  is  the  asymptotic  shape  toward 
which  many  waveforms  or  waveform  sections  tend  (ref.  26). 

3ii-9.  Mathematical  Formulation  of  Weak-shock  Theory.  For  the  continuous 
sections  of  the  waveform  the  most  general  solution  from  the  approximate  theory  of 
simple  waves  is  adopted,  namely,  Eqs.  (3n-68),  where  w  and  z  arc  given  by  Eqs. 
(3n-67).  Plane,  cylindrical,  and  spherical  waves,  which  are  not  really  “quasi-plane,” 
arc  nevertheless  included  formally  within  the  framework  of  this  solution  by  taking 
A  ^  If  X,  and  x\  respectively. 


(e)  (f)  (g)x»x 

Fro.  3n-2.  Development  and  decay  of  a  finite-amplitude  wave.  Numbered  points  refer 
to  initial  phases  (values  of  4>)  of  the  wave.  {From  ref.  27.) 


Suppose  now  that  a  shock  begins  to  form  at  time  Z  and  distance  f .  It  will  arrive 
at  a  subsequent  point  x  at  time  t,  given  by 

f.  =  Z  +  j*  o-*  dM  (3n-71) 

where  v  is  the  shock’s  propagation  speed.  The  Rankinc-Hugoniot  relations  can  be 
combined  to  give  v  in  terms  of  Ua  and  Ub,  the  particle  velocities  just  ahead  of  and  just 
behind  the  shock,  respectively.  An  approximation  of  the  required  relation  is 


V  ±Co  +  7d(tia  +  t4) 

(3n-72) 

or,  to  the  same  order, 

»“*  =  ±Co~‘  —  ^dCo“*(««  -1-  «») 

(3n-73) 

Substitution  of  this  value  in  Eq.  (3n-7I)  leads  to 

if  —  yjSCo"*  f  («a  +  U6)  d/I 

(3n-74) 

where  overbars  continue  to  indicate  values  at  the  in.stant  of  shock  formation,  and 
primes  denote  retarded  (or  advanced)  time.  In  terms  of  the  generalized  dependent 
and  independent  variables  w  and  z,  Eq.  (3n-74)  becomes 

“  V  —  (to*  -J-  Wb)  dft 


(3n-75) 
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An  equivalent  relation  is 


dz 


+  xn) 


(3n-76) 


Once  the  particle  velocity  u  has  been  determined,  the  linear  impedance  relation, 
Eq.  (3n-29),  is  used  to  find  the  pressure  signal  (ref.  23). 

This  completes  the  formal  solution,  except  for  some  interpretation.  The  wave¬ 
form  in  the  continuous  sections  between  shocks  is  prescribed  by  Eqs.  (3n-GS).  For 
each  shock  the  path  and  amplitude  are  determined  by  Eq.  (3n-75)  or  Eq.  (3n-76) 
together  with  Eqs.  (3n-68),  which  are  to  be  evaluated  just  ahead  of  the  shock  (u  *=  u„ 
^  =  0  and  just  behind  it  («  =  Ui,  ^  —  <').  In  principle,  Eqs. 

(3n-G8)  can  be  combined  to  eliminate  the  parameter  ^  as  follows: 


t'  «»  g~^{w)  —  0e»~*2io 


Hence  just  ahead  of  the  shock 
and  just  behind 


“  ^co“*«o 


(3n-77) 

(3n-78a) 

(3n-785) 


Equations  (3n-78o),  (3n-786),  and  (3n-75)  or  (3n-76)  are  to  be  solved  simultaneously 
for  Wet 


W  W 


K 

T  r— 

•“o 

T  ^ 

“To 

2-0  2-3/b 


Fio.  3n-3.  N  wave. 


3n-10.  Applications  of  Weak-shock  Theory.  N  Wave.  Perhaps  the  most  famous 
application  is  to  the  wave  shaped  like  the  letter  N.  The  sonic  boom  is  a  cylindrical 
N  wave  in  the  far  field.  For  the  present  consider  outgoing  waves  only.  Refer  to 
Fig.  3n-3  for  notation.  At  t  =  0,  «  “  — Uot/T*  for  —T%<t<  To.  Thus  g{4>)  = 
—uo>^/To,  and  Eq.  (3n-686)  yields  ^  =  t'/ (1  +  bz),  where  b  =«  dut/ct^Tt.  The 
solution  is  given  by  Eq.  (3n-68a)  as 


w 


t'  tt» 
To  1  +6* 


-T  <t'  <T 


To  determine  T,  make  use  of  Eq.  (3n-7G)  for  the  head  shock:  that  is. 


Integration  gives 


dz 


—  ^0Co~hDb 


1  +bz 


-  r  -  Tod  +  62)1 


The  amplitude  of  the  wave  is  therefore  given  by 
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Next  consider  incoming  waves.  The  major  dilTercncc  in  tlio  results  is  that  2  is 
replaced  by  —2.  But  z  itself  also  chaiiRes  .sir'll  (see  the  discussion  following  Eqs. 
(3n-07)].  The  following  formulas  cover  both  incoming  and  outgoing  waves: 


(3n-79) 

T  -  r.d  +  6|j|)i 

(3n-80) 

W-(t)'(n.w. 

(3n-81) 

The  growth  of  a  converging  wave  (/I  <  i4o)  and  the  diminution  of  a  diverging  wave 
(A  >  An)  are  not  comparable  because  the  factor  (1  +  6|2|)~1  acts  to  diminish  both 
types  of  waves.  Both  waves  spread  at  the  same  rate,  however.  From  Eq.  (3n-81) 
one  obtains  the  classical  results  that  outgoing  plane,  cylindrical,  and  spherical  waves 
decay  at  great  distances  as  r~l,  and  r“‘(In  r)“i,  respectively. 

Sawtooth  Wave.  Assume  that  the  wave  shown  in  Fig.  3n-3a  is  repetitive.  The 
magnitude  of  the  jump  at  the  shock  is  now  2uo  to  begin  with.  Because  of  the  sym¬ 
metry,  we  have  u«  =  — u*,  which  means  that,  by  Eq.  (3n-72),  the  shocks  all  travel 
at  sonic  speed.  Unlike  the  N  wave,  therefore,  the  sawtooth  does  not  stretch  out  as  it 
travels.  The  decay  is  more  rapid  however.  Proceeding  as  before,  we  find  the  wave 
amplitude  to  be  given  by 

where  k  is  the  fundamental  wave  number  of  the  wave.  See  ref.  28  for  a  discussion 
of  power  loss  and  related  topics  for  sawtooth  waves  in  an  exponential  horn. 

Originally  Sinusoidal  W axe.  It  will  be  recalled  that  a  sinusoidally  vibrating  piston 
gives  rise  to  periodic  waves  whose  mathematical  description,  for  outgoing  waves, 
is  given  by  Eq.  (3n-40),  the  Fubini  solution.  Weak-shock  theory  makes  it  possible 
to  obtain  a  solution  of  this  problem  for  distances  beyond  the  point  of  shock  formation. 
It  turns  out  that  after  forming  at  a;  =  2  *  the  shocks  reach  a  maximum 

amplitude  at  *  =  tx/2  and  thereafter  decay.  For  distance  greater  than  32  the  wave 
is  effectively  a  sawtooth  of  amplitude 

(3a-83) 

where  (see  Sec.  3n-4)  <r  0tkx  =  x/2.  This  problem  is  treated  in  full  in  ref.  27,  as 
is  the  similar  one  of  an  isolated  sine-wave  cycle.  To  generalize  Eq.  (3n-83)  to  other 
one-dimensional  outgoing  waves  it  is  merely  necessary  to  replace  Ub  by  Wb  and  <r  by 
0dez. 

3n-ll.  Limitations  of  Weak-shock  Theory.  The  primary  advantage  of  weak-shock 
theory  over  the  method  based  on  Burgers’  equation  (see  below)  is  that  results  are 
obtained  quickly  and  easily.  Details  of  the  actual  profile  of  the  wave  in  the  neighbor¬ 
hood  of  each  shock  are  suppressed  simply  by  approximating  the  shock  as  a  mathe¬ 
matical  discontinuity.  The  method’s  strength  is  also  its  weakness,  however.  At 
great  distances  the  shocks  may  become  so  weak  that  they  become  dispersed  and  are 
no  longer  approximate  discontinuities. 

As  a  test  we  may  compare  the  shock  rise  time  (ref.  29)  r  with  a  characteristic  period 
or  time  duration  T  of  the  wave.  Thus  consider  the  ratio 


r  125 

T  “  co\ui\T 


125  /  A\» 


(3n-84) 


where  5  is  proportional  to  the  viscosity  and  heat  conduction  coefficients  of  the  fluid 
{sec  Eq.  (3n-86)).  For  an  N  wave  IwtjT  is  a  constant  (=  uoTo)  so  that  r/T  is  simplj 
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proportional  to  (/l/4o)^  Thcreforo,  if  the  N  wave  is  plane,  r/T  is  constant,  which 
means  that  tlic  validity  of  the  wcak-shock  computation  docs  not  change  with  distance. 
The  wave  simply  si)reads  out  as  rapidly  as  the  shock.  For  all  other  oulgoini'  N  waves, 
however,  the  shock  disperses  more  rapidly,  and  eventually  r  T,  beyond  which 
point  wcak-shock  theory  should  not  be  trusted.  Let  r,n*,  designate  the  distance  at 
which  t/T  =  1.  For  spherical  N  waves  we  obtain. 


rmas  ^ 

r,  "  125 


(3ii-85a) 


The  comparable  result  for  cylindrical  N  waves  is 


fm»«  ^  / ffVoCoToX  * 

r,  "  \  125  J 


(3n-85&) 


For  an  outgoing  sawtooth  wave  r/T  is  proportional  to  (1  +  fitkjzf)(A/Ao)^,  which 
means  that  weak-shock  theory  is  alwa3's  limited,  even  when  the  wave  is  i)lane.  Even 
for  converging  waves  r  may  approach  T  in  certain  instances  (refs;  17,  18).  Care 
must  therefore  be  exercized  in  using  asymptotic  formulas  based  on  Eq.  {3n-82). 
Calculations  of  rm,*  for  sawtooth  waves  based  on  taking  t  =  T  are  in  agreement  with 
estimates  obtained  by  other  methods  (ref.  27). 

The  importance  of  the  limitation  on  weak-shock  theory  varies  a  great  deal  in 
practice.  For  sonic  booms  the  limitation  is  apparently  not  significant.  Typically 
at  ground  level  t  is  of  the  order  of  milliseconds,  whereas  T  is  measured  in  tenths  of  a 
second.  For  long-range  propagation  of  pulses  from  underwater  explosions  (ref.  30), 
however,  the  limitation  can  be  crucial. 

In  conclusion  we  remark  that  “weak-shock  theory”  is  in  some  respects  a  misnomer. 
The  theory  is  valid  for  weak  shocks  but  not,  in  general,  for  very  weak  ones. 


BURGERS’  EQUATION  AND  OTHER  MODELS 

We  now  consider  explicitly  the  effects  that  viscosity,  heat  conduction,  and  relax* 
ation  have  on  the  propagation  of  finite-amplitude  waves.  The  full-fledged  equa¬ 
tions — (3n-l),  (3n-2),  (3n-3),  and  (3n-6)  or  other  equation  of  state — must  be  dealt 
with.  Successful  attacks  on  these  equations  have  been  mainly  directed  at  specific 
problems,  such  as  the  profile  of  a  steady  shock  wave  (ref.  29).  General  exact  results 
analogous  to  those  for  lo.ssless  waves  are  not  known.  The  only  general  approach 
presently  available,  that  based  on  Burgers’  equation,  is  limited  to  relatively  weak 
waves.  For  our  purposes,  however,  this  method  is  a  fitting  companion  for  weak-shock 
theory  and  its  predecessor,  the  approximate  theory  of  lossless  simple  waves. 

Sn-12.  Thermoviscous  Fluids.  Burgers’  Equation.  Plane  Wavet.  By  employing 
an  approximation  procedure  similar  to  that  used  to  change  Eq.  (3n-7)  into  (3n-8) 
Lighlhill  (ref.  29)  reduced  the  equations  of  motion  for  outgoing  plane  waves  m  a 
thermoviscous  perfect  gas  to  Burgers’  equation. 


th  +  0uuf  «.  5u,.,.  (3n-86a) 

Here  x  =  x  —  CbI,  5  =  •^*'[13  +  (7  “  1)/Frli  »’  —  v/po  is  the  kinematic  viscosity, 
V  (v'  -b  2i,)/i,  is  the  viscosity  number,  and  Pr  =  tjC^A  is  the  Prandtl  number. 
The  equation  applies  as  well  to  fluids  of  the  arbitrary  equation  of  state  (refs.  31,  32)* 
simply  let  p  be  given  by  Eq.  (3n-C06).  In  certain  cases  it  apidics  also  to  solids’ 
(ref.  33). 

Equation  (3n-8Ga)  is  convenient  for  initial-value  problems  because  the  moving 
coordinate  x'  reduces  to  x'  =  i  at  t  =  0.  For  bound.ary-valuc  problems  a  more 
convenient,  yet  equally  valid,  form  is  (refs.  31,  3,  34) 


Co*U,  —  pUUf  =  ±  5Co“‘Uri* 


(3n-8Cb) 
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T'.'hcrc  I'  =  <  +  i/co.  [To  make  Eq.  (Hn-SGa)  apply  to  incoming  as  well  as  outgoing 
waves,  redefine  i'  as  x  +  CuLl 

Burgers'  equation  lias  a  known  exact  solution.  The  introduction  of  the  logarithmic 
potential  f  by 

causes  Eq.  (.3n-8G6)  to  be  reduced  to 

“  0  (3n-88) 

which  is  a  diffusion  equation  with  the  usual  roles  of  space  and  "time”  reversed.  To 
avoid  confusion  we  drop  the  multiple-sign  notation  at  this  point  and  focus  attention 
on  outgoing  waves.  It  is  clear  that  an  incoming  wave  can  be  considered  simply  by 
replacing  6  with  —i.  The  solution  of  Eq.  (3n-88)  [with  the  (-{-)  sign]  is 

ra(X)  exp  [-K(\  -  f')*l  d\  (3n-S9) 

where  K  =  co*/45i.  The  quantity  fo(I')  =  r(0>O  represents  the  transformed  bound¬ 
ary  condition.  If  the  original  boundary  condition  is  given  by  Eq.  (3n-4S),  then,  by 
Eq.  (3n-S7}| 

un  =  exp  ^  ?(m)  dM  J  (3n-90) 

Normally  one  takes  g(l)  =  0  for  <  <  0,  in  which  case  fo  =  1  for  i'  <  0,  and  the 
integral's  lower  limit  is  zero.  The  solution  of  Burgers’  equation  has  been  applied 
to  a  number  of  specific  problems  (refs.  29,  32). 

The  only  solution  reviewed  here  is  the  one  for  which  the  piston  motion  is  sinusoidal 
(refs.  31,  34,  35):  «(0,0  =  Uo  sin  Equation  (3n-90)  gives  fo  “  exp  [-JrCl  — 

cos  «^')]  for  >  0  (fo  =  1  otherwise),  where 


and  aX  =  a/k  is  the  dimensionless  small-signal  attenuation  coefficient  (aX  =  w5/co*). 
The  dimensionless  parameter  r  characterizes  the  importance  of  nonlinear  effects 
relative  to  dissipation.  The  value  F  =  1  roughly  marks  the  dividing  line  between  the 
importance  and  unimportance  of  nonlinearity  in  a  periodic  w'ave  (ref.  36).  When 
the  value  of  f#  is  substituted  in  Eq.  (3n-89),  the  potential  f  can  be  separated  into 
transient  and  steady-state  parts.  The  steady-state  part,  to  which  we  restrict  our¬ 
selves,  may  be  expressed  as  an  infinite  series. 


r  = /o(ir) -1- 2  5]  (-l)»/.(^r)e-»’"co3n«<'  (3n-92) 

n  ■■  1 

where  /«  is  the  Bessel  function  of  imaginary  argument. 

The  most  interesting  case  is  that  of  strong  waves,  i.e.,  F  1.  In  this  circumstance 
f  reduces  to  a  theta  function,  and  the  logarithmic  differentiation  required  by  Eq. 
(3n-87)  is  easy  to  carry  out.  The  result  is  (ref.  35) 

Uo  “  F  Z,  sinh  n(l  +  ^)/T  (3n-93) 

which  is  Fay’s  solution  (ref.  37)  with  Fay’s  const.  ao  taken  to  be  F~‘.  If  a  is  not 
large,  the  hyperbolic  sine  function  may  be  approximated  by  its  argument,  giving 


2uo 
1  + 


2n“‘  sin  nut* 


u 


(3n-94) 
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which  represents  a  sawtooth  wave  of  amplitude 


ytte 
1  +c 


This  is  exactly  the  same  result  found  by  means  of  weak-shock  theory;  see  Eq.  (3n-S3). 

For  strong  weaves  at  great  distances,  i.e.,  <r  »  r  »  1,  the  waveform  is  found,  either 
by  the  Fay  solution  or  directly  by  Eqs.  (3n-92)  and  (3n-87),  to  be 


u  =  4a3tCo^‘e“®*  sin  wf' 


(3n-95) 


The  simple  exponential  decay  is  expected  because  the  wave  has  now  become  quite 
weak.  What  is  remarkable  is  the  absence  of  the  original  amplitude  factor  u».  The 
wave  amplitude  at  great  distances  is  independent  of  the  sotircc  strength.  In  other 
words  saturation  is  reached.  This  result  is  obviously  of  great  importance.  Satura* 
tion  has  been  observed  experimentally  (refs.  15,  55,  58).  Note  from  Eq.  (3n-83)  that 
the  asymptotic  amplitude  given  by  weak-shock  theory  is  (ref.  26) 


(3n-96) 


but  this  result  is  accurate  only  in  the  sawtooth  region,  which  is  defined  roughly  by 
32  <  X  <  a“*  (ref.  35). 

Nonplanar  Waves.  For  other  one-dimensional  waves  the  analog  of  Eq.  (3n-866)  is 


Co*  («»  +  uAx/2A)  —  /3coUU|>  =  SUfe 


(3n-97) 


(again,  for  incoming  waves  replace  6  by  —5).  It  is  necessary  to  make  the  far- field 
assumption  in  deriving  this  equation.  The  transformations  that  have  proved  so 
helpful  in  previous  cases,  namely,  Eqs.  (3n-67),  lead  to 

Cohot  —  Pcowwf  =*  8  0n-98) 


which  is  similar  to  Burgers’  equation,  but  has  one  variable  coefficient.  No  exact 
solutions  are  known. 

For  periodic  spherical  and  cylindrical  waves,  solutions  of  Eq.  (3n-9S)  have  been 
obtained  that  are  valid  in  the  shock-free  region  {z  <  z)  and  in  the  sawtooth  region 
(refs.  17,  18).  These  solutions  correspond,  respectively,  to  the  Fubini  solution  for 
spherical  and  cylindrical  w'aves  and  to  the  related  w'eak-shock  solutions  (ref.  27). 
The  latter  are  improved  upon,  however,  because  the  detailed  configuration  of  the 
waveform  in  the  vicinity  of  the  shocks  is  obtained.  The  behavior  of  the  shock 
thickness  is  strongly  dependent  upon  w'hether  the  wave  is  a  diverging  or  a  converging 
one.  This  can  be  seen  from  the  form  of  Eq.  (3n-98).  A  diverging  wave  (A  >  Ao)  is 
equivalent  to  a  plane  wave  in  a  medium  in  which  the  dissipation  increases  with 
distance.  Conversely,  for  a  converging  wave  (A  <  A»)  the  dissipation  seems  to 
decrease  with  distance  (refs.  17,  18). 

3n-13.  Equations  for  Other  Forms  of  Dissipation.  If  dissipation  is  due  to  an  agency 
other  than  the  thcrmoviscous  effects  discussed  in  the  last  section,  it  may  still  be 
possible  to  derive  an  approximate  unidirectional-wave  equation  similar  to  Burgers’. 

Relaxing  Fluids.  An  elementary  example  of  a  relaxing  fluid  is  one  that  radiates 
heat  in  accordance  with  Eq.  (3u-5)(rcf.  38).  For  simplicity  take  the  fluid  to  be  a 
perfect  gas,  and  let  it  be  inviscid  and  thermally  nonconducting.  At  very  low  fre¬ 
quencies  infinitesimal  waves  travel  at  the  isoth<!rmal  si)ecd  of  sound,  given  by  6o*  =» 
po/po*  At  very  high  frequencies  the  speed  is  the  adiabatic  value,  given  by  6«*  *= 
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YPo/po  (the  notation  &•  is  used  here  in  place  of  Co  to  empiiasize  the  role  played  by 
frequency).  The  dispersion  m,  defined  by 


6.*  -  bo* 


(3n-99) 


is  equal  to  y  —  1  for  the  radiating  gas.  If  the  dispersion  is  very  small,  i.c.,  m  <JC  1 
(which  in  this  case  implies  y  =  1),  the  following  approximate  equation  for  plane 
waves  can  be  derived: 


(3n-100) 


where  t'  »  t  T  x/bo.  It  is  seen  that  the  radiation  coefficient  q  [see  Eq.  (3n-5)]  is 
the  reciprocal  of  a  relaxation  time.  Subscripts  a  and  t  used  with  /3  indicate  adiabatic 
and  isothermal  values,  respectively ;  that  is,  =  (7  +  l)/2and^<  =  (1  +  l)/2  =  1. 
The  two  values  are  essentially  the  same,  since  it  has  been  assumed  that  7  »  1.  At 
cither  very  low  frequencies  (uq~*  1)  or  very  high  frequencies  (ug"*  "»  1)  the  left- 

hand  side  of  the  equation  takes  on  the  same  form  as  Eq.  (3n-47).  If  the  equation 
is  linearized,  a  dispersion  relation  can  be  found  that  gives  the  expected  behavior  for 
a  relaxation  process  (the  actual  formulas  for  the  attenuation  and  phase  velocity  agree 
with  the  exact  ones  for  a  radiating  gas  only  for  m  1). 

Polyakova,  Soluyan,  and  Khokhlov  considered  a  relaxation  process  directly  and 
obtained  a  pair  of  equations  that  can  be  merged  to  form  a  single  equation  exactly 
like  Eq.  (3n-100)  except  that  and  are  equal  (ref.  39).  Some  solutions  (refs.  39, 40) 
have  been  found.  One  represents  a  steady  shock  wave.  The  shock  profile  is  single¬ 
valued  for  very  weak  shocks.  But  when  the  shock  is  strong  enough  that  its  prop¬ 
agation  speed  [see  Eq.  (3n-72)]  exceeds  the  solution  breaks  down  (a  triple-valued 
waveform  b  predicted).  This  illustrates  an  important  fact  about  the  role  of  relax¬ 
ation  in  nonlinear  propagation:  Relaxation  absorption  can  stand  oS  weak  nonlinear 
effects,  but  not  strong  ones.  In  frequency  terms,  relaxation  offers  high  attenuation 
to  a  broad  mid-range  of  frequencies.  If  the  wave  is  quite  weak,  the  distortion 
components  are  easily  absorbed  because  their  frequencies  fall  in  the  range  of  high 
attenuation.  But  if  the  wave  is  strong,  many  more  very  high  frequency  components 
are  produced,  and  these  are  not  attenuated  efficiently  by  the  relaxation  process.  To 
keep  the  waveform  from  becoming  triple  valued,  it  is  necessary  to  include  a  viscosity 
term  in  the  approximate  wave  equation.  In  ref.  40  the  problem  of  an  originally 
sinusoidal  wave  is  treated.  Quantitative  approximate  solutions  are  obtained  for 
cases  in  which  the  source  frequency  is  either  very  low  or  very  high,  and  a  qualitative 
discussion  is  given  for  source  frequencies  in  between. 

Marsh,  Mellon,  and  Konrad  (ref.  30)  postulated  a  “Burgers-like”  equation  for 
spherical  waves.  It  is  similar  to  Eq.  (3n-100)  but  is  corrected  to  take  account  of 
spherical  divergence.  A  viscosity  term  is  added,  and  0i  and  Pa  are  the  same.  At 
either  very  low  or  very  high  frequencies  the  equation  takes  on  the  form  of  Eq.  (3n-98) 
(for  spherical  waves  (A/A«)i  *•  r/r#  =  and  some  initial  attempts  at  solving 
this  equation  were  described. 

Boundary-layer  Effects.  Consider  the  propagation  of  a  plane  wave  in  a  thermo- 
viscous  fluid  contained  in  a  tube.  The  wave  can  never  be  truly  plane  because  the 
phase  fronts  curve  a  great  deal  as  they  pass  through  the  viscous  and  thermal  boundary 
layers  at  the  wall  of  the  tube.  If  the  boundary-layer  thicknesses  are  small  compared 
with  the  tube  radius,  however,  the  curvature  of  the  phase  fronts  is  restricted  to  very 
narrow  regions,  and  the  wave  may  be  considered  quasi-plane.  The  boundary  layers 
still  affect  the  wave,  causing  an  attenuation  that  is  proportional  to  y/u  and  a  com¬ 
parable  dispersion.  If  the  frequency  is  low,  the  attenuation  from  thb  source  is  much 
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more  import.'int  tlmn  that  due  to  thcrinoviscous  effects  in  the  mainstream  (central 
core  of  tlie  fluid),  and  so  it  makes  sense  to  find  a  Burgers-like  equation  for  this  ease. 

A  one-dimensional  model  of  time-harmonic  wave  i)ropagation  in  ducts  with  bound¬ 
ary-layer  effects  treated  as  a  body  force  has  been  given  by  Lamb  (ref.  41).  Cluster 
(ref.  42)  has  generalized  this  model  and  applied  it  to  compound  flow  in  a  closed  tube. 
His  method  can  be  used  to  obtain  the  following  equation  for  simple-wave  flow: 


“  r» 

Co 


l+jy-  D/Vf? 
CoD/2 


G)'r 


(3n-101) 

VM 


where  D  is  the  hydraulic  diameter  of  the  duct  (four  times  the  cross-sectional  area 
divided  by  the  circumference).  No  solutions  are  presently  available.  But  the 
equation  does  have  proper  limiting  forms.  If  the  effect  of  the  boundary  layers 
(right-hand  side)  is  neglected,  the  result  is  Hq.  (3n-47).  If  the  nonlinear  term  is 
dropped,  the  time-harmonic  solution  can  be  found,  and  this  solution  yields  the  correct 
attenuation  and  dispersion.  Because  of  the  relative  weakness  of  boundary-layer 
attenuation  (the  dimensionless  attenuation  a\  varies  as  1/y/Z),  the  higher  spectral 
components  generated  as  a  manifestation  of,  steepening  of  the  waveform  are  not 
efliciently  absorbed.  Thus  discontinuous  solutions,  modified  somewhat  by  the 
attenuation  and  dispersion,  are  to  be  expected. 


REFLECTION,  STANDING  WAVES,  AND  REFRACTION 

Sn-14.  Reflection  and  Standing  Waves.  For  plane  interacting  waves  in  lossless 
fluids  we  return  to  Eqs.  (3n-24)  to  (3n-26).  For  perfect  gases  the  Riemann  invariants 
are  given  by 

X - i-  +  ^  (3n-102a) 

e  -  — ^  +  I  (3n-102h) 

Equations  (3n-26)  tell  us  that  the  quantity  r  is  forwarded  unchanged  with  speed 
tt  -f  c  =  -^(v  -f  l)t  —  -^(3  —  7)4.  Similarly,  the  speed  for  the  invariant  6  is  u  — 
c  =  —  7)t  —  5(7  +  1)4.  The  roles  of  independent  and  dependent  variables 

can  be  reversed  to  give  the  following  differential  equation  for  the  flow: 

tt»  +N(x  +  «)-•(<*  +  4)  «  0  (3n-103) 

where  N  =  ^-(7  +  l)/(7  —  1).  For  monatomic  and  diatomic  gases  N  —  2  and 

N  =  3,  respectively.  An  exact  solution  of  this  equation  in  terms  of  arbitrary  func¬ 
tions  fix)  and  3(4)  is  known,  but  it  is  usually  dillicult  to  determine  /  and  g  from  the 
initial  conditions  (ref.  4). 

Reflection.  Certain  valuable  information  about  reflection  can  be  obtained  without 
solving  for  the  entire  flow  field.  Consider  the  problem  of  reflection  from  a  rigid 
wall.  For  the  moment  we  need  not  be  specific  about  the  equation  of  state.  Let 
the  incident  wave  be  an  outgoing  simple  wave.  The  Riemann  invariant  x  for  a 
particular  signal  in  this  wave  is,  by  Eqs.  (3n-21)  and  (3n-24), 

2t  =  X,  +  tt,  =  2X< 

But  t  can  also  be  evaluated  at  the  wall  during  the  interaction  of  the  incident  and 
reflected  waves:  i.e., 

2r  =  Xwitll  "I"  =  X«a|| 

Elimination  of  t  between  these  two  expressions  gives 


XwaII  “  2Xi 
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This  is  an  exact  statement  of  the  law  of  reflection  for  continuous  finite-amplitude 
waves  at  a  ri^id  wall:  The  quantity  X  doubles,  not  the  acoustic  pressure. 

To  see  what  happens  to  the  pressure,  we  must  sj)ccify  an  equation  of  state.  Take 
the  ease  of  a  perfect  gas,  for  which  X  =  2(c  —  Co)/(7  —  l)(thus  c  —  Co  doubles  at 
a  rigid  wall).  Using  £q.  (3n-ll),  we  obtain 

(P)  =,[2  (Pi)*'"- if  (3n-105) 

\Po/  wall  L  \Po/  J 

where  m  ••  27/(7  ~  !)•  Now  define  a  wall  amplification  factor  Ct  by 


Pw«n  ~  p» 

Vt  ~~  P» 


Substitution  from  Eq.  (3n-10o)  gives 


f2(Pi/po)«»  -!]>»-  1 
Pf/Po  -  1 


(3n-106) 


,\n  analogous  result  in  terms  of  the  source  that  generated  the  incident  simple  wave  is 
given  in  ref.  43;  Eq.  (3n-10G)  was  first  obtained  by  Pfriem  (ref.  44).  For  weak  waves 
(Pi  —  Po  «  Po)  a  =  2,  in  agreement  with  linear  theory.  The  limiting  value  for 
ver}'  strong  waves  is  Ct  ==  2^*  ( =  2’  for  air),  a  quite  startling  result.  It  is  only  of 
passing  interest,  however,  because  a  wave  this  strong  would  already  have  deformed 
into  a  shock  by  the  time  it  reached  the  wall  [for  shocks  the  expression  for  Ct  is  entirely 
different;  the  limiting  value  for  strong  shocks  is  Ct  =  2  -f-  (7  +  l)/(7  —  1)  =  8  for 
air  (ref.  4)].  In  fact,  the  deviation  from  pressure  doubling  is  small  even  for  fairly 
strong  waves.  For  an  originally  sinusoidal  wave  of  sound  pressure  level  174  dB,  the 
maximum  deviation  is  about  6  percent  (ref.  43). 

For  a  pressure  release  surface  the  law  of  reflection  for  finite-amplitude  waves  is 
the  same  as  for  infinitesimal  waves.  To  see  this,  evaluate  r  as  before,  first  in  the 
incident  wave  (2t  =  X,-  4-  u,-  *=  2u,)  and  then  at  the  pressure-release  surface  (2r  =* 
X^offacA  4*  ^turfaev  *  Ugnffaca^  since  X  0  whcn  p  *  Po,  p  “  Po)*  The  result  IS 


Umrfaea  =  2u{ 

that  is,  the  particle  velocity  doubles  at  the  surface.  The  reflection  has  an  interesting 
effect  on  the  wave,  however.  Consider  a  finite  wave  train  so  that  after  interaction 
the  reflected  signal  is  a  simple  wave.  To  a  good  approximation,  the  acoustic  pressure 
wave  suffers  phase  inversion  as  a  result  of  the  reflection.  A  wave  that  distorts  as  it 
travels  toward  the  surface  therefore  tends  to  “undistort”  after  reflection.  This- 
effect  has  been  observed  experimentally  (xcf.  45). 

Reflection  from  and  transmission  through  other  types  of  surfaces,  such  as  gaseous 
interfaces,  arc  considered  in  ref.  43. 

Oblique  reflection  of  continuous  waves  from  a  plane  surface  has  not  been  solved  in 
any  general  way;  see  ref.  46  for  a  perturbation  treatment. 

Standing  IFavcs.  First  consider  finite-amplitude  wave  motion  in  a  tube  closed 
at  one  end  and  containing  a  vibrating  piston  in  the  other  end.  This  problem  is  one 
of  the  few  in  which  much  experimental  evidence  is  available  (refs.  47, 48, 50).  At  reso¬ 
nance,  if  the  piston  amplitude  is  sufficiently  high,  shocks  occtir  traveling  to  and  fro 
between  the  piston  and  the  closed  end.  Slightly  off  resonance,  again  for  high  enough 
amplitude,  the  waveform  exhibits  cusps.  Below  resonance  the  cusps  occur  at  the 
troughs  of  the  waveform,  above  resonance  at  the  peaks.  It  would  seem  that  such  rich 
phenomena  would  have  stimulated  intensive  theoretical  treatments  of  the  problem. 

In  fact,  the  theoretical  problem  has  proved  a  difficult  nut  to  crack.  The  Ricmann 
solution  [of  Eq.  (3n-103)]  is  of  no  avail  because  of  the  presence  of  shocks.  There  is 
no  well-developed  weak-shock  theory  for  compound  waves  as  there  is  for  simple 
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waves.  For  weak  waves  perturbation  treatments  have  been  used  (icl.  4S).  For 
Btronp  waves  one  approach  has  been  to  assume  the  existence  of  shocks  at  the  outset. 
The  Itankine-lIuRoniot  relations  are  used  to  provide  boundary  conditions  for  the 
continuous-wave  flow'  in  between  shocks  (refs.  47,  49). 

A  more  fundamental  approach  has  been  taken  by  Chester  (ref.  42).  llis  treatment 
is  of  general  interest  because  of  the  way  the  effect  of  the  boundary  layer  is  assimilated 
in  the  one-dimensional  model  (see  Eq.  (3n-10l)  for  an  adaptation  to  simple  waves). 
An  "inviscid  solution”  is  first  obtained;  it  contains  discontinuities  at  and  near  reso¬ 
nance,  and  cusps  at  one  point  on  either  side  of  resonance.  General  agreement  w’ith 
experimental  observation  is  thus  good  (ref.  50).  Improved  solutions  are  then  con¬ 
sidered  in  which  thermoviscous  effects,  first  in  the  mainstream  and  then  in  the  bound¬ 
ary  layers,  are  taken  into  account. 

Sn-16.  Refraction.  Treatments  of  oblique  reflection  and  refraction  at  interfaces 
have  mainly  been  confined  to  shock  w'aves  in  which  the  flow  behind  the  shock  is 
basically  steady.  Slow,  continuous  refraction,  such  as  that  caused  by  gradual 
changes  in  the  medium  or  by  gradual  variations  along  the  phase  fronts  of  the  wave 
has  been  treated,  how’cver  (refs.  26,  51,  52).  The  basis  of  the  method  is  ordinary  ray 
acoustics.  The  propagation  speed  along  each  ray  tube  and  the  cross-sectional  area 
Of  the  tube  are  modified  to  take  account  of  nonlinear  effects.  The  approach  is 
similar  to  that  given  in  Sec.  3n-7  except  that  the  cross-sectional  area  of  the  horn 
varies  in  a  manner  that  depends  on  the  wave  motion. 
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INTRODUCTION 

The  science  of  acoustics  encompasses  the 
production,  transmission,  and  reception  of 
sound.  When  applied  to  the  atmosphere  each 
of  these  fundamental  aspects  of  acoustics  is 
affected  to  some  extent  by  the  properties  of 
the  atmosphere  itself.  Atmospheric  properties 
vary  in  both  space  and  time  giving  rise  to  a 
close  interaction  between  atmospheric  acous¬ 
tics  and  the  broader  field  of  atmospheric 
physics.  The  interaction  of  sound  with  this 
complex  atmosphere  as  well  as  the  surface  of 
the  earth  requires  that  a  wide  spectrum  of 
physical  phenomena  be  understood  to  de¬ 
scribe  completely  a  sound  field  in  the  atmo¬ 
sphere. 

The  need  to  communicate  audibly  in  the 
atmosphere  has  traditionally  motivated  stud¬ 
ies  of  atmospheric  acoustics.  The  physical 
phenomena  which  affect  atmospheric  acous¬ 
tics  were  generally  identified  in  the  1800s  al¬ 
though  many  of  the  details  and  mathematical 
techniques  for  dealing  with  these  phenomena 
have  evolved  more  recently.  An  excellent  ex¬ 
ample  of  early  experimental  work  in  atmo¬ 
spheric  acoustics  was  that  of  Tyndall  using 
the  large  horn  shown  in  Fig.  1. 
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The  large  size  of  the  horn  results  from  the 
relatively  low  density  [1.29  kg/m^  at  standard 
temperature  and  pressure  (STP):  273  K,  pres¬ 
sure  of  1  atm  with  0%  relative  humidity]  and 
speed  of  sound  in  air  (331.6  m/sec  at  STP 
with  0%  relative  humidity).  More  recently, 
studies  of  atmospheric  acoustics  have  been 
motivated  by  concerns  for  environmental 
noise.  Most  activities  associated  with  modern 
society  result  in  some  noise  but  perhaps  none 
is  more  pervasive  than  that  associated  with 
transportation.  Noise  in  and  around  airports 
and  along  highways  has  led  to  attempts  to  in¬ 
crease  transmission  loss  as  well  as  reduce 
source  generation.  A  detailed  treatment  of 
many  of  the  topics  addressed  in  this  article 
can  be  found  in  Pierce  (1981). 

A  variety  of  natural  processes  give  rise  to 
atmospheric  sound.  Some  of  the  more  com¬ 
mon  sources  are  thunder  associated  with 
lightning,  noise  generated  by  wind,  and 
sounds  produced  by  animals  of  all  types. 

Sound  is  often  classified  in  terms  of  ampli¬ 
tude  and  frequency.  Amplitudes  of  acoustic 
waves  are  generally  given  in  dB  ref  20  micro¬ 
pascal  (/xPa).  A  very  quiet  anechoic  chamber 
might  have  a  sound  level  of  0  dB.  Outdoors  on 
a  quiet  day,  the  sound  level  is  typically  40  dB. 
Above  90  dB,  audible  sound  begins  to  result 
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FIG.  1.  Tyndall’s  apparatus  for  studying  sound  propagation  in  the  atmosphere  (from  Tyndall,  1874). 


in  hearing  loss  in  the  case  of  very  long  expo¬ 
sures.  A  jet  aircraft  taking  off  might  produce 
120  dB.  Above  130  dB,  acoustic  waves  begin 
to  exhibit  nonlinear  behavior.  Above  140  dB, 
immediate  and  permanent  hearing  loss  oc¬ 
curs. 

Another  way  to  categorize  sound  is  accord¬ 
ing  to  frequency.  Acoustic  waves  with  a  fre¬ 
quency  above  20  Hz  (units  of  sec“^)  but  be¬ 
low  20  kHz  are  referred  to  as  audible  sound. 
Lower  frequencies  are  classified  as  infra- 
sound;  higher  frequencies  as  ultrasound.  At 
low  frequencies  acoustic  waves  couple  into 
the  buoyant  restoring  force  of  gravity  in  the 
atmosphere  and  two  modes  result  (Brown, 
1987).  At  very  low  frequencies  (-'10"^  Hz) 
the  propagation  is  dominated  by  the  buoyant 
force  (internal  gravity  waves).  At  the  opposite 
end  of  the  frequency  spectrum,  ultrasonic 
waves  are  rapidly  attenuated  in  the  atmo¬ 
sphere  with  an  attenuation  coefficient  approx¬ 
imately  proportional  to  frequency  squared. 
As  a  result,  ultrasound  does  not  travel  over 
great  distances  although  over  short  distances 
it  can  be  important  (echolocation  used  by 
bats  and  echoranging  by  cameras,  for  exam¬ 
ple). 

Once  sound  is  generated,  there  are  a  vari¬ 
ety  of  physical  processes  which  affect  trans¬ 
mission.  The  most  obvious  of  these  is  spread¬ 


ing  of  the  wave.  The  amplitude  of  a  spheri¬ 
cally  spreading  wave  decreases  as  l/r  (6  dB 
per  doubling  of  distance).  Even  highly  direc¬ 
tional  sources  (such  as  a  bat)  begin  to  show 
this  type  of  spreading  some  distance  from  the 
source.  For  this  reason,  6  dB/ doubling  of  dis¬ 
tance  is  generally  taken  as  a  standard  loss 
and  all  other  factors  which  affect  the  received 
amplitude  are  referred  to  in  terms  of  excess 
attenuation  (attenuation  in  addition  to  6  dB/ 
doubling  of  distance). 

Physical  processes  which  contribute  to  ex¬ 
cess  attenuation  are  molecular  absorption,  in¬ 
teraction  with  the  ground,  refraction  due  to 
temperature  and  wind  gradients,  diffraction 
due  to  those  gradients  or  topography,  and 
scattering.  In  all  cases,  except  for  the  ground 
interaction  (and  even  there  to  some  degree), 
the  effects  depend  strongly  on  specific  local 
atmospheric  conditions.  This  strong  depen¬ 
dence  of  propagation  on  meteorological  con¬ 
dition  can  be  used  as  a  basis  to  sense  the  at¬ 
mosphere  remotely  using  echo  sounders  or 
radio  sounders. 

Application  of  atmospheric  acoustics  usu¬ 
ally  defines  the  receiver.  The  detection  and  lo¬ 
cation  of  aircraft  might  involve  an  array  of 
microphones  sensitive  to  phase  changes  be¬ 
tween  individual  elements.  Noise  control  ap¬ 
plications  typically  consider  a  human  ear  as 
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the  receiver.  These  applications  plus  the  at¬ 
mospheric  sounders  already  mentioned  con¬ 
tinue  to  provide  motivation  for  studies  of  at¬ 
mospheric  acoustics. 


1.  SOUND  SOURCES 

A  number  of  sources  of  atmospheric  sound 
were  mentioned  in  the  Introduction.  In  this 
section,  specific  sources  will  be  considered  in 
more  detail  to  illustrate  the  different  phenom¬ 
ena  which  give  rise  to  sound  and  the  atmo¬ 
spheric  properties  which  affect  the  sound  gen¬ 
erated.  First,  man-made  sources  will  be  con¬ 
sidered,  then  natural  sources. 

1.1  Aircraft  Noise 

Jet  aircraft  represent  a  pervasive  noise 
source.  Aircraft  noise  is  generated  by  both 
propulsive  and  nonpropulsive  sources  (Smith 
and  Schien,  1989).  Propulsion  sources  nor¬ 
mally  result  in  the  dominant  noise.  Propul¬ 
sion  sources  include  turbomachinery  noise 
generated  internal  to  the  engine  and  jet  ex¬ 
haust  mixing  and  shock  noise  attributed  to 
processes  external  to  the  engine.  Nonpropul¬ 
sive  noise  is  generated  in  flight  by  the  air 
flowing  past  the  vehicle  structure  and  is 
called  airframe  noise. 

Turbomachinery  noise  sources  include  fan 
noise,  compressor  noise,  combustion  noise, 
and  turbine  noise. 

Fan  noise  is  caused  by  the  unsteady  com¬ 
ponent  of  the  flow  which  interacts  with  rotor 
or  stator  blade  rows.  When  a  perturbation  in 
flow  pressure  or  velocity  encounters  a  blade 
or  strut  surface,  an  acoustic  pressure  pulse  is 
generated.  Primary  fan  noise  generation 
mechanisms  are 

1.  inlet  flow  inhomogeneities  interacting  with 

the  rotor  blades,  and 

2.  rotor  wakes  and  pressure  fields  interacting 

with  the  stator  blades. 

Sound  is  generated  primarily  at  the  blade 
passing  frequency  and  its  harmonics,  al¬ 
though  there  is  a  broadband  component  as 
well. 

Key  parameters  affecting  fan  noise  gener¬ 
ation  are  the  number  of  rotor  and  stator 
blades,  rotor-stator  axial  spacing,  blade  load¬ 
ing,  fan  rpm,  stage  pressure  ratio,  and  rotor 
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tip  speeds.  Upstream  stators  (inlet  guide 
vanes)  increase  acoustic  levels.  At  high  engine 
power  settings,  supersonic  tip  speeds  give  rise 
to  tones  at  harmonics  of  the  shaft  rotation 
speed,  which  are  known  as  multiple  pure 
tones. 

Compressor  noise  is  similar  in  nature  to 
fan  noise,  and  has  the  same  key  parameters 
as  the  fan,  applied  to  the  compressor  stages. 
Compressor  noise  is  usually  of  higher  fre¬ 
quency  than  fan  noise  and  is  attenuated  as  it 
passes  through  adjacent  blade  rows.  Similar 
in  nature  to  fan  and  compressor  noise,  tur¬ 
bine  noise  is  generated  downstream  of  the 
combustor  and  radiates  from  the  core  ex¬ 
haust  duct. 

Instabilities  in  combustors  give  rise  to 
sound  waves.  These  instabilities  are  usually  a 
result  of  flow  turbulence,  so  that  combustion 
noise  is  broadband  in  nature,  normally  peak¬ 
ing  at  400-500  Hz.  Key  engine  operating  pa¬ 
rameters  affecting  combustion  noise  genera¬ 
tion  are  engine  mass  flow  rate,  compressor 
pressure  and  temperature  ratio,  and  combus¬ 
tor  temperature  rise. 

Jet  exhaust  noise  is  generated  by  two 
mechanisms  in  the  jet  plumes  aft  of  the  ex¬ 
haust  nozzles:  turbulent  mixing  and  shock 
cell  perturbations. 

Jet  mixing  noise  is  generated  by  the  turbu¬ 
lent  mixing  process  between  the  exhaust  flow 
and  the  atmosphere.  Noise  generation  is 
strongest  in  the  turbulent  shear  layer  between 
the  laminar  core  and  the  ambient  air.  This 
source  correlates  most  strongly  with  the  ve¬ 
locity  of  the  jet  at  the  plane  of  the  exhaust 
nozzle,  varying  as  approximately  the  eighth 
power  of  the  velocity.  Secondary  parameters 
are  the  jet  flow  density  and  exhaust  nozzle 
area.  Forward  motion  of  the  aircraft  has  a 
strong  attenuation  effect  on  jet  mixing  noise, 
because  it  reduces  the  magnitude  of  the  shear 
layer  velocity  gradient. 

Jet  mixing  noise  is  spectrally  broadband  in 
nature,  usually  peaking  at  frequencies  below 
1000  Hz,  depending  on  the  nozzle  diameter 
and  jet  velocity.  It  is  most  intense  in  the 
downstream  direction  and  peaks  at  a  radia¬ 
tion  angle  of  approximately  0=140°,  mea¬ 
sured  from  the  aircraft  nose  (i.e.,  tail-to-nose 
vector  is  0=0°). 

The  jet  mixing  noise  generated  by  air  vehi¬ 
cles  and  high-performance  military  aircraft  is 
a  significant  source  of  noise.  This  source  is 
difficult  to  suppress,  since  it  is  generated  en- 
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tirely  outside  the  aircraft.  Most  successful  re¬ 
ductions  in  jet  noise  have  been  due  to  reduc¬ 
tions  in  jet  velocity,  which  generally  requires 
an  increase  in  fan  bypass  ratio  to  maintain 
thrust.  Modern  commercial  aircraft  (referred 
to  as  Stage  3  aircraft)  have  large  bypass  ratio 
engines.  Such  engines  are  visually  greater  in 
diameter. 

When  an  air  vehicle's  convergent  exhaust 
nozzles  are  operated  supersonically,  a  quasi- 
periodic  shock  cell  structure  will  form  in  the 
jet.  Shock  cell  noise  is  produced  by  the  un¬ 
steady  interaction  between  the  flow  turbu¬ 
lence  and  this  structure.  The  intensity  of 
shock  noise  is  a  function  of  the  Mach  number 
(ratio  of  speed  to  total  speed  of  sound)  of  the 
fully  expanded  exhaust  flow. 

Shock-associated  noise  possesses  charac¬ 
teristics  distinct  from  those  of  turbulent  mix¬ 
ing  noise.  In  contrast  to  the  mixing  noise  ra¬ 
diation  pattern,  broadband  shock  cell  noise 
will  be  most  prominent  in  the  forward  arc 
(0<9O")  directions  for  a  static  engine,  due  to 
the  high  jet  mixing  noise  levels.  However,  for 
high  flight  speed,  shock  noise  may  dominate 
the  signal  in  the  forward  arc  and  at  all  radia¬ 
tion  angles. 

Airframe  or  nonpropulsive  noise  is  gener¬ 
ated  by  the  airflow  over  the  wings,  fuselage, 
vertical  and  horizontal  stabilizers,  slats, 
gears,  or  any  element  of  an  aircraft.  The  in¬ 
teraction  of  aircraft  elements  with  large  scale 
turbulence  in  the  atmosphere  results  in  large 
fluctuations  in  lift  and  drag.  These  forces  and 
the  subsequent  radiation  occur  with  any  lift¬ 
ing  element  of  the  aircraft.  The  sound  power 
radiated  from  this  source  of  noise  increases 
with  the  size  of  the  lifting  surface,  the  turbu¬ 
lence  intensity,  and  the  fourth  power  of  the 
aircraft  speed.  This  source  of  noise  has  been 
considered  as  insignificant  for  low  flight 
speeds  but  could  be  a  significant  contributor 
to  the  aircraft  signature  when  the  aircraft 
speed  and  the  turbulence  intensity  are  high. 
For  this  case  the  radiated  power  would  be 
high  and  the  frequencies  would  be  low  result¬ 
ing  in  little  excess  attenuation  due  to  propa¬ 
gation  through  the  atmosphere. 

There  are  four  components  of  noise  asso¬ 
ciated  with  radiation  from  the  turbulent 
boundary  layer.  These  include  the  following: 

1.  a  surface  distribution  of  dipoles  associated 

with  the  fluctuating  pressures  within  the 

flow  causing  fluctuating  forces  on  a  rigid 


surface; 

2.  a  volume  distribution  of  quadrupoles  gen¬ 
erated  by  the  fluctuating  forces  in  the 
boundary  layer; 

3.  reflected  quadrupole  noise  due  to  the  pres¬ 
ence  of  the  surface; 

4.  noise  radiation  resulting  from  the  motion 
of  the  surface  beneath  the  turbulent  layer. 

Current  thinking,  based  on  commercial 
aircraft  experience  at  low  Mach  number,  con¬ 
siders  only  the  surface  distribution  of  dipoles. 
For  such  a  distribution,  the  sound  pressure  is 
taken  to  vary  as  ^  (Reed,  1977)  where  U  is 
the  flow  velocity  and  A  is  the  radiating  area. 
At  low  Mach  numbers  this  source  is  less  than 
that  predicted  for  the  trailing  edge. 

Although  the  surface  distribution  may  be  a 
valid  model  throughout  the  subsonic  Mach 
number  range  there  is  no  evidence  to  show 
that  dipole-type  radiation  will  be  dominant  at 
high  subsonic  Mach  numbers.  That  is,  quad- 
rupole-t5q5e  sources  may  become  the  domi¬ 
nant  source  at  high  subsonic  Mach  numbers. 
This  has  not  been  satisfactorily  answered  at 
this  time. 

The  acoustic  radiation  from  structures  ex¬ 
cited  by  turbulent  boundary  layers  has  been 
investigated  primarily  in  terms  of  the  noise 
levels  in  aircraft  cabins  and  noise  radiation 
underwater.  There  has  been  little  emphasis 
on  this  source  of  sound  with  respect  to  air¬ 
frame  noise.  There  is  something  of  a  conflict 
as  to  its  importance  at  low  Mach  numbers. 

The  noise  radiated  directly  from  wakes 
and  vortices  is  quadrupole  in  nature  and,  as 
such,  is  not  a  significant  source.  However, 
when  wakes  or  vortices  impinge  on  a  struc¬ 
ture  or  rotating  blade,  significant  levels  of 
noise  can  be  generated.  These  sources  are 
similar  to  whole  body  noise,  but  at  higher  fre¬ 
quencies  because  of  the  smaller  scales. 

Trailing  edge  noise  is  generated  by  turbu¬ 
lence  being  swept  over  the  trailing  edge  with 
the  creation  of  half-baffled  dipoles.  The 
source  of  the  turbulence  is  the  turbulent 
boundary  layer.  There  is  a  large  data  base  at 
low  Mach  number  (M  <  0.4)  which  appears  to 
confirm  that  trailing  edge  noise  is  propor¬ 
tional  to  the  aircraft  velocity  to  the  fifth  or 
sixth  power. 

Rotary  wing  and  propeller-driven  aircraft 
generate  sound  quite  different  from  that  of  jet 
aircraft  even  though  many  of  the  noise  gen¬ 
eration  mechanisms  are  the  same.  Machinery 
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noise,  for  example,  is  common  to  both.  The 
biggest  difference  is  the  role  that  the  helicop¬ 
ter  blade  or  aircraft  propeller  plays.  In  many 
cases,  for  these  types  of  aircraft,  this  blade 
noise  is  dominant  and  characterizes  the  audi¬ 
ble  sound. 

Four  mechanisms  are  important  for  noise 
generation  provided  the  blade  tip  speed  does 
not  exceed  the  speed  of  sound.  One  is  the  dis¬ 
crete  loading  noise  which  dominates  the 
lower  harmonics  of  the  blade  passage  fre¬ 
quency.  Next  is  the  blade-vortex  interaction 
which  is  a  discrete  source  of  impulsive  char¬ 
acter.  At  higher  frequencies,  broadband  noise 
due  to  blade  interactions  with  turbulence  in 
and  around  the  rotor  wake  begin  to  domi¬ 
nate.  Broadband  self-noise  due  to  blade  inter¬ 
action  with  boundary-layer  and  near  wake 
turbulence  controls  the  high-frequency  part 
of  the  spectrum. 

The  relative  importance  of  each  of  the 
above  mechanisms  depends  upon  aircraft  op¬ 
erating  conditions.  In  most  cases,  however, 
the  aircraft  is  characterized  by  sound  associ¬ 
ated  with  the  blade  passage  frequency.  This 
frequency  is  variable  for  a  propeller-driven 
aircraft  depending  upon  flight  operations.  Ro¬ 
tary  wing  aircraft  tend  to  operate  at  a  lower, 
fixed,  blade  passage  frequency.  A  military 
UH-ID  helicopter  main  rotor  rotates  at  324 
rpm  and  has  twin  blades,  which  gives  a  fun¬ 
damental  frequency  of  10.8  Hz.  The  tail  rotor 
rotates  more  rapidly  producing  a  fundamen¬ 
tal  of  60.5  Hz  at  a  level  much  lower  than  for 
the  main  blade.  Since  the  human  ear  is  not 
sensitive  to  10.8  Hz,  audible  sound  is  due  to 
harmonics  of  the  fundamental  blade  passage 
frequency. 

1.2  Traffic  Noise 

Another  pervasive  source  of  man-made 
noise  is  that  due  to  traffic  (Dept,  of  the  Army, 
1978).  Traffic  noise  results  primarily  from  the 
engine  and  exhaust  system  and  interaction  of 
tires  with  the  road  surface.  The  maximum 
noise  emitted  by  an  automobile  increases  ap¬ 
proximately  with  the  third  power  of  vehicle 
speed.  This  is  due  primarily  to  tire  noise  cre¬ 
ated  by  the  tire-roadway  interaction,  (Figure 
2  illustrates  automobile  noise  spectra  at  dif¬ 
ferent  speeds.) 

The  noise  output  of  trucks  is  a  more  com¬ 
plicated  phenomenon.  First,  trucks  should  be 
considered  in  three  distinct  classes  according 
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Octave  band  center  frequency  (Hzj 

FIG.  2.  Typical  automobile  spectra  for  two  average 
speeds. 


to  their  noise  emission  characteristics:  light, 
medium,  and  heavy.  Light  trucks  are  two- 
axle,  four-wheel  vehicles  such  as  panel  and 
pickup  trucks;  their  noise  characteristics  are 
similar  to  those  of  automobiles.  Medium 
trucks  are  typically  gasoline-powered  two- 
axle,  six-wheel  vehicles,  such  as  city  trucks 
without  a  vertical  exhaust  muffler.  The  noise 
generation  characteristics  of  these  vehicles 
are  also  similar  to  those  of  automobiles.  How¬ 
ever,  medium  trucks  are  usually  10  dB  nois¬ 
ier  than  automobiles  for  the  same  flow  and 
speed. 

Heavy  trucks  are  a  more  complex  noise 
source.  These  diesel-powered,  three-  or  more- 
axle  vehicles  have  a  multitude  of  noise  mech¬ 
anisms,  i.e.,  tire  noise,  exhaust  noise,  intake 
noise,  engine  noise,  and  gear  noise.  Shown  in 
Fig.  3  is  a  typical  truck  noise  spectrum  for  the 
three  major  component  sources:  tires,  engine, 
and  exhaust.  Tire-roadway  interaction,  the 
major  noise  source  for  automobiles  and  light 
and  medium  trucks,  occurs  at  ground  level. 
For  heavy  trucks  an  additional  noise  source, 
the  exhaust  stack  opening,  is  nominally  lo¬ 
cated  eight  feet  above  the  ground.  Heavy 
truck  noise  does  not  exhibit  great  variability. 
While  tire  noise  varies  with  speed,  the  engine 
noise  sources  generally  show  little  depen¬ 
dence  upon  road  speed.  Furthermore,  drivers 
tend  to  maintain  relatively  constant  engine 
speed  for  all  road  speeds. 

As  previously  discussed,  roadway  noise  ex¬ 
posure  is  a  function  of  the  traffic  flow  and  pa- 
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FIG.  3.  Typical  spectra  for  diesel  truck  and  component 
sources. 

rameters  of  the  classes  of  vehicles  using  the 
roadway.  Where  vehicles  are  uniformly  dis¬ 
tributed  along  a  single-lane  roadway  that  is 
straight,  infinitely  long,  flat,  level  terrain,  the 
noise  exposure  is  a  function  of  the  volume 
flow  and  average  speed  of  each  group  of  ve¬ 
hicles. 

In  practice,  roadway  factors  will  affect 
noise  levels.  Noise  exposure  is  increased  by 
uphill  grades  (for  heavy  trucks  and  transport 
vehicles).  The  noise  exposure  is  decreased  by 
buildings,  land  forms,  or  other  barriers  lo¬ 
cated  between  the  roadway  and  the  observer. 

The  drop-off  of  noise  levels  with  distance 
from  a  roadway  will  typically  range  from  4  to 
5  dB  per  doubling  of  distance.  This  drop-off 
rate  is  affected  substantially  by  ground  cover. 
Beyond  two  to  three  thousand  feet,  the  drop¬ 


off  can  increase  to  about  6  dB  per  doubling  of 
distance,  due  to  the  additional  effect  of  atmo¬ 
spheric  attenuation.  However,  the  noise  lev¬ 
els  from  roadway  traffic  will  rarely  be  high 
enough  to  be  of  concern  at  these  larger  dis¬ 
tances. 


1.3  Explosions 

Less  common,  though  more  dramatic, 
sources  of  sound  are  impulsive.  Man-made 
explosions  ranging  in  amplitude  from  nu¬ 
clear  blasts  to  the  blast  from  a  hunter's  rifle 
can  provide  very  large  peak  sound  pressure 
levels.  The  variation  of  pressure  with  time 
from  an  explosive  source  can  be  approxi¬ 
mated  by  the  wave  form  shown  in  Fig,  4. 

Near  the  explosion,  the  wave  form  is  not  so 
fully  developed.  In  the  far  field,  the  most  no¬ 
ticeable  features  of  the  impulse  are  the  rise 
time,  peak  overpressure,  and  wave  duration. 
The  overpressure  is  given  approximately  as 
(Reed,  1977) 

A;7= 0.0469  (1) 

where  the  value  0.0469  of  the  coefficient  for 
yield  W  is  given  in  kg  of  high  explosives,  the 
distance  R  in  km,  and  Ap  in  kPa.  Values  for  b 
are  determined  empirically  to  be  1.1-1. 2.  The 
wave  duration  determines  the  fundamental 
frequency  Vf  =  1/r  where  r  is  the  duration  in 
sec.  The  duration  for  a  0.57-kg  charge  of  C-4  is 
typically  0.025  sec  (at  100  m).  Assuming 
spherical  spreading,  Vf  should  be  propor¬ 
tional  to  Application  of  these  scaling 

laws  to  atmospheric  conditions  other  than 


FIG.  4.  Explosion-wave  pressure/tIme 
signature  [Reed  (1977)]. 
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STP  can  be  accomplished,  assuming  the 
charge  does  PdV  work  against  an  ideal  gas  at¬ 
mosphere. 

1.4  Supersonic  Projectiles 

When  an  object  is  traveling  at  a  speed  v 
greater  than  the  local  speed  of  sound  c,  a 
wake  forms  behind  the  object.  Since  the  ob¬ 
ject  travels  a  distance  vt  while  pressure  waves 
travel  a  distance  ct,  a  Mach  cone  develops 
ahead  of  which  there  is  no  sound  and  behind 
which  the  pressure  rises  very  rapidly.  The  an¬ 
gle  between  the  edge  of  the  Mach  cone  and 
the  projectile  flight  path  is  given  as  where 
cos  Om=c/v,  As  the  Mach  cone  passes  over  an 
observer  on  the  ground,  a  sonic  boom  is 
heard. 

The  duration  of  the  shock  wave  generated 
by  supersonic  projectiles  depends  upon  the 
size  of  the  projectile  and  the  distance  to  the 
observation  point.  Near  a  projectile  with  sim¬ 
ple  geometry  the  duration  r^—l/v  where  /  is 
the  projectile  length.  As  described  later,  prop¬ 
agation  effects  will  cause  the  shock  wave  to 
increase  in  duration  as  it  propagates. 

1.5  Sounds  in  Nature 

Natural  processes  provide  a  wide  variety 
of  atmospheric  sounds  (Brown,  1987).  Refer¬ 
ring  to  Fig.  5,  we  note  that  in  the  infrasound 
regime,  earthquakes,  large  explosions  (volca¬ 
noes,  for  example),  and  weather  fronts  give 
rise  to  very  low-frequency  atmospheric 


FIG.  5.  Regions  for  infrasound  sources.  (Courtesy  of 
A.  J.  Bedard.) 
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waves.  Since  these  low-frequency  waves  are 
attenuated .  very  little,  they  propagate  great 
distances.  It  is  not  unusual  to  detect  infra¬ 
sound  from  these  events  after  full  circuits 
around  the  earth. 

Earthquakes  and  other  strong  infrasound 
sources  have  the  strange  properties  that  the 
initial  part  of  the  received  wave  can  arrive  as 
much  as  a  half  hour  before  the  main  feature. 
The  explanation  for  this  effect  is  that  high¬ 
speed  Rayleigh  waves  traveling  through  the 
surface  of  the  earth  at  a  speed  much  greater 
than  the  speed  of  sound  in  air  constantly  leak 
energy  into  the  atmosphere  which  can  be  de¬ 
tected  long  before  the  infrasound  wave  prop¬ 
agation  through  the  atmosphere.  It  is  fre¬ 
quently  reported  that  birds  and  animals  are 
startled  by  such  arrivals,  giving  a  warning  of 
the  upcoming  infrasound. 

Wind  generates  noise  as  it  blows  across 
leaves,  wires,  etc.  The  primary  mechanism 
for  the  sound  generation  is  turbulent  vortex 
shedding.  In  addition  to  acoustic  noise  gener¬ 
ated  at  one  region  and  propagating  to  a  re¬ 
ceiver,  a  receiver  such  as  a  microphone  or  the 
ear  responds  to  pressure  fluctuations  carried 
by  wind.  These  fluctuations  are  not  propagat¬ 
ing  but,  since  they  result  in  variations  in  pres¬ 
sure  as  they  flow  past  the  receiver,  the  re¬ 
ceiver  cannot  distinguish  them  from  propa¬ 
gating  waves.  A  receiver  placed  in  the  flow 
can  also  give  rise  to  turbulent  eddies  provid¬ 
ing  additional  noise. 

Since  wind  noise  results  from  the  flow  of 
turbulence,  one  would  expect  the  amplitude 
to  increase  as  where  U  is  the  mean  flow 
velocity.  In  addition,  wind  noise  decreases  in 
amplitude  as  the  frequency  increases  as 
for  moderate  wind  speeds.  At  very  large  wind 
speeds,  the  distribution  of  turbulence  (dis¬ 
cussed  in  more  detail  later)  dictates  fewer  tur- 
bules  available  to  flow  by  the  wind  screen  re¬ 
sulting  in  a  leveling  off  in  amplitude  with 
frequency.  This  effect  is  most  pronounced  at 
low  frequencies. 

An  extreme  case  of  wind  noise  is  the  sound 
of  tornadoes  (Arnold  et  aU  1976).  A  model  of 
a  severe-traveling-storm  cell  chosen  for  dis¬ 
cussion  purposes  is  shown  in  Fig.  6. 

Rotation  of  the  air  masses  is  chosen  to  be 
cyclonic  in  the  model.  The  sources  of  sound 
Si  located  at  the  coordinate  (X/,y/,Z/)  consid¬ 
ered  are  presented  in  Fig.  6  and  may  be  de¬ 
scribed  as 
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FIG.  6.  Geometry  assumed  for  the  track  of  the  Guin,  Alabama,  tornado  and  a  possible  minivortex.  The  terrain  has 
been  assumed  flat  although  there  were  variations  in  elevation  of  approximately  +15-20  m  from  the  elevation  at 
the  recording  site. 


1.  the  wind-surface  noise  Si  generated  by  in¬ 
teraction  of  the  high-speed  tornado  winds 
with  the  ground, 

2.  atmospheric  noise  associated  with  the  tor¬ 
nado  vortex, 

3.  wind-surface  noise  S3  generated  by  the  suc¬ 
tion  spot  of  a  minivortex, 

4.  atmospheric  noise  associated  with  a  mini¬ 
vortex, 

5.  atmospheric  noise  associated  with  the  par¬ 
ent  storm,  and 

6.  general  nonlocalized  atmospheric  noises 
associated  with  the  parent  storm(s). 

We  define  !(  as  the  acoustic  power  from 
the  zth  source  and  Iq  to  be  the  total  acoustic 
power  (expressed  in  dB)  when  the  noise  (in¬ 
tegrated  over  frequency)  is  a  maximum.  Max¬ 
imum  power  probably  occurs  when  the 
sound  source  Si  (wind-surface  noise  gener¬ 
ated  by  the  tornado  vortex)  is  located  at  or 
near  the  origin  (0,0,0),  and  therefore  the 
source  Si  is  chosen  to  be  located  at  the  origin 
when  the  maximum  (integrated  over  fre¬ 
quency)  power  is  recorded  at  the  recording 
site  (located  at  position  ro,0,0). 

For  discussion  purposes,  only  two  princi¬ 
pal  sound  sources  Si  and  S3  (which  represent 
wind-surface  interactions  for  the  tornado  vor¬ 
tex  and  suction  spot,  respectively)  need  to  be 
considered.  When  the  storm  is  most  distant, 
the  sources  can  be  treated  as  spherical  or 
point  sources  of  sound. 


One  tornado  studied  in  detail  was  the  one 
which  destroyed  Guin,  Alabama  in  1974. 
There  were  no  good  photographic  records  for 
the  Guin  storm,  so  the  distance  of  the  suction 
spot  from  the  center  of  the  tornado  vortex 
was  assumed  to  be  0.6  km,  and  the  small  vor¬ 
tex  was  assumed  to  be  moving  in  a  circular 
path  around  the  rotation  axis  of  the  tornado 
with  a  period  of  60  sec.  This  means  that  the 
rotational  (linear)  speed  of  the  suction  spot 
was  240  km/h  (150  miles/h).  Combining  this 
with  the  translational  speed  [assumed  to  be 
96  km/h  (60  miles/h)]  indicates  that  the  suc¬ 
tion  spot  would  have  maximum  wind  speeds 
towards  the  recording  site  of  340  km/h  and 
minimum  speeds  away  from  the  receiver  of 
140  km/h.  The  high  speeds  involved  here  im¬ 
mediately  suggest  that  Doppler  effects  should 
be  included.  For  the  present,  however,  as¬ 
sume  that  the  tornado  was  a  white-noise 
source.  In  this  case,  the  distance  from  the  suc¬ 
tion  spot  to  the  receiver  is  given  by 

/23={[6.4-26/-640  cos(7rr/30)]2 

+  [  160-640  sin(7rr/30)  (2) 

Now  consider  contributions  at  the  receiver 
from  both  sources  Si  and  S3.  It  should  be  pos¬ 
sible  to  combine  noise  from  both  sources  and 
achieve  a  reasonable  account  for  the  qualita¬ 
tive  and  quantitative  variations  in  the  acous¬ 
tic  power  level  as  the  tornado  approached 
and  receded.  For  convenience  we  have  cho- 
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sen  the  level  generated  by  each  to  be  equal. 
Figure  7  presents  a  comparison  of  the  relative 
acoustic  power  data  and  the  relative  power  at 
the  recording  site  if  noise  from  the  spherical 
(or  point)  sources  Sj  and  S2  are  combined. 
The  agreement  between  the  data  and  the  cal¬ 
culated  relative  power  is  better  than  consider¬ 
ing  the  sources  separately. 

Audibly,  the  tornado  sounds  like  low- 
frequency  noise  (not  unlike  a  freight  train  or 
jet  aircraft  landing)  modulated  by  the  rota¬ 
tion  of  the  suction  spot. 

Thunder  represents  an  excellent  example 
of  natural  impulsive  sound.  As  lightning  dis¬ 
charges,  the  gas  along  the  discharge  channel 
rapidly  heats  and  expands.  This  expansion 
propagates  outward,  away  from  the  channel. 
To  a  good  approximation,  the  frequency  of 
maximum  emission  for  a  lightning  discharge 
is  given  by  (Bass,  1980) 

v„=c/[2.6(£,//>oir)'^^],  (3) 

where  £*/  is  the  energy  per  unit  length  dissi¬ 
pated  in  the  discharge  (typically  3  kJ/m)  and 
Pq  is  the  ambient  pressure. 

Near  the  discharge  channel,  the  pressure 
wave  is  a  cylindrically  spreading,  highly  non¬ 
linear  wave.  For  a  truly  cylindrical  wave,  all 
observers  would  hear  a  single  clap  associated 
with  the  point  along  the  discharge  path  near- 


FIG.  7.  Temporal  variations  in  the  relative  acoustic 
power  at  350  Hz  for  the  Guin,  Alabama,  tornado  com¬ 
pared  to  the  variation  expected  from  point  sources  Si 
and  S3.  Solid  line  represents  experimental  data  cor¬ 
rected  for  automatic  volume  control  and  the  dashed 
line  is  predicted. 
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est  to  them.  Real  lightning,  however,  is  very 
tortuous.  This  tortuosity  gives  rise  to  a  “string 
of  pearls”  effect  where  thunder  can  be  mod¬ 
eled  as  a  long  line  of  spherically  spreading 
sources.  As  the  thunder  propagates,  nonlin¬ 
earity  and  absorption  shift  the  spectrum  to 
low  frequencies.  These  combined  effects  give 
rise  to  the  extended  low-frequency  rumbles 
associated  with  distant  lightning  and  explain 
the  sharp  crack  heard  when  lightning  strikes 
nearby. 

The  animal  world  produces  diverse  sounds 
for  communications  (Busnel,  1977).  Many 
animals  use  these  sounds  for  warning  and 
mating  signals.  The  range  of  emission  organs 
is  quite  varied  and  are  found  on  all  parts  of 
the  body.  Invertebrates  may  use  a  toothed  file 
to  stimulate  a  vibrating  element,  vibration  of 
nonspecialized  wings  (mosquitoes),  semireso¬ 
nant  plates  activated  by  muscle  contractions, 
or  reedlike  organs  activated  by  aspiration  and 
respiration  of  air.  In  higher  vertebrates  spe¬ 
cialized  organs  generate  sound  using  forced 
or  aspirated  air.  The  frequency  of  the  sound 
generated  is  controlled  by  varying  the  geom¬ 
etry  or  tension  on  the  organs.  At  this  point  in 
time,  sound  generation  mechanisms  are  well 
understood  but  there  has  been  very  little  re¬ 
search  which  carefully  characterizes  total 
sound  energy  emitted.  The  recent  discovery 
of  communications  between  elephants  via  in¬ 
frasound  further  emphasizes  our  general  lack 
of  knowledge. 

Whether  an  animal  equipped  with  sound 
emission  organs  will  or  will  not  activate  them 
depends  upon  a  number  of  factors  such  as 
temperature,  humidity,  light,  and  hormonal 
state.  When  sound  is  emitted,  it  follows  a 
code  involving  rhythm,  pulse,  repetition  rate, 
amplitude  variation,  and  frequency.  In  lower 
animals,  many  of  these  quantities  are  con¬ 
trolled  by  the  physical  properties  of  the 
sound-producing  mechanisms.  In  higher- 
order  species,  the  code  is  more  controlled  by 
the  central  nervous  system. 

Messages  broadcast  by  animals  contain 
two  specific  elements  of  information.  The 
first  indicates  presence  and  in  a  general 
sense,  location.  Hierarchical  status  is  in¬ 
cluded  for  gregarious  species.  The  second  el¬ 
ement  of  the  message  is  motivation.  It  might 
also  contain  information  giving  location  of 
an  object,  a  territory,  or  a  predator.  Vocabu¬ 
laries  in  the  animal  kingdom  vary  widely  in 
their  complexity. 
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Perhaps  the  most  interesting  application  of 
acoustics  by  animals  is  the  sonar  used  by  bats 
to  capture  flying  prey.  The  sonar  operates  in 
two  modes,  search  and  home.  In  the  search 
mode,  the  35-kHz  signal  propagates  reason¬ 
ably  well  and  has  a  beam  width  sufficiently 
wide  to  cover  a  large  volume.  Once  an  echo 
indicates  a  potential  meal,  the  bat  switches  to 
a  high  frequency  chirp  (40-90  kHz).  The 
higher  frequencies  provide  better  spatial  res¬ 
olution,  and  as  the  bat  approaches  the  target, 
the  added  atmospheric  absorption  character¬ 
istic  of  high  frequencies  is  less  important. 
Spatial  resolution  automatically  improves  as 
the  range  to  target  decreases. 


2.  PROPAGATION 
2.1  Absorption 

Atmospheric  absorption  occurs  by  two  ba¬ 
sic  mechanisms  (Bass  et  aL,  1984): 

1.  classical  losses  associated  with  the  transfer 
of  acoustic  energy  (or  the  organized  sys¬ 
tematic  motion  associated  with  the  kinetic 
energy  of  the  molecules)  into  equivalent 
heat  energy  (uncoordinated  random  mo¬ 
tion  associated  with  thermal  agitation)  by  a 
redistribution  of  translational  energy 
among  the  molecules;  and 

2.  relaxation  losses  associated  with  the  redis¬ 
tribution  (relaxation)  of  translational  or  in¬ 
ternal  energy  of  the  molecules. 

A  complete  calculation  of  sound  absorp¬ 
tion  would  necessarily  include  not  only  the 
contribution  of  each  mechanism  singly  but 
also  their  interdependence;  e.g.,  the  effect  of 
molecular  relaxation  processes  on  the  classi¬ 
cal  loss  mechanisms.  Fortunately,  it  has  been 
demonstrated  by  successive  approximations 
to  a  solution  to  the  Boltzmann  equation  and 
measurements  at  low  pressures  that,  for  fre¬ 
quencies  below  10  MHz,  absorption  due  to 
classical  losses  and  molecular  relaxation  are 
additive.  The  effects  of  absorption  will  be  rep¬ 
resented  by  an  absorption  coefficient 
such  that  the  acoustic  pressure  P  = 

Often,  the  absorption  coefficient  is  given  with 
units  of  neper/m.  The  neper  is  not  a  unit  in 
the  normal  sense  but,  rather,  specifies  that  it 


is  associated  with  the  Naperian  base  e.  The 
component  of  absorption  due  to  viscous  ef¬ 
fects  is 

a  =  (  o)^/2pqC^  )  ( 4ju/3 ) ,  (4) 

where  o)  is  the  angular  frequency  {lirf)  in 
s-\  c  is  the  speed  of  sound  in  m/s,  po  is  the 
density  in  kg  m“*^,  and  p  is  the  coefficient  of 
viscosity  in  kg  m"^  s"^ 

Energy  loss  from  the  sound  wave  can  be 
separated  into  two  distinct  processes.  First, 
since  the  sound  wave  causes  a  sinusoidal  vari¬ 
ation  in  temperature  in  space,  heat  will  be 
conducted  from  the  regions  of  high  tempera¬ 
ture  to  those  of  lower  temperature.  This  heat 
conduction  process  converts  the  energy  of  the 
sound  wave  into  random  thermal  motion  of 
the  gas  molecules.  Heat  conduction  increases 
the  absorption  to 

a=  (o}^/2pqC^)  [4/X/3  +  (r- 1  )K/iyCy)], 

(5) 

in  m'"^  where  k  is  the  coefficient  of  thermal 
conductivity  in  J  (kg  mol)“^  K“^  kg  m"^ 
s"  ^  and  Cy  is  the  specific  heat  at  constant  vol¬ 
ume  (J/K). 

In  addition  to  energy  loss  due  to  heat  con¬ 
duction,  energy  can  also  be  lost  due  to  relax¬ 
ation  of  internal  degrees  of  freedom.  As  the 
local  temperature  increases,  the  energy  of  in¬ 
ternal  modes  also  increases.  If  the  tempera¬ 
ture  changes  very  slowly,  the  internal  energy 
changes  by  an  amount  equal  to  where 

Cint  is  the  specific  heat  of  the  internal  energy 
modes  (e.g.,  due  to  rotational  and  vibrational 
processes),  and  AT  is  the  local  difference  be¬ 
tween  the  ambient  temperature  and  the  tem¬ 
perature  in  the  presence  of  the  sound  wave. 
For  low  frequencies,  any  energy  which  goes 
into  the  internal  modes  while  the  local  tem¬ 
perature  is  at  a  maximum  will  be  diminished 
as  soon  as  the  local  temperature  begins  to  de¬ 
crease.  However,  this  transfer  of  energy  from 
the  translational  energy  of  the  gas  to  internal 
energy  modes  and  back  can  only  take  place 
during  collisions  between  the  gas  molecules. 
During  any  one  collision,  there  is  the  proba¬ 
bility  of  energy  being  transferred  which  de¬ 
pends  on  the  particular  internal  mode  of  con¬ 
cern.  So,  as  the  frequency  is  increased,  the 
process  of  transferring  energy  back  and  forth 
between  internal  energy  modes  and  transla¬ 
tion  introduces  a  time  lag  between  the  time 
needed  for  the  local  temperature  to  decrease 
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and  the  time  needed  for  the  internal  energy 
modes  to  give  energy  back  to  the  translational 
modes.  This  time  delay  results  in  a  decrease 
in  the  energy  of  the  sound — an  attenuation. 
For  a  particular  energy  mode,  at  very  low  fre¬ 
quencies,  no  absorption  will  result.  As  the  fre¬ 
quency  is  increased  to  a  value  referred  to  as 
the  relaxation  frequency  fj,  of  the  mode  (or  al¬ 
ternatively  as  the  frequency  of  maximum  ab¬ 
sorption),  the  absorption  increases.  Then,  as 
the  variations  in  the  local  temperature  be¬ 
come  so  rapid  that  the  internal  mode  is  al¬ 
ways  behind  in  transferring  energy,  the  relax¬ 
ation  absorption  becomes  constant.  For  any 
particular  relaxation  process,  the  absorption 
can  be  expressed  by  a  relation  having  the 
form 


frs,,  f/fr 
C  l  +  (f/frf 


(6) 


in  Np  m“  \  where  is  the  relaxation  strength 
in  nepers,  which  depends  on  the  specific  heat 
of  the  relaxing  mode. 

For  air,  three  relaxation  processes  are  im¬ 
portant;  those  associated  with  O2  vibration, 
N2  vibration,  and  rotation.  Rotational  relax- 
_  \ 
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ation  occurs  at  very  high  frequencies  so  that 
f/fr  in  the  denominator  of  Eq.  (11)  can  be  ig¬ 
nored  below  10  MHz  at  1  atm  of  pressure 
(limit  decreases  in  proportion  to  the  local 
pressure).  In  this  case,  rotational  relaxation 
has  the  same  form  as  classical  absorption  and 
the  two  can  be  combined  into  a  single  term. 
Using  atmospheric  values  for  density,  viscos¬ 
ity,  and  the  speed  of  sound,  the  combined 
term  is 


aer=1.83xl0-^^ 


(T/Tq}^^Y 

(P/Pq)  ' 


(7) 


where  ro=293.15  K  and  Po=l  atm. 

Oxygen  and  nitrogen  relaxation  depend 
strongly  on  the  mole  fraction  of  water  vapor. 
In  terms  of  the  relative  humidity  hj.,  in  per¬ 
cent,  the  mole  fraction,  hf’m  percent,  can  be 
written  as 


h,=h,(P^/Po).  (8) 

The  ratio  of  saturated  vapor  pressure  to  at¬ 
mospheric  pressure  adopted  by  the 

World  Meterological  Organization  is 


log,o(/’sat/'Po)  =  10.795  86[l-(ro,/r)]-5.028  08  log,o(r/roi) 

+ 1.504  74X  10-''{  1  -  [ ( r/Toi )  - 1  ]} 

-hO.428  73xl0-^{10'‘'^*’55fi_(7.^^/7-)j_l}_2.2i9  598  3,  (9) 


where  T  is  the  air  temperature  in  kelvins,  and 
Toi  is  the  triple-point  isotherm  temperature 
with  the  exact,  internationally  agreed  value  of 
273.16  K. 

The  values  for  the  relaxation  frequencies 
of  oxygen  (fr,o)  and  nitrogen 
tracted  from  the  experimental  data.  The  best 
available  values  for  these  quantities  are 

(/^^)  =  (/>/Po)(9+200A/)  (10) 

and 


(/r,o)  =  (^/^o){24+4.41 

Xl0^/z/[(0.05+;i/)/(0.391 +  ;?/)]}. 

(11) 

With  these  relaxation  frequencies  and  as¬ 
suming  that  dry  air  is  composed  of  20.9%  O2 


I - - 

and  78.1%  N2,  the  total  absorption  becomes 


a  =  f 


1.83  X  10-^\Pq/P)  (  T/Tq) 


+  (Tq/T)^^H  1.278x10-^ 


^-2239.1/r 
/r.O+  /r.o) 


X 


^1.069x10-' 


g-3352/r  . 

/r,N+(/^//r,N/ 


(12) 


in  Np  m“S  with  /^q  given  by  Eq.  (11)  and 
^  by  Eq.  (10)  and  with  the  percent  mole 
fraction  hf  related  to  relative  humidity  h^hy 
Eqs.  (8)  and  (9).  In  Eq.  (12),  air  temperature  T 
is  in  kelvins;  ro=293.15  K;  atmospheric  pres¬ 
sure  P  is  in  N  m“^;  and  Po=  1.013  250x10^ 
N  m~^  (1  atm).  The  combined  effects  of  these 
different  loss  terms  are  shown  in  Fig.  8. 

Fogs  and  aerosols  can  introduce  addi¬ 
tional  sound  absorption  mechanisms  (Wei  et 
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[a) 


FIG.  8.  Components  and  general  behavior  of  total  air 
absorption  in  air  in  terms  of  (a)  loss  per  wavelength 
and  (b)  loss  per  unit  distance.  The  contributions  to  the 
total  absorption  T,  are  C,  classical  and  rotational  re¬ 
laxation;  O,  oxygen  relaxation,  and  N.  nitrogen  relax¬ 
ation. 

al,  1987).  These  include  evaporation  and  con¬ 
densation  around  the  droplets,  partial  en¬ 
trainment  of  droplets  by  velocity  fluctuation 
of  the  sound  wave,  heat  transfer  between 
droplets  and  surrounding  air,  the  excitation 
of  shape  oscillations  in  the  droplets,  and  gra¬ 
dients  in  the  temperature  and  velocity  along 
with  heat  fluxes  and  viscous  effects.  There 
have  been  little  data  taken  in  real  fogs  so  our 
understanding  of  the  mechanisms  relies  on 
theory  and  laboratory  data. 

Real  fogs  are  composed  of  droplets  with  a 
wide  range  in  size  and  number  per  unit  vol¬ 
ume.  An  average  droplet  radius  is  probably  8 
/xm  and  a  t5^ical  ratio  of  liquid  water  content 
to  air  mass  per  unit  volume  might  be 


1.5  X  10“^.  A  typical  curve  of  fog  absorption 
per  unit  length  is  given  in  Fig.  9  for  different 
size  droplets. 

For  comparison,  molecular  absorption  at 
100%  relative  humidity  is  also  included.  It 
can  be  seen,  by  comparison  of  these,  that  the 
two  are  comparable  at  low  frequencies  but 
that  standard  molecular  absorption  begins  to 
dominate  at  high  frequencies. 

2J2  Effects  of  the  Ground  Surface 

Research  results  of  the  past  decade  have 
greatly  advanced  understanding  of  sound 
propagation  near  the  surface  of  the  earth. 
Two  major  contributions  have  led  to  this 
rapid  increase  in  understanding.  The  first  was 
development  of  an  accurate  mathematical  de¬ 
scription  of  the  sound  field  from  a  point 
source  near  a  complex  impedance  boundary 
(Attenborough  et  a/.,  1980).  The  second  was 
the  development  of  a  microscopic  description 
of  the  interaction  of  airborne  sound  with  the 
earth  (Sabatier  et  a/.,  1986).  Due  to  these  ad¬ 
vances,  the  physical  understanding  of  sound 
propagation  above  plane  homogeneous  earth 
rivals  that  of  atmospheric  absorption.  Refer¬ 
ring  to  Fig.  10,  the  total  acoustic  field  at  the 
receiver  can  be  written  as 

4>T0T  =  ~  {-^(0/) 

Ki  K2 

-h5[l-i?(l9,)]F(w)}.  (13) 

In  this  expression  for  xot»  propa¬ 

gation  constant  for  air  (m”^),  Ri  is  the  direct 
distance  from  the  source  to  receiver,  and  R2  is 
the  path  length  from  source  to  receiver  that 


FIG.  9.  Sound  attenuation  coefficient  in  units  of 
Np/m,  vs  frequency.  Curve  A,  r=8  fim,  curve  B, 

^m,  curve  C,  molecular  absorption  [see  Bass  (1980)]. 
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Receiver 


FIG.  10.  Geometry  of  poinMo-poInt  propagation  over  a 
porous  half-space. 

includes  one  ground  reflection.  The  quantity 
in  curly  braces  is  a  reflection  coeflScient 
which  has  been  modified  for  spherical  waves 
reflecting  from  a  complex-impedance  flat 
boundary.  Inside  the  curly  braces  is  the  usual 
plane-wave  reflection  coefficient  R(0i)f  plus  a 
term  that  depends  on  B  and  F(w).  The  term  B 
takes  into  account  phase  changes  upon  reflec¬ 
tion  from  a  complex  impedance  surface.  For 
a  locally  reacting  surface;  (typical  outdoors) 
B^l.Fiw)  arises  from  the  need  to  match  the 
curved  wave  front  to  a  plane  boundary.  The 
quantity  w  is  referred  to  as  the  numerical  dis¬ 
tance.  It  is  useful  to  consider  the  numerical 
distance  as  representing  the  propagation  dis¬ 


tance  scaled  by  the  impedance.  As  w  in¬ 
creases,  wave  fronts  become  more  planar  and 
F(w)  decreases. 

The  plane-wave  reflection  coeflScient  is 
given  by 

cosdi—mirP' 

^ - 2 - .  2^.  1/2  ' 

cos0^* —s\r^  Oi)^^ 

where  the  angle  Oi  is  the  angle  of  incidence  of 
the  incoming  wave  with  the  ground,  mea¬ 
sured  from  the  vertical.  The  symbol  n  is  the 
wave-number  ratio 

n—k2/k^,  (15) 

where  k2  is  the  propagation  constant  in  the 
ground.  The  value  for  m  may  be  deduced 
from  the  relation 

P^—mn=\/Z^  (16) 

where  and  are  known  as  the  normalized 
characteristic  admittance  and  the  normalized 
characteristic  impedance,  respectively.  The 
characteristic  impedance  can  be  written  in 
terms  of  real  and  imaginary  parts  as  =  /? 

The  equations  for  B  and  F{w)  are  pre¬ 
sented  in  their  extended  reaction  form,  both 
for  added  generality  and  a  slight  increase  in 
accuracy.  For  the  extended  reaction  case, 


[cosg,+gc(l-sin^e,/w^)‘^^](l-n~^)*^^  \ 

[cos0,-|-|Sc(  1  ‘^V(  l-m^)  ( 1  -sin^0,/«^) 

1  -n-2)  ‘/^cos6l,+sin6>,(  1  -/^)*^^] 

'[  (l-m2)3/2(2sine,)i/2(i_^)i/4 


For  local  reaction,  which  is  often  a  good  ap¬ 
proximation,  B^l.  The  equation  for  the 
“sphericity"  factor,  F{w),  is 

F(w)=^l-\-iTr^^^we~^  erfc(-/iv),  (18) 

where  erfc  denotes  the  complementary  error 
function,  w  is  the  so-called  “numerical  dis¬ 
tance”  defined  by 

w^=ikiR2{l  +  Wccosdii  1 

-sin6l,(  1  -/3^)  */^]  /( 1  -  w^)  (19) 

and  all  square  roots  are  taken  so  that  their 
real  parts  are  non-negative. 


The  first  and  second  terms  in  Eq.  (13)  are 
readily  identified  as  the  direct  and  reflected 
waves.  The  last  term  ([1  —  i^(0y)]F(iv)  recall¬ 
ing  that  B^l)  arises  mathematically  from  the 
need  to  match  the  boundary  conditions,  in 
particular  the  variation  in  wave-front  curva¬ 
ture  with  distance  (Piercy  et  a/.,  1977).  The 
function  F{w)  in  Eq.  (18)  is  plotted  for 
various  values  of  the  phase  angle  [<!> 
=i?in~^{X/R)]  in  Fig.  11. 

In  order  to  understand  the  third  term  in 
Eq.  (13)  consider  the  case  where  the  source 
and  receiver  are  both  on  the  ground 
(0^.=9O”).  For  this  case,  R(Bi)  in  Eq.  (13)  be¬ 
comes  —  1  and,  since  the  first  two 
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FIG,  11.  Amplitude  factor  F{w)  of  the  ground  and  sur¬ 
face  waves  vs  numerical  distance  iv  for  various  values 
of  the  phase  angle  <l>  of  the  surface  impedance. 


terms  in  Eq.  (13)  completely  cancel  to  form  a 
shadow  zone.  This  shadow  zone  is  penetrated 
by  the  third  term.  For  <^=0  (purely  resistive 
surface),  the  third  term  is  referred  to  as  a 
ground  wave  in  analogy  to  electromagnetic 
propagation.  The  curve  for  <^=0  in  Fig.  11  in¬ 
dicates  that  for  short  distances,  the  ground 
wave  suffers  no  attenuation  in  excess  of 
spherical  spreading  but  for  longer  distances 
falls  off  with  an  additional  6  dB  per  doubling 
of  distance. 

It  will  be  shown  later  that  for  real  ground 
surfaces,  (f>  varies  between  30®  and  60®  so  F  in 
Fig.  11  differs  from  that  for  (^=0  by  the  pres¬ 
sure  of  a  substantial  increase  for  w>l.  This 
increase  is  due  to  the  contribution  of  a  sur¬ 
face  wave  in  the  air  which  propagates  with  an 
amplitude  that  decreases  exponentially  with 
height  above  the  boundary.  For  w<l,  the 
contribution  of  the  surface  wave  is  smaller 
than  that  of  the  ground  wave  because  the  sur¬ 
face-wave  amplitude  decreases  at  only  3  dB 
per  doubling  of  distance.  For  w>  1,  the  ampli¬ 
tude  of  the  surface  wave  again  becomes 
smaller  because  of  attenuation  by  viscous 
losses  in  the  pores  of  the  boundary. 

The  scale  of  the  distance  and  heights  of  the 
ground  and  surface  waves  is  given  in  Table  1 
for  a  grassy  surface.  Figure  12  gives  relative 
contributions  of  the  various  waves. 

Values  of  w,  <^,  and  R{0i)  all  depend  upon 
the  complex  normalized  characteristic  im¬ 
pedance  of  the  sound.  The  four-parameter 
model  of  Attenborough  (1985)  can  be  used  to 
calculate  ground  impedance.  For  ground  sur¬ 
faces  commonly  encountered,  the  complex 


Table  1.  The  propagation  distance  for 
numerical  distance  =  1,  and  height  Zsw  for  the 
amplitude,  of  the  surface  wave  to  decrease  by  1/e 
from  its  value  at  the  boundary,  calculated  from 
the  impedance  for  mown  grass. 


/(Hz) 

(m) 

Zsw  (m) 

50 

4000 

58 

100 

1500 

23 

200 

270 

7.3 

500 

24 

0.9 

1000 

3.6 

0.5 

2000 

1 

0.15 

normalized  characteristic  impedance  of  the 
ground  can  be  approximated  by 


where  ^  =  H""  and  n‘  is  a  constant  which  re¬ 
lates  tortuosity  {q)  to  porosity  (H),  Sf  is  the 
pore  shape  factor  ratio,  H  is  the  porosity  of 
the  ground,  a  is  the  flow  resistivity  of  the 
ground  (kg  s“^  m“^  or  g  s~^  m"^),  a)  is  the 
angular  frequency  (s”^),  po  is  the  density  of 
air  (kg  m”^),  and  ky  is  the  normalized  wave 
number  (m”^). 


Frequency  IHzl 


FIG.  12.  Excess  attenuation  for  propagation  from  a 
point  source  over  mown  grass,  source  height =1.8  m, 
receiver  height=1.5  m.  The  calculated  curves  show 
the  contributions  from  the  various  waves — direct  D,  re¬ 
flected  R,  ground  G,  and  surface  S.  The  points  are 
measurements  of  jet  noise  at  comparable  distances. 
The  excess  attenuation  is  relative  to  that  for  a  point 
source  placed  on  a  perfectly  hard  surface. 
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The  normalized  wave  number  is  com¬ 
puted  as 


1/2 


/4  \q^  fS/cr 

(i— 


1/2 


(21) 


where  y  is  the  ratio  of  specific  heats  (1.4),  and 
TVpr  is  the  Prandtl  number  (0.72), 

The  variables  n,  and  n'  have  been  var¬ 
ied  individually  until  agreement  between  the¬ 
oretical  and  measured  values  for  impedance 
has  been  achieved  for  a  variety  of  surfaces.  As 
a  result  of  such  comparisons,  n'  is  always  set 
equal  to  0.75  and  Sf  is  always  set  equal  to 
0.875.  Recommended  values  for  porosity  and 
flow  resistivity  are  given  in  Table  2. 

At  intermediate  to  high  frequencies,  the 
semiempirical  expression  by  Delany  and  Baz- 
ley  (1977)  and  Chessel  (1977), 


Z^=(R+iX)/[\-{k/k^)]^'^,  (22) 

where 


i?=[l+9.08(//<T,)-°”], 
A:=11.9(//<r^)-0.73,  (23) 

/:„=(t<)/co)[l  +  10.8(//a,)-®™ 

has  been  found  to  give  adequate  agreement 
between  predictions  and  experiment.  In  these 
equations,  f  is  in  Hz  and  is  in  cgs  rayls.  The 
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effective  flow  resistance  ^  S^cr/ ft.  For  large 
(7g,  Attenborqugh’s  four-parameter  model  re¬ 
duces  to 

Z<,=0.218(l+i)(ae//)‘''^  (24) 

Some  ground  surfaces  have  a  layered 
structure  which  results  from  the  gradual  dep¬ 
osition  of  material  over  a  soil  base.  The  effec¬ 
tive  impedance  Z(d)  for  a  layer  of  depth  d 
and  impedance  Z,  above  a  semi-infinite  layer 
of  impedance  Z2  is  given  by 


Z(d)  = 


/Zz-tZi  tan(A:^)\ 

iz,-iZ2  tan(M)/  " 


(25) 


where  kf,  is  the  bulk  propagation  constant  in 
the  upper  layer.  The  quantities  Zj,  Z2,  are 
computed  from  Eqs.  (21)  and  (22)  or  (23). 

The  effect  of  ground  reflection  can  be  seen 
in  Fig.  13.  The  excess  attenuation  is  given  rel¬ 
ative  to  what  it  would  be  in  the  free  field  (pos¬ 
itive  excess  attenuation  means  lower  level). 
The  computed  curve  is  for  a  source  height  of 
15  m,  receiver  height  of  0.55  m,  range  of  500 
Hz,  and  specific  impedance  Z  of  9.34—8.75f. 

The  first  dip  is  the  so-called  ground  effect 
dip  caused  by  interference  between  direct 
and  reflected  sound  paths.  At  frequencies 
above  the  ground  effect  dip,  constructive  in¬ 
terference  leads  to  an  enhanced  signal  level 
followed  by  additional  interference  minima. 
At  very  large  ranges,  the  direct  and  reflected 
paths  will  be  nearly  equal  leading  to  a 
surface-induced  shadow  region. 


Table  2.  Parameters  required  for  the  four-parameter  model;  n'  is  always  set  equal  to  0.750  and  (shape 
factor  ratio)  is  always  set  equal  to  0.875. 


Description  of  surface 

ft 

a  (cgs) 

Dry  snow,  new  fallen  0.1  m  over  about 

0.850 

23 

0.40  m  old  snow 

Sugar  snow 

0.825 

48 

In  forest,  pine  or  hemlock 

0.825 

60 

Grass:  rough  pasture,  airport,  public 

0.675 

330 

buildings,  etc. 

Roadside  dirt,  ill-defined,  small  rocks 

0.575 

960 

up  to  0.1  m  mesh 

Sandy  silt,  hard  packed  by  vehicles 

0.475 

3  470 

"Clean”  limestone  chips,  thick  layer 

0.425 

6  470 

(0.01-0.025  m  mesh) 

Old  dirt  roadway,  fine  stones  (0.05  m 

0.400 

7  500 

mesh)  interstices  filled 

Earth,  exposed  and  rain-packed 

0.350 

17  100 

Quarry  dust,  fine,  very  hard-packed 

0.300 

41  700 

Asphalt,  sealed  by  dust  and  light  use 

0.250 

120  000 
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FIG.  13.  Excess  sound  attenuation  due  to  surface. 

2.3  Refraction  and  Diffraction 

The  atmosphere  is  never  quiet,  but  in  some 
cases  it  is  convenient  to  describe  it  in  terms  of 
temperature  or,  in  the  case  of  a  steady  wind, 
speed  of  sound  as  a  function  of  altitude 
(Brown  and  Hall,  1978).  Throughout  the  tro¬ 
posphere  and  stratosphere,  the  atmosphere 
has  a  relatively  constant  (with  some  variation 
with  humidity)  molecular  weight  of  28.97. 
Above  infrasonic  frequencies,  the  speed  of 
sound  c  will  be  given  by 

c=343.3(r/293.15)^/2  ms"^  (26) 

and  the  density  will  be  given  by  the  ideal  gas 
law,  p  =  Pq/RT  where  Pq  is  the  static  pres¬ 
sure  and  R  is  the  universal  gas  constant.  Fig¬ 
ure  14,  from  Lindsey  (1974),  shows  the  speed 
of  sound  as  a  function  of  altitude  for  a  model 
atmosphere.  A  model  atmosphere,  however, 
seldom  if  ever  exists  (Brown  and  Hall,  1978). 
The  first  few  kilometers  above  the  ground  un¬ 
dergo  significant  diurnal  variations.  Inver¬ 
sions  caused  by  radiative  heating  at  night  give 
rise  to  a  sound  speed  which  in  creases  with  al¬ 
titude  near  the  surface.  Following  sunrise, 
rapid  surface  cooling  causes  surface  air  to 
rise  pushing  this  inversion  higher  before  de¬ 
stroying  it.  Wind  causes  the  speed  of  sound  to 
be  dependent  upon  direction  and  can  elimi¬ 
nate  inversions  by  mixing  air  from  different 
levels. 

When  the  speed  of  sound  as  a  function  of 
altitude  varies  linearly,  high-frequency  sound 
follows  a  curved  path  represented  by  the  arc 
of  a  circle  shown  in  Fig.  15. 


Wind  causes  the  local  speed  of  sound  to  be¬ 
come  dependent  upon  direction.  Sound  prop¬ 
agating  upwind  will  be  refracted  upward; 
downwind,  waves  are  diffracted  downward. 
When  computing  the  local  speed  of  sound, 
the  important  quantity  for  near  horizontal 
propagation  is 

c=c-\-w  cosd,  (27) 

where  0  is  the  angle  between  the  direction  of 
propagation  (propagation  speed  c)  and  the 
wind  (wind  speed  w).  Gradients  in  this  quan¬ 
tity  give  rise  to  enhanced  refraction  and,  at 
low  frequencies,  diffraction. 

For  horizontally  stratified  media,  the  ray 
paths  are  given  by  Snell's  law, 

cosOiz)  cose, 

- =5= - ,  Uo; 

c, 

where  is  the  sound  speed  at  altitude  z,  c,  is 
the  sound  speed  at  the  source,  and  5  is  a  con¬ 
stant.  The  initial  angle  measured  from  hori¬ 
zontal  is  0,  with  upward-sloping  rays  having 
positive  launch  angles.  When  the  sound  speed 
gradient  {g,  =  dc/dz)  is  linear, 

cosef=s{c,+gJi),  (29) 

where  Of  is  the  angle  made  with  the  adjoining 
interface  and  h  is  the  separation  between  in¬ 
terfaces.  Solving  for  h  yields 


Sound  velocity  Im/sl 

FIG.  14.  Temperature  and  sound  velocity  in  the  model 
atmosphere  as  developed  by  the  Air  Research  and 
Development  Command  in  1 959.  Details  of  the  real  at¬ 
mosphere  vary  with  location  on  the  earth’s  surface 
and  with  the  seasons.  Wind  speed  also  influences 
sound  velocity  (Lindsey,  1974). 
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FIG.  15.  Acoustic  rays  and  shadow  zones  for  (a)  decreasing  temperature  and  (b)  increasing  horizontal  wind. 


h— —  COS0/+ const.  (30) 

Sgs 

We  note  that  the  ray  path  is  circular  with  ra¬ 
dius  \/sg^,  A  single  linear  variation  in  c  sel¬ 
dom  applies  in  the  first  hundred  meters  or  so. 
In  addition,  when  significant  (greater  than 
1%)  variations  in  the  speed  of  sound  occur  in 
a  distance  comparable  to  the  acoustic  wave¬ 
length,  diffraction  results.  Ray  tracing  is  not 
valid  in  this  case  and  one  must  resort  to  nu¬ 
merical  or  approximate  solutions  to  the  wave 
equation. 

_ I 


The  effects  of  diffraction  are  most  pro¬ 
nounced  near  a  shadow  boundary.  For  an  up- 
ward-refracting  atmosphere,  rays  emanating 
from  a  source  will  bend  upward  creating  an 
ever  enlarging  zone  on  the  surface  where  rays 
cannot  penetrate.  In  this  shadow  boundary, 
diffracted  and  scattered  waves  dominate. 

A  residue  series  has  been  obtained  to  treat 
the  case  of  a  stratified  atmosphere  where  the 
sound  speed  varies  linearly  with  height  above 
a  flat  surface  (Pierce,  1981;  Berengier  and 
Daigle,  1988).  When  r  >  +  K  where  z=h  is 

the  height  of  the  receiver  (see  Fig.  16),  the  so¬ 
lution  can  be  written 


,zV/6 


[Ai'  {b„)f  -b„[Ai(.b„)f 


(31) 


where 

bfj=T  Qxp{2iir/3)  =  {kl~~kl)l^  exp(2z7r/3) 

(32) 

are  the  zeros  of  the  expression 

Ai'{b„)  +^[exp(/7r/3)  ]  Ai(Z7„)  =0.  (33) 

The  notation  signifies  the  zeroth-order 


I - - - - 

Hankel  function  of  the  first  kind  and  Ai  sig¬ 
nifies  an  Airy  function  with  primes  denoting 
derivatives. 

The  abbreviations  in  Eqs.  (31)-(33)  are 


q=tkQ  PqIc/Z^, 

l^(R/2kl)^^\ 

r={k^^kl)l\ 
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FIG.  16.  Sketch  showing  the  geometrical  definitions  for  propagation  in  a  stratified  atmosphere  above  flat  ground. 


where  =  o}/c(0)  and  is  the  specific  im¬ 
pedance  of  the  surface. 

The  solutions  of  Eq.  (33)  for  the  b„  are  sim¬ 
ple  only  in  the  limiting  cases  of  a  rigid  sur¬ 
face  {Z^  ^  oo)  and  that  of  a  pressure  release 
surface  (Z^  0).  In  the  intermediate  cases  of 

a  surface  of  complex  finite  impedance  Z^  Eq. 
(33)  must  be  solved  numerically  for  its  zeros 
for  each  value  of  n  required  in  the  series.  The 
expression  in  Eq.  (33)  is  a  complex  function 
of  the  complex  variable  b.  Finding  the  zeros 
involves  solving  two  nonlinear  equations 
with  two  real  unknowns  for  which  a  number 
of  numerical  methods  exist. 

The  theory  [Eq.  (31)]  is  valid  for  propaga¬ 
tion  above  a  curved  surface  if  z  is  interpreted 
as  the  height  h  transverse  to  the  curved  sur¬ 
face,  r  is  interpreted  as  the  arc  length  along 
the  surface,  and  the  radius  of  curvature  R  be¬ 
comes,  for  the  case  studied  here,  the  radius  of 
the  curved  cylindrical  surface. 

When  the  receiver  is  deep  within  the 
shadow,  but  not  close  to  the  ground,  the  ex¬ 
pression  in  Eq.  (31)  can  be  approximated  by 
the  first  term  in  the  series  and,  further,  the 
Hankel  and  Airy  functions  can  be  approxi¬ 
mated  by  their  asymptotic  behavior.  For  the 
purposes  of  this  article  it  is  sufficient  to  re¬ 
strict  the  analysis  to  the  magnitude  of  the 
pressure  and  these  approximations  yield  the 
following  expression: 


/  1  1  .1.1/4 

/1\ 

xf-j  exp[~a(Z)Ar],  (34) 

where  kQ  and  I  are  defined  above.  The  func¬ 
tion  K(Z)  essentially  describes  the  contribu¬ 
tion  of  the  denominator  in  Eq.  (31)  and  has 
limiting  values  of  Ar(  oo )  =  1.04  in  the  case  of  a 
rigid  surface  and  Ar(0)  =  1.74  in  the  case  of  a 
pressure  release  surface.  Similarly,  the  func¬ 
tion  a(Z)  describes  the  attenuation  of  the 
creeping  wave  along  the  portion  of  the  path 
Ar  and  takes  on  the  following  limiting  values: 

a(oo)=:0.7(V^^)^''^  (35) 

in  the  case  of  a  rigid  surface,  and 

a(0)  =  1.61(A:o/^^)^^^  (36) 

in  case  of  a  pressure  release  surface. 

As  the  frequency  gets  lower,  the  creeping 
wave  approximation  requires  more  and  more 
terms  in  the  expansion  favoring  a  numerical 
solution  to  the  wave  equation. 

2.4  Effects  of  Topography 

Up  to  this  point,  the  surface  of  the  Earth 
has  been  assumed  flat.  The  presence  of  hills, 
trees,  buildings,  and  constructed  sound  barri¬ 
ers  will  modify,  to  some  extent,  the  amplitude 
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of  the  received  sound  field.  The  sound  field 
behind  a  semi-infinite,  thin,  rigid  plate  with 
no  ground  surface  can  be  predicted  using  the 
integral  equations  of  Fresnel.  In  this  simple 
treatment,  the  top  edge  of  the  barrier  acts  as  a 
line  source  diffracting  energy  into  the  region 
behind  the  barrier.  In  practice,  the  problem  is 
much  more  difficult. 

If  one  considers  a  long  barrier  (Isei  et  al, 
1980),  the  sound  paths  shown  in  Fig.  17  will 
all  contribute  to  some  extent  to  the  field  at  the 
receiver  R.  The  total  field  4>  at  receiver  R  de¬ 
pends  on  the  fields  from  the  real  source  S  and 
the  image  source  in  the  ground  T,  and  the  val¬ 
ues  of  these  fields  at  the  image  of  the  receiver 
position  X,  namely 
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where  05/^  is  the  direct  diffracted  field  due  to 
source  S  at  receiver  R  (shortest  path  SBR 
=  dsB  +  ^tr  is  the  diffracted  field  due  to 

image  source  T  in  the  ground  at  receiver  R 
(shortest  path  TBR  =  d^s  +  ^sx  Is  the 
diffracted  field  due  to  image  source  T  at  im¬ 
age  receiver  X,  both  in  the  ground  (shortest 
path  TBX  =  djB  +  dBx)^  More  rigorously,  the 
contribution  from  image  source  U  in  the  bar¬ 
rier  should  not  be  overlooked.  Then,  instead 
of  Eq.  (37),  we  have 

^ ^  s/? + ^  r/? + ^  sx + rA' + ^  f//? + ^ 

(38) 

where  is  the  diffracted  field  due  to  image 
source  U  in  the  barrier  at  receiver  R  (shortest 
path  UBR=SBR)  and  ^^x  is  the  diffracted 
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FIG.  17.  Ray  path  diagrams  and  equations  used  for  calculating  the  six  components  (lines  ll-VII)  of  the  diffracted 
sound  field  at  R  Line  I  shows  how  to  calculate,  without  the  barrier,  the  reference  sound  field  needed  for  describing 
barrier  insertion  loss.  Column  1  shows  the  actual  ray  path,  including  reflections,  that  relates  to  the  field  component 
<t>.  Column  2  shows  the  equivalent  ray  path  used  for  calculations  of  the  diffracted  field  corrected  for  reflection  and 
possible  presence  of  ground  waves,  using  the  equation  of  column  3,  in  order  to  obtain  the  desired  field  component 
<I>. 
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field  due  to  image  source  U  at  the  image  re¬ 
ceiver  X (shortest  path  UBX^SBX).  Further¬ 
more,  if  the  receiver  R  is  directly  illuminated 
by  the  source  S,  or  its  image  T,  then  another 
two  fields,  due  to  geometrical  spreading  from 
each  source,  should  be  added  to  the  field  4>. 

The  evaluation  of  each  of  these  terms  gives 
rise  to  predictions  such  cis  that  shown  in  Fig. 
18.  As  expected,  at  low  frequencies,  barriers 
provide  little  shielding. 

Natural  barriers  such  as  hills  can  be  repre¬ 
sented  by  wedge  shaped  barriers  or  a  wedge 
with  a  horizontal  top  (wide  barrier).  Again, 
the  largest  insertion  loss  is  observed  at  high 
frequencies. 

In  practical  applications,  the  insertion  loss 
shown  in  Fig.  18  near  5  kHz  is  seldom 
achieved.  Refracted  and  scattered  sound 
often  fill  in  interference  dips  providing  less 
attenuation.  Typical  results  are  shown  in  Fig. 
19  (from  Daigle,  1982)  with  highway  noise  as 
a  source  and  a  receiver  on  the  opposite  side  of 
a  barrier  1  m  above  an  asphalt  surface.  Note 
that  at  high  frequencies  where  diffraction  the¬ 
ory  predicts  the  greatest  insertion  loss,  the  ex¬ 
perimental  measurements  liewell  above  theo¬ 
retical  predictions.  Scattering  degrades  the 
effect  of  the  barrier. 

For  noise  control,  it  is  often  desirable  to 
make  use  of  plants  (trees,  shrubs,  etc.)  (Price 
et  a/.,  1988).  At  low  frequencies  (below— 800 
Hz),  the  primary  effect  of  plant  growth  along 
the  propagation  path  is  a  modified  surface  im¬ 
pedance  due  to  deposited  organic  matter.  The 
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FIG.  18.  Attenuation  spectrum  predicted  by  diffraction 
theory  for  the  particular  symmetrical  configuration  of 
source,  receiver,  barrier,  and  hard  ground  sketched  at 
the  top  of  the  figure. 
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FIG.  19.  The  points  are  the  measured  sound  pressure 
levels  from  a  point  source  diffracted  at  the  edge  of  a 
barrier  2.44  m  high.  XS  and  XR  are,  respectively,  the 
horizontal  distances  from  source  to  barrier  and  re¬ 
ceiver  to  barrier  (on  hard  ground — asphalt).  The 
dashed  curve  is  the  prediction  of  diffraction  theory. 


surface  flow  resistance  is  typically  decreased 
in  such  regions  to  below  100  cgs  rayls.  Fur¬ 
ther,  the  organic  layer  requires  the  use  of  a 
two-layer  model  for  the  surface  impedance. 
At  higher  frequencies,  scattering  by  trees  can 
become  significant  for  dense  growths. 

Even  at  high  frequencies,  however,  inser¬ 
tion  loss  due  to  trees  is  typically  small.  Figure 
20  gives  results  for  a  very  dense  coniferous 
site  where  measurable  sound  attenuation  is 
achieved.  The  trees  can  be  modeled  as  scatter¬ 
ing  cylinders  which  are  assumed  to  be  identi¬ 
cal,  vertical,  and  infinitely  long.  Multiple  scat¬ 
tering  is  allowed.  The  use  of  two  arrays  is  in¬ 
tended  to  represent  scattering  both  by  tree 
trunks  and  by  foliage. 


2.5  Effects  of  Turbulence 

The  sound  level  at  a  receiver  is  seldom  the 
value  expected  assuming  the  mechanisms  dis¬ 
cussed  to  this  point.  The  real  atmosphere  is 
far  from  stationary  with  changes  in  acoustic 
index  of  refraction  occurring  on  a  time  scale 
of  milliseconds  to  seconds  due  to  atmo- 
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FIG.  20.  Mean  measured  attenuation  in  dB  per  24  m  at 
site  3  (mixed  coniferous)  compared  with  a  prediction 
(broken  line)  based  upon  the  sum  of  two  scattering  ar¬ 
rays  of  cylinders:  (a)  rigid,  radius  0.066  m,  density 
0.0724  m“^  and  (b)  nonrigid,  radius  0.001  m,  density 
100  m“^;  Oq  (of  surface)  860  g"^  cm~^. 

spheric  turbulence.  There  are  two  sources  for 
the  turbulence.  The  first  is  that  due  to  heating 
and  cooling  of  the  surface  which  gives  rise  to 
thermal  plumes  (thermally  driven  turbu¬ 
lence).  The  second  is  due  to  the  presence  of 
the  ground  surface  which  causes  a  gradient  in 
wind  leading  to  shear  and  turbulent  eddy  for¬ 
mation.  In  most  cases,  this  wind-driven  tur¬ 
bulence  dominates.  Acoustically,  this  turbu¬ 
lence  serves  to  scatter  sound  into  shadow 
zones  and  causes  sound  beams  to  spread. 

First,  consider  a  simple  model  of  turbu¬ 
lence  effects  on  the  acoustic  field.  A  simplified 
representation  is  shown  in  Fig.  21.  As  an 
acoustic  ray  travels  toward  the  receiver,  its  di¬ 
rection  and  phase  will  be  modified  slightly 
when  it  encounters  a  turbule.  The  received 
signal  will  be  some  vector  sum  of  these  indi- 


FIG.  21.  Representation  of  acoustic  ray  scattered  by 
turbulence. 
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vidual  path  segments  plus  any  random  noise 
at  the  same  frequency.  The  next  (either  later 
or  adjacent)  acoustic  ray  will  follow  a  slightly 
different  path  arriving  with  different  ampli¬ 
tude  and  phase.  The  net  result  is  that  the  re¬ 
ceived  amplitude  and  phase  will  form  a  pat¬ 
tern  in  phase  space  rather  than  a  point. 

If  we  now  look  along  the  amplitude  vector, 
the  probability  (P)  of  observing  the  received 
sound  with  a  given  amplitude,  p,  can  be  rep¬ 
resented  by  a  Ricean  distribution  (Rayleigh  at 
high  frequencies,  Gaussian  at  low  frequen¬ 
cies)  as  shown  in  Fig.  22  and  given  by 

(39) 

s 

where  po  is  the  average  sound  pressure,  5  is  a 
measure  of  the  width  of  the  distribution,  and 
/q  is  the  modified  Bessel  function. 

It  is  sometimes  convenient  to  represent 
phase  and  log-amplitude  fluctuations  in  terms 
of  structure  functions  and  Z)^,  respectively, 
in  a  plane  perpendicular  to  the  direction  of 
propagation.  For  two  microphones  separated 
by  distance  p  at  a  distance  r  from  the  source, 

£>Jr,p)  =  ([x(r+p)-x(r)]^)  (40) 

and 

^.(/'.P)  =  <[0(r+p)-0(r)]2>,  (41) 

where  x(r)  is  the  log-amplitude  measured  at 
one  microphone  and  ;c(r+p)  is  the  log-ampli¬ 
tude  measured  at  the  second. 


P/Po 


FIG.  22.  Probability  of  observing  an  acoustic  amplitude 
p,  as  a  function  of  that  amplitude  divided  by  the  free- 
field  amplitude  p^.  Open  circles  are  experimental 
points.  Solid  line  computed  for  Eq.  (39)  with 
Po=0.117,  6=0.052. 
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For  where  L  is  the  scale  of  tur¬ 

bulence,  simple  single-scattering  theory  pre¬ 
dicts  that 

D^(r,p)=2[{:^)-B^{p)\, 

(42) 

D,{r,p)=2[{^)-B,(p)]. 

(43) 

where 

II 

II 

(44) 

fi  is  the  rms  fluctuation  in  the  acoustic  index 
of  refraction,  and  k  is  the  propagation  con¬ 
stant.  B^ip)  and  B^(p)  are,  respectively,  the 
covariances  of  the  log-amplitude  and  phase 
fluctuations, 

B^(p)  B,{p)  J>{p/L) 

~  (s^)  ~  p/L  ’ 
where 

rp/L  y 

<D(p/L)=J^  e 

In  practice  Eq.  (44)  agrees  with  experimental 
results  for  <^>.  However,  measurements 
show  that  at  large  distances  <  {^)  and,  in 
addition,  the  log-amplitude  fluctuations 
quickly  saturate. 

The  two  parameters  that  are  used  to  char¬ 
acterize  fluctuating  wind  speed  and  tempera¬ 
ture  are  the  strength  and  the  scale  (Johnson  et 
aU  1982).  The  strength  of  the  turbulence  is 
represented  statistically  by  the  standard  devi¬ 
ation  of  the  fluctuations  (denoted  by  ctj  or 
for  the  temperature  or  wind  speed,  respec¬ 
tively).  The  scale  of  the  fluctuations  (denoted 
by  L)  is  determined  from  the  spectral  density 
function  or  the  correlation  function. 

To  model  the  variation  in  scale  and  mag¬ 
nitude  of  convective  and  mechanical  turbu¬ 
lence  with  altitude  under  unstable  conditions, 


we  must  introduce  two  types  of  scaling: 
Monin-Obukhov  scaling  and  mixed-layer 
scaling. 

Monin-Obukhov's  similarity  theory  allows 
the  development  of  relationships  between  the 
turbulence  variables  and  the  surface  rough¬ 
ness,  wind  speed,  and  convection  to  be  ex¬ 
pressed  in  terms  of  the  single  scale  L^q  and 
the  altitude  z.  The  Monin-Obukhov  length  is  a 
function  of  wind  speed,  heat  flux,  and  surface 
roughness. 

In  practice,  can  be  estimated  from  the 
Turner  classes,  which  were  developed  for  use 
in  air  pollution  studies.  The  Turner  class  is 
determined  from  the  wind  velocity  and  an  es¬ 
timate  of  solar  radiation  (see  Table  3).  Since 
L^o  is  also  a  function  of  surface  roughness, 
this  parameter  must  also  be  included  in  esti¬ 
mating  L^o  from  the  Turner  class.  In  Table  4 
we  present  the  range  of  Monin-Obukhov 
lengths  for  a  given  Turner  class  for  a  site 
which  has  a  roughness  length  of  about  0.05 
m.  For  all  conditions  investigated,  Lmo  is  neg¬ 
ative. 

The  planetary  boundary  layer  (PEL)  repre¬ 
sents  the  farthest  extent  of  surface  heating 
and  cooling.  This  layer  varies  in  thickness 
from  a  few  hundred  meters  at  night  to  a  few 
kilometers  on  a  sunny  day.  The  region  in  the 
planetary  boundary  layer  above  —L^o  is 
known  as  the  "mixed”  layer.  The  scaling  pa¬ 
rameter  in  this  layer  is  the  mixing  depth  /z, 
the  vertical  extent  of  the  planetary  boundary 
layer.  This  type  of  scaling  is  called  mixed- 
layer  scaling.  In  the  mixed  layer,  certain  tur¬ 
bulence  statistics  can  be  written  as  universal 
functions  of  z/h.  Some  statistics,  in  particu¬ 
lar  those  associated  with  vertical  velocity 
fluctuations,  still  obey  Monin-Obukhov  scal¬ 
ing  in  the  mixed  layer. 

With  these  two  scaling  factors  in  mind,  we 
can  now  examine  the  theoretical  variation  of 


(45) 

(46) 


Table  3.  Estimation  of  Turner  classes  (daytime  only). 


Surface  wind 
speed  (at  10  m) 
(m/s) 


<2 

2- 3 

3- 5 
5-6 
>6 

Class  4  should  be  assumed  for  overcast  conditions. 


Incoming  solar  radiation 


Strong  Moderate  Light 


1  1  2 

1-2  2  3 

2  2-3  3 

3  3-4  4 

3  4  4 
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Table  4.  Turner  class  versus  L^o  for  a  flat  site  in 
Illinois. 

Turner  class 

—L>mo  (o^) 

1 

8-12 

2 

12-20 

3 

20-60 

4 

60 

convective  and  mechanical  turbulence  with 
altitude  for  the  case  of  an  unstable  to  near 
neutral  daytime  atmosphere. 

The  dominant  term  in  the  vertical  velocity 
fluctuation  has  scales  which  are  a  mono- 
tonically  increasing  function  of  height.  As 
—  Lmo  increases,  this  function  becomes  ap¬ 
proximately  linear.  The  magnitude  of  the 
scale  is  independent  of  stability  for 
z>  -0.7Lmo' 

Horizontal  velocity  fluctuations  obey 
mixed-layer  scaling.  The  scale  of  the  horizon¬ 
tal  fluctuations  is  determined  by  the  height  of 
the  mixed  layer  and  is  nearly  constant,  as  a 
function  of  altitude,  in  the  planetary  bound¬ 
ary  layer.  These  scales  will  be  larger  than  the 
vertical  velocity  scales  for  unstable  measure¬ 
ment  conditions. 

The  temperature  fluctuations  are  closely 
related  to  the  vertical  velocity  fluctuations 
and  are  expected  to  obey  Monin-Obukhov 
scaling.  Since  the  temperature  fluctuations 
are  caused  by  vertical  velocity  fluctuations 
acting  on  the  temperature  gradient,  the  tem¬ 
perature  fluctuation  scale  is  expected  to  in¬ 
crease  monotonically  with  altitude  under  un¬ 
stable  conditions. 

The  variance  of  the  wind  speed  will  also  be 
determined  by  fluctuations  in  both  the  hori¬ 
zontal  and  vertical.  Examining  the  theoretical 
variance  in  the  surface  layer,  the  variance  in 
the  vertical  wind  component  is  expected  to  in¬ 
crease  slowly  with  height  for  unstable  condi¬ 
tions  as  a  function  of  z/L^o*. 

cr„a[l-3(z/LMo)]'^^  (47) 

The  larger  L^q,  the  slower  the  variation.  The 
variances  of  the  horizontal  components 
should  be  constant  in  the  unstable  surface 
layer.  Above  the  surface  layer,  all  wind  vari¬ 
ances  should  decrease  as  the  altitude  ap¬ 
proaches  the  top  of  the  planetary  boundary 
layer. 

The  temperature  variance  in  unstable  air  is 
a  more  rapidly  decreasing  function  of  height 
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in  the  surface  layer  than  the  variance  of  the 
vertical  wind  velocity.  Johnson  et  aL  (1982) 
use  the  form 

aj- cx[1-16(z/Lmo)]”"'^-  (48) 

[Note  that  Eq.  (48)  corrects  an  error  in  Eq.  (2) 
of  Johnson  et  aL  0982).]  This  implies,  for  ex¬ 
ample,  that  at  -Z,|vio  the  variance  should  be 
one-fourth  of  that  close  to  the  ground.  Above 
the  variance  in  temperature  should  de¬ 
crease  as 

A  summary  of  the  average  results  of  mea¬ 
surements  made  at  Bondville  Field  Station  in 
Illinois  serves  as  indicators  of  t3q>ical  results. 
This  summary  represents  typical  measured 
values  of  turbulence  strength  and  scale  at  a 
location  that  has  good  fetch.  A  rougher  ter¬ 
rain  with  poor  fetch  would  have  values  of  L 
and  ifi^)  that  would  be  slightly  larger  near 
the  ground.  The  variation  of  these  variables 
with  height  for  poor  fetch  would  probably  be 
similar  to  these  results  at  heights  away  from 
the  ground,  but  there  are  no  data  to  confirm 
this. 

(a)  Variation  of  scale. 

For  overcast,  light  wind  conditions  (im¬ 
plying  a  shallow  PEL), 

L— 1.0  m  @  1  m  to  L;=:7.0  m  @  33  m. 

For  sunny,  windy  conditions  (implying  a 
deep  PEL), 

L— 1.0  m  @  1  m  to  12.0  m  @  33  m. 

The  variation  of  L  with  height  is  approxi¬ 
mately  linear. 

(b)  Variation  of  strength. 

Sunny,  light  wind  ( <2  m/sec)  conditions: 
ifi^)  ~5xlQ-^ 

Sunny,  moderate  wind  (2-4  m/ sec)  condi¬ 
tions:  (/i2>~(9-10)xl0-^ 

Sunny,  strong  wind  ( >  4  m/sec):  <ju^)  =; 
( 15-25)  X10-*. 

Overcast,  light  wind  conditions: 
</x2)~3x10-^ 

Overcast,  moderate  wind  conditions: 

<M^>=(8-9)x10-^ 

Overcast,  strong  wind  conditions: 
<M^)~(15-25)x10-^ 

There  is  very  little  variation  of  {/i^>  with 
height  through  10  m.  Above  10  m, 
may  be  slightly  increasing,  as  determined 
by  the  wind  speed  variance. 
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FIG.  23.  Excess  attenuation  vs  horizontal  distance  for  40,  1 60,  630,  and  2500  Hz.  The  data  are  the  points  with 
error  bars.  The  data  at  1 550  m  are  limited  since  wind  noise  reduced  the  sample  size.  The  solid  lines  are  the  excess 
attentuation  prediction  for  a  nonturbulent  atmosphere.  The  dashed  lines  are  predictions  for  Lo=^.0  m, 
<^^)— 3x10“®,  and  the  dotted  lines  are  for  /.o=1.0  m,  =  15x10“®. 


Figure  23  displays  the  variation  in  excess 
attenuation  with  distance  for  four  frequen¬ 
cies  measured  at  Bondville  Field  Station,  Illi¬ 
nois.  The  source  is  a  set  of  eight  speakers  on 
top  of  a  tower  at  a  height  of  31  m.  The  receiv¬ 
ers  were  1.2  m  high.  The  data  displayed  are 
the  average  of  eleven  15-min  measurements 
of  excess  attenuation  selected  as  representing 
a  nearly  homogeneous  atmosphere.  These 
sets  had  a  logarithmic  sound  speed  gradient 
between  —0.11  m/sec  and  0.11  m/sec  and 
the  standard  deviation  of  the  gradient  was 
less  than  0.05  m/sec.  The  predicted  quiet- 
atmosphere  excess  attenuation  with  distance 
for  the  average  ground  impedance  condition 
is  also  displayed  in  Fig.  23  as  the  solid  lines. 
These  calculations  display  the  expected  as¬ 
ymptotic  decay  of  excess  attenuation  at  1/r^ 
for  large  distances.  The  transition  to  1/r^  de¬ 
pends  on  frequency,  source  height,  and  im¬ 
pedance. 

The  data  for  160  and  630  Hz  behave  more 
coherently  than  was  expected.  The  40-Hz  data 
and  calculation  display  little  variation  from 


coherent  behavior  and  will  not  be  discussed 
further.  The  2500-Hz  data,  on  the  other  hand, 
display  near  incoherent  behavior  at  all 
ranges. 

Calculations  based  on  the  extremes  of  the 
variance  of  the  index  of  refraction  are  dis¬ 
played  as  the  dashed  lines  in  Fig.  23.  These  re¬ 
sults  are  calculated  for  a  scale  length  of  1  m, 
typical  of  the  scale  lengths  measured  at  1-m 
height.  It  is  observed  that  the  turbulence  ef¬ 
fects  are  less  than  would  be  observed  for 
ground  to  ground  propagation  for  the  same 
scale  length.  Further,  the  calculation  indi¬ 
cates  a  larger  difference  in  the  coherent  and 
turbulent  results  than  was  measured. 

For  ground  to  ground  propagation,  in  a 
quiet  homogeneous  atmosphere,  there  is  can¬ 
cellation  between  the  direct  wave  and  plane- 
wave  reflected  wave  and  only  the  lower- 
amplitude  ground  wave  is  measured.  Turbu¬ 
lence  reduces  the  coherence  between  the 
equal-amplitude  waves,  and  therefore  in¬ 
creases  the  amplitude  of  the  resultant  wave. 
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2.6  Nonlinear  Effects 

Large-amplitude  waves  and  impulses  will 
give  rise  to  nonlinear  propagation  effects.  If 
we  consider  an  impulse  as  shown  in  Fig.  4, 
the  point  on  the  pressure  wave  form  corre¬ 
sponding  to  maximum  pressure  will  travel 
more  rapidly  than  points  of  lower  pressure 
according  to  the  relation 

(49) 

where  Av  gives  the  speed  at  which  a  point  bn 
the  pressure  wave  form  with  pressure  p  trav¬ 
els  in  excess  of  the  p^Pq  point;  Av  may  be 
positive  or  negative.  The  amount  the  positive 
phase  of  the  wave  form  lengthens  can  be 
found  from 

AL=  r  Av  dt\  (50) 

The  term  Av  is  a  function  of  time,  since  from 
Eq.  (49),  Av  depends  on  p/Po,  and  ^p/Po 
=  (p  —  Po)/Pq  decreases  as  r  raised  to  a  neg¬ 
ative  power  depending  upon  the  spreading 
law  involved,  which  in  turn  depends  on  t.  The 
relationship  between  r  and  t  is  not  simple, 
since 

r=vr-hro  (51) 

and  v=c-f-Av,  which  is  a  function  of  ip/Po) 
from  Eq.  (49). 

As  the  wave  propagates,  the  wave  steepen¬ 
ing  predicted  by  Eq.  (49)  will  tend  to  transfer 
energy  from  low  frequency  to  high.  Since  at¬ 
mospheric  absorption  increases  approxi¬ 
mately  as  the  frequency  squared,  these  high 
frequencies  will  be  rapidly  attenuated.  The 
overall  rate  of  decay  of  the  wave  form,  then, 
will  depend  upon  how  rapidly  low-frequency 
energy  is  transferred  to  high  frequencies 
which  in  turn  depends  upon  the  amplitude  of 
the  acoustic  pressure. 

One  indicator  of  this  wave  steepening  ver¬ 
sus  high-frequency  attenuation  competition  is 
the  shock  rise  time  discussed  earlier.  Refer¬ 
ring  to  Fig.  24,  we  can  see  that  the  rise  time 
decreases  as  the  over-pressure  increases. 
Since  the  rise  time  is  a  measure  of  the  highest 
frequencies  in  the  impulse,  the  small  rise 
time  (high  frequency)  associated  with  high 
amplitude  shows  that  nonlinear  steepening  is 
replacing  energy  more  rapidly  for  high  ampli¬ 
tude  waves. 
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FIG.  24.  Experimental  and  computed  rise  times.  The 
hatched  area  and  circles  represent  experimental  data 
from  Ref.  1.  The  solid  line  was  computed  for  r=305 
K,  relative  humidity  90%.  The  dashed  line  was  com¬ 
puted  for  T=293  K,  relative  humidity  50%. 

Harmonic  waves  are  affected  by  nonlin¬ 
earity  in  slightly  different  ways.  Rather  than 
pulse  lengthening,  harmonic  waves  exhibit 
subharmonic  generation.  As  the  subharmon¬ 
ics  grow  (they  are  attenuated  less  than  the 
harmonics),  they  can  produce  harmonics  and 
subharmonics  until,  provided  the  original 
amplitude  was  great  enough,  the  harmonics 
and  subharmonics  will  completely  fill  the  fre¬ 
quency  spectrum  and  appear  as  noise. 

2.7  Infrasound  Propagation 

The  primary  mode  of  propagation  for  in¬ 
frasound  at  long  ranges  is  by  multiple  hops; 
each  hop  is  typically  250  km.  This  process  re¬ 
sults  from  temperature  inversions  in  the  up¬ 
per  atmosphere  (altitudes  of  50-120  km)  and 
reflections  at  the  earth's  surface.  Referring  to 
the  section  on  absorption,  we  find  that  at  low 
frequencies  absorption  is  very  small;  hence 
long  propagation  paths  are  allowed.  The  sur¬ 
face  impedance  is  very  large  at  low  frequen¬ 
cies  so  very  little  energy  is  lost  to  the  surface 
on  each  hop.  After  a  few  hops,  surface-gener¬ 
ated  infrasound  is  constrained  to  a  channel 
and  spreads  cylindrically  rather  than  spheri¬ 
cally.  Empirically  it  is  found  that  (ANSI, 
1983) 

p^R~^  with  rtsl.l. 


(52) 
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Infrasound  propagation  depends  strongly 
on  winds  in  the  atmosphere  which  change 
seasonally.  As  a  result,  propagation  is  more 
effective  toward  the  east  in  the  winter  when 
atmospheric  winds  tend  to  blow  in  that  direc¬ 
tion.  The  velocity  of  propagation  for  infra¬ 
sound  also  varies  seasonally  with  wind  and 
temperature  of  the  primary  transmission 
channel.  As  shown  in  Fig.  14,  the  local  sound 
velocity  can  rise  dramatically  at  high  alti¬ 
tudes  but  the  fact  that  the  waves  bounce  back 
and  forth  between  the  surface  and  the  upper 
transmission  channel  increases  the  effective 
propagation  distance.  Therefore,  infrasound 
velocities  are  typically  a  little  less  than  the 
speed  of  sound  near  the  earth's  surface. 


2.8  Numerical  Techniques 

The  conditions  for  which  ray  tracing  is  ap¬ 
plicable  are 

1.  where  n'  is  the  rate  of  change  in 
the  index  of  refraction  n,  and  k  is  the 
acoustic  wavelength; 

2.  A(ln  A)'  <  1  where  (In  A)'  is  the  rate  of 
change  in  the  logarithm  of  the  acoustic 
amplitude;  and 

3.  (k/lTrR  <  0  where  R  is  the  propagation 
range  and  B  is  the  grazing  angle. 

Note  that  each  condition  becomes  increas¬ 
ingly  difficult  to  meet  as  A  increases  (low  fre¬ 
quency).  Two  common  sources  of  low- 
frequency  sound  are  explosions  and  rotary 
wing  aircraft. 

Air  pressure  waves  from  very  energetic  ex¬ 
plosions  [the  Mount  St.  Helen's  eruption 
(Reed,  1987),  for  example]  travel  through  the 
upper  atmosphere  and  are  refracted  slowly  so 
that  n'  is  always  very  small.  In  these  events, 
ray  tracing  routines  accurately  predict  quiet 
zones  relatively  near  the  sources  and  very 
dramatic  damage  much  further  away  due  to 
refractive  focusing.  Low-flying  helicopters  do 
not  produce  sufficient  energy  to  result  in  de¬ 
tectable  sound  levels  after  reflection  by  the 
upper  atmosphere.  The  received  sound  de¬ 
pends,  primarily,  on  index  of  refraction  gra¬ 
dients  near  the  ground  surface.  In  this  case, 
n'  can  be  quite  large.  For  such  cases  ray  trac¬ 
ing  can  lead  to  poor  predictions  of  long-range 
sound  propagation  and  a  numerical  solution 
to  the  wave  equation  becomes  necessary. 


Full  wave  solutions  take  a  variety  of  forms. 
The  most  accurate  is  a  finite  element  solution. 
For  propagation  distances  greater  than  a  few 
meters,  such  algorithms  take  many  hours  of 
supercomputer  time.  Most  computations  in¬ 
volve  modified  ray  tracing  routines,  the  para¬ 
bolic  approximation,  or  the  fast  field  pro¬ 
gram.  At  long  ranges,  corrected  ray  tracing 
routines  are  typically  more  time  consuming 
than  the  other  two  approaches  so  ray  tracing 
is  generally  limited  to  cases  where  extensive 
modifications  are  not  required  (sources 
nearly  overhead  or  an  almost  neutral  atmo¬ 
sphere).  Of  the  remaining  two  approaches, 
the  PE  (parabolic  equation)  has  the  capability 
of  including  the  largest  number  of  effects  but 
is  least  developed.  At  very  long  ranges,  the 
FFP  (fast  field  program)  has  an  advantage  in 
run  time  but  can  still  consume  several  min¬ 
utes  on  a  minicomputer. 

For  purposes  of  this  contribution,  only  the 
FFP  will  be  described  in  detail  (Raspet  et  a/., 
1985).  The  problem  considered  is  sketched  in 
Fig.  25.  In  the  space  0<z<z„_i,  there  exist 
n-1  liquid  layers.  A  time-harmonic  point 
source  of  constant  pressure  is  located  at  the 
lower  interface  of  layer  S  with  cylindrical  co¬ 
ordinates  (r=0,  z=Zs)*  The  problem  at  hand 
is  to  determine  the  pressure  at  the  observa¬ 
tion  point  located  at  the  lower  interface  of 
layer  D  with  coordinate  (r=r,  z=Zd)- 


FIG.  25.  Liquid  layered  medium  with  source  and  detec¬ 
tor  bounded  by  impedance  surfaces. 
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In  a  typical  layer  m,  the  acoustic  field  is  de¬ 
scribed  by  pressure  z)  and  a  vertical 

particle  velocity  w^(r,  z)»  Both  of  them  are 
expressed  in  terms  of  the  familiar  Fourier- 
Bessel  transform 


Pm(r.  Z)  |_ 

f”  [Pm(*.  Z) 

>/«('■*  z)J  . 

J^{kr)dL 


(53) 


Here,  the  transform  variable  k  can  be  inter¬ 
preted  as  the  propagation  constant.  Two  sur¬ 
face-impedance  boundary  conditions  are  to 
be  enforced  at  z=0  and  at  z  = 

At  a  surface  z=a,  the  surface  impedance  in 
the  transform  domain  is  defined  by 


Z(k)  =sgn 


p(k,z^a) 

w{k,z=a) 


where 


(54) 


'  -f- 1  if  IV  moves  into  impedance 
_  surface, 

—1  if  w  moves  away  from  the 
surface. 

For  the  configuration  in  Fig.  25,  sgn=  — 1 
if  a=0  for  top  impedance  Z,,  and  sgn=  -f- 1  if 
a=Zn-i  for  bottom  impedance  It  is  as¬ 
sumed  that  the  space  above  z=0  is  a  liquid 
half-space,  i.e., 

_ I 
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Z,=<apo/(*o-A:^)‘''^  (55) 

where,  for  m=0,l,2,...,n, 

density  of  layer  m  in  kg/m^, 

acoustic  wave  speed  in 
layer  m  in  m/s, 

A:^=ct>/c^=wave  number  in  layer  m  in  m“^ 

Use  the  exp(  time  convention;  then  (54) 
assumes  the  following  values: 

7  _  I  +  I  Z,(A:)  I  (resistive)  if  k^  >  K 

^“1-I-/1Z^(  A:)  I  (inductive)  \i  k^Kk, 

The  surface  impedance  Z^,  at  the  bottom  sur¬ 
face  has  already  been  described. 

An  integral  solution  for  the  pressure 
p{r)=pQ{r,z=ZD)  at  the  detector's  location 
can  be  written  as 

r  F(k)jQ(kr)dk,  (56) 

Po  •'0 

where 


2k  ( 

F{k)^ —  [{Di))2\  —  Zf(DD)22]\ 

op,  \ 


(^5)22(‘^21  +^^Il)  ~ 

iF>2\  +  ZyDxi)—Z^{D22  +  ZyDx2) 


(57) 


/7o= source  pressure  at  a  unit  distance  away  in 
a  homogeneous  medium. 

In  Eq.  (57),  we  have  used  propagation  ma¬ 
trices 

Ds=d^s-\'d2di, 

D=d„_id„_2-d2d\, 

where  is  a  2x2  matrix  with  elements 
given  by 

(^m)ll  =  (^m)22  =  COsP[|^(Z^-Z„_l)], 

(^m)l2  =  ('im/®Pm)sin/’[^„(Z^-Z„_l)], 
(^m)21 "  ^m  —  0  h 


I - 

Di2f  for  example,  is  the  (1,2)  element  of  ma¬ 
trix  D. 

Now  consider  the  evaluation  of  the  inte¬ 
gral  involved  in  Eq.  (56).  Of  primary  interest 
is  the  far  field  solution,  i.e.,  the  solution  when 
the  observation  point  is  far  away  from  the 
source.  To  this  end,  Joikr)  can  be  rewritten  as 

/o(A:r)=i  [H^o'Hkr)+Hj,^\kr)].  (58) 

The  component  involving  the  incoming 
wave  factor  H^Q^kr)  does  not  contribute  sig¬ 
nificantly,  and  can  be  neglected.  Thus,  Eq. 
(56)  is  approximated  by 

— f”  F(k)H^i\kr)dk.  (59) 

Pq  2i  J 0 

Two  further  approximations  are  used  in  (59), 
namely. 
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1.  for  the  far  field,  is  replaced  by  its  as¬ 
ymptotic  expansion: 


kr^  oo; 

2.  the  range  of  integration  is  truncated  at  k 
=  ^max-  The  final  expression  suitable  for 
numerical  evaluation  is 


p{r) 

Po  2  yfnr 


r 


F(k) 

fk 


,-ikr 


dK 


(60) 

which  is  the  normalized  pressure  at  a  dis¬ 
tance  r  from  the  source. 


Next  consider  the  numerical  evaluation  of 
(60)  by  the  fast  Fourier  transform.  To  this 
end,  four  parameters  are  required: 

/Cinax=niaximum  horizontal  wave 
number  in  integration  range, 

Ar=  number  of  steps  of  integration, 

/:o= starting  point  of  integration, 

Tq = minimum  range. 

The  integral  in  Eq.  (60)  is  approximated  by  a 
summation: 


P(^n+i) 

Po 


=  (AA:) 


2(7rr„,  i) 


1/2 


A^-l  / 
m=0  V 


P(^m+l)  imrQLk\ 


^l/2 


Xe 


—ilirmn/N 


for  n=0,l,2 . N-1,  where 

(^max-^o)/(A^-  1 )» 
Ar=27r/A/^(A/:), 


(61) 

(62) 

(63) 


m=0,l,2,...,A/'- 1, 

= ro + « ( Ar ) ,  «  =  1 ,2,3,...,iV . 

Consider  the  case  that  c  decreases  from 
335  m/s  at  the  ground  to  327  m/s  at  8-m 
height.  This  is  a  sample  model  of  shadow 
zone  propagating  with  a  noninfinite  negative 
gradient  up  to  8  m.  The  source  and  the  detec¬ 
tor  heights  are  1  and  4  m,  respectively.  The 
detector  is  located  in  the  shadow  zone  when 
r  >  71  m.  Regions  near  the  ground  are  approx¬ 
imated  by  16  layers  of  0.5-m  thickness.  For 
source  frequency  /=40  Hz,  the  pressure  ver¬ 
sus  range  curve  calculated  by  FFP  is  shown  in 
Fig.  26  (solid  line).  The  quantity 


FIG.  26.  Normalized  pressure  vs  range  for  the  inhomo¬ 
geneous  half-space  sketched  in  Fig.  25  at  a  frequency 
of  40  Hz.  In  the  diagram  the  dotted  line  is  for  the  homo- 
genous  case,  s  =  0,  the  dashed  line  is  for 
5=1.567x10“^  m“\  and  the  solid  line  is  for 
5= -2.985x10“^  m-'. 


5=Ac/cA/i  (64) 

is  a  measure  of  the  speed  of  sound  gradient. 
The  curve  for  a  homogeneous  atmosphere 
(c=335  m/s  for  all  heights,  s=0)  is  shown  by 
the  dotted  line.  Much  larger  attenuation  is 
predicted  for  the  inhomogeneous  case  due  to 
the  upward  refraction  of  the  sound.  In  the  re¬ 
gion  r<71  m  this  reduction  in  level  is  princi¬ 
pally  caused  by  the  reduction  in  grazing  an¬ 
gle;  beyond  71m  the  detector  is  in  the  shadow 
zone  and  receives  only  diffracted  sound  en¬ 
ergy.  For  ranges  greater  than  71  m,  a  simple 
ray  trace  treatment  would  predict  infinite  at¬ 
tenuation.  In  Fig.  26,  a  third  curve  is  shown 
corresponding  to  an  intermediate  gradient 
5=  —  1.567X  10“^  m~*^  As  expected,  this 
curve  falls  between  the  other  two. 


3.  APPLICATIONS 

Applications  of  atmospheric  acoustics  are 
quite  varied.  For  purposes  of  this  article  only 
two  will  be  considered.  The  first  is  the  use  of 
acoustics  to  determine  the  state  of  the  atmo¬ 
sphere.  Acoustic  sensing  of  the  atmosphere 
takes  advantage  of  the  fact  that  acoustic  prop¬ 
agation  is  very  sensitive  to  atmospheric  con¬ 
ditions.  The  second,  arid  most  widespread, 
application  is  for  prediction  of  noise  levels.  In 
addition  to  the  nature  of  the  source  and  prop¬ 
agation  path  discussed  to  this  point,  the  re- 
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ceiver  must  be  considered.  When  the  receiver 
is  a  human  listener,  human  perception  of 
sound  becomes  an  important  factor.  Based 
upon  a  knowledge  of  the  source  and  trans¬ 
mission  path,  the  sound  level  at  the  receiver 
can  be  accurately  predicted.  Human  response 
to  that  sound,  however,  is  much  less  predict¬ 
able. 

3.1  Acoustic  Sensing  of  the  Atmosphere 
(Brown,  1987) 

The  invention  of  the  echosonde  (also 
called  the  sodar),  which  McAllister  patented 
in  1972,  added  a  powerful  tool  for  atmo¬ 
spheric  research  and  for  applications  to  fore¬ 
casting  especially  in  the  atmospheric  bound¬ 
ary  layer.  McAllister  combined  improved  an¬ 
tenna  design  with  the  use  of  the  facsimile  re¬ 
corder  patented  by  Marti  in  1919,  which 
shows  graphically  the  turbulent  structure  in 
the  boundary  layer.  The  use  of  the  echosonde 
has  become  so  widespread  that  results  de¬ 
rived  with  it  have  become  a  ubiquitous  part  of 
the  environmental  impact  studies  required  in 
many  countries  around  the  world.  In  its  more 
complex  form — the  Doppler  echosonde — the 
instrument  can  provide  measurements  of 
mean  winds,  sea  breezes,  and  the  flows  in  and 
out  of  valleys.  An  outgrowth  of  the  instru¬ 
ment,  called  the  echometer,  shows  promise  of 
providing  vertical  profiles  of  mean  tempera¬ 
tures  as  well.  The  monostatic  echosonde  re¬ 
lies  on  backscatter  (scattering  angle  Os—tt) 
from  a  field  of  turbulence-driven  temperature 
fluctuations.  The  bistatic  echosonde 
includes  separated  transmitter  and  receiver, 
with  a  signal  that  results  from  both  tempera¬ 
ture  and  velocity  fluctuations.  A  usable  return 
signal  from  a  transmitted  pulse  in  the  mono¬ 
static  geometry  requires  both  a  gradient  in 
the  temperature  and  a  turbulent  velocity  field 
to  shift  air  parcels  to  different  positions, 
where  the  parcels  will  assume  different  actual 
temperatures  T  from  their  neighbors  and  pro¬ 
duce  a  random  field  of  refractive  index  fluc¬ 
tuations. 

The  equations  of  fluid  mechanics,  together 
with  two  assumptions  valid  in  acoustic  re¬ 
mote  sensing,  that  the  turbulence  remains  a 
nonzero-vorticity  and  incompressible  field 
that  produces  no  sound,  while  the  acoustic 
wave  remains  a  vorticity-free  longitudinal 
compression  field  that  produces  no  changes 
in  the  turbulence,  lead  to  the  governing 
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acoustic  remote-sensing  equation.  If  the  tur¬ 
bulence  “eddy”  sizes  (here,  an  eddy  repre¬ 
sents  a  Fourier  space  component,  not  a  phys¬ 
ical  swirl  or  blob)  lie  within  the  inertial  range 
(tenths  of  meters  to  tens  of  meters),  and  Tay¬ 
lor's  “frozen  turbulence”  hypothesis*  holds, 
the  “single  scatter,”  or  Born,  approximation  is 
valid.  Then,  the  scattering  cross  section  cr^  (in 
reciprocal  meters)  as  a  function  of  scattering 
angle  6^  becomes 

0^)  =  1 .52*0^^  cos^  ( 0j) 

X  [0.13C^„+cos\e,/2)Ct/(4c^)] 

X[2sin(0,/2)]-'*/^  (65) 

with  Atq  the  initial  wave  number,  Cj  the  struc- 
ture  parameter  for  velocity  fluctuations 
(m"^^^  s~^),  and  the  structure  parameter 
for  refractive  index  fluctuations  (m“^^^) 
given  by 

C^=C|./4r^+2(0.307)C^r/4/’o7’o 

+  (0.307)2(^/4i^.  (66) 

where  subscript  e  refers  to  water  vapor,  and  T 
to  temperature,  fluctuations  ( C  \  and  Cgj  are 
in  m“^^^  and  K  N  respectively). 

One  should  note  that  a  single  fluctuation 
would  have  negligible  effect  on  the  scattered 
wave.  However,  the  nonzero  correlation  and 
cross-correlation  distances  for  turbulence  ve¬ 
locity,  vapor  pressure,  and  temperature  fluc¬ 
tuations  imply  a  quite  different  kind  of  inter¬ 
action  than  that  from  a  field  of  randomly 
spaced  point  scatterers.  Therefore,  wavelets 
scattered  from  nearby  regions  can  interfere 
constructively  and  destructively  to  produce  a 
partially  coherent  scattered  wave  resulting 
from  the  integration  of  many  wavelets  over  a 
nonzero  region  of  space.  The  same  physics 
underlies  the  importance  of  the  spatial  Fou¬ 
rier  transform  decomposition  of  the  random 
fluctuation  field. 

A  typical  monostatic  echosonde  employs  a 
single  antenna  for  both  transmission  and  re¬ 
ception,  with  an  electronic  switch  to  alternate 
between  the  two.  The  antenna  includes  a 
high-power  pressure  transducer  (similar  to 
those  used  in  airport  public  address  systems) 


♦Taylor's  "frozen  turbulence  hypothesis"  main¬ 
tains  that  temporal  changes  in  local  meteorological 
parameters  caused  by  turbulence  are  related  to  spa¬ 
tial  changes  through  the  mean  wind. 
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(c) 


FIG.  27-  Echosonde  records  of  the  bound¬ 
ary  layer.  Vertical  scale:  0-500  m;  horizontal 
scale:  time,  increasing  to  the  right;  vertical 
white  streaks  are  hour  markers.  (Courtesy  of 
C.  W.  King.)  (a)  Daytime  thermal  plumes;  (b) 
decreasing  ground  layer  (below)  and  de¬ 
scending  inversion  (above)  in  early  evening, 
followed  by  triggering  of  internal  waves;  (c) 
fully  developed  internal  wave  activity  after 
midnight. 


together  with  an  exponential  feed  horn  (for 
impedance  matching)  mounted  at  the  focus 
of  a  parabolic  dish,  with  the  entire  assembly 
enclosed  in  a  shield,  or  “cuff,”  made  from  ply¬ 
wood  lined  with  an  acoustic  foam  that  in¬ 
cludes  a  lead-sheet  septum.  The  cuff  provides 
substantial  side-lobe  suppression  and,  if  the 
sides  flare,  an  increase  in  the  effective  aper¬ 
ture  of  the  antenna.  Typical  antennas  achieve 
angular  beamwidths  of  8*- 10®.  The  reason  for 
using  the  same  antenna  for  reception  rather 
than  a  more  sensitive  microphone  lies  in  this 
narrow  beamwidth  and  the  resulting  much 
greater  signal-to-noise  ratio. 

Figure  27  shows  a  sequence  of  boundary 


layer  structures  over  a  typical  diurnal  period. 
(Time  in  the  figure  moves  from  left  to  right.) 
The  top  of  the  figure  corresponds  to  an  alti¬ 
tude  of  500  m;  vertical  thin  white  stripes  rep¬ 
resent  hour  markers.  Figure  27(a)  shows  a 
typical  unstable,  daytime  record  of  thermal 
plumes  carried  through  a  vertical  echosonde 
beam  by  the  mean  wind.  Such  plumes  result 
from  the  conductive  random  heating  of  air 
near  the  ground,  itself  heated  by  solar  radia¬ 
tion.  Randomness  may  result  from  variations 
in  surface  albedo  and  from  the  presence  of 
clouds.  Figure  27(b)  shows  the  boundary 
layer  in  the  late  afternoon  and  early  evening. 
The  decrease  and  then  disappearance  of  solar 
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radiation  and  the  consequent  cooling  of  the 
ground  brings  about  the  vanishing  of  the  ther¬ 
mal  plumes,  a  concurrent  creation  of  a 
ground-based  shear  layer  that  on  a  finer  time 
scale  would  show  a  “herringbone”  structure, 
and  the  slow  descent  of  an  elevated  inversion 
previously  off  the  top  of  the  record.  Near  its 
end,  the  figure  shows  the  beginning  of  inter¬ 
nal  gravity  wave  activity.  In  Fig.  27(c)  a  series 
of  large-scale  internal  gravity  waves  domi¬ 
nate  the  record.  Especially  noteworthy,  the 
particle  displacement  double  amplitude 
(peak  to  peak)  reaches  values  of  the  order  of 
300  m.  In  the  descending  part  of  the  cycle 
such  large  displacements  require  a  horizontal 
outflow  near  the  ground  that  would  appear 
similar  to  wind  gusts,  except  for  the  regular¬ 
ity  of  their  return  with  the  period  of  the 
waves. 

Although  the  bistatic  configuration  has 
many  other  uses,  its  greatest  value  lies  in  ver¬ 
tical  profiles  of  Doppler  measurements  of 
mean  winds.  Figure  28  outlines  the  geometry 
of  one  leg  of  such  a  system.  (With  two  hori¬ 
zontal  legs  at  right  angles  to  each  other  and 
the  addition  of  a  vertical  Doppler  measure¬ 
ment,  one  can  map  the  entire  three- 
dimensional  wind  field  at  all  heights  within 
the  echosonde  range.)  A  number  of  different 
arrangements  have  shown  various  advan¬ 
tages  and  drawbacks.  The  following  describes 
a  particular  design  that  seems  one  of  the 
more  flexible  and  dependable  and  has  the  ad¬ 
vantage  that  the  vertical  narrow  receiver 
“pencil  beam”  rejects  much  of  the  noise  com¬ 
ing  in  on  low-elevation  paths  from  road  traf¬ 
fic,  distant  aircraft,  and  residential  areas.  The 
typical  transmitter  antenna  uses  a  “fan  beam” 
geometry,  one  that  sprays  an  initial  pulse 
over  a  range  of  angles.  Time-gating  of  the  re- 


FIG.  28.  Geometry  for  Doppler  wind  measurements. 
Transmitter  T  and  receiver  R.  Scattering  volume  cen¬ 
ter  S  at  height  z.  Other  symbols  defined  in  the  text. 
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ceived  signal  then  gives  a  Doppler  value  at 
each  desired  height.  Other  configurations  use 
a  set  of  three  monostatic  echosondes  pointing 
in  three  different  directions,  allowing  greater 
simplicity  in  the  hardware  but  producing 
greater  errors  when  the  atmosphere  lacks 
horizontal  homogeneity  because  of  the  sepa¬ 
rations  between  the  three  different  scattering 
volumes.  The  wind  velocity  will  be  denoted 
by  a  vector  w  or  a  Mach  vector  defined  as 
in=w/c.  For  the  monostatic  Doppler  echo¬ 
sonde,  when  m  is  directed  along  the  beam, 
and  with  no  refraction,  the  frequency  shift  A/ 
satisfies 

A///=±2m,  (67) 

where  the  plus  sign  holds  when  the  wind 
blows  toward,  and  the  minus  sign  away,  from 
the  antenna,  and  m=|m|.  For  the  bistatic 
system,  shown  in  Fig.  28  (together  with  some 
simplifying  assumptions,  such  as  horizontal 
stratification  and  negligible  vertical  wind  or 
cross  wind)  the  horizontal  component  of  the 
Mach  vector  with  ±  |  ,  and  with 

an  obvious  choice  of  sign,  satisfies 


A///=  sinO-\-im^  sin^)^.  (68) 


Frequently,  an  average  over,  say,  20  min  will 
cancel  the  effect  of  any  vertical  wind;  that  is, 
one  can  consider  it  zero.  However,  a  com¬ 
plete  horizontal  wind  measuring  system  may 
often  face  conditions  where  cross  winds  on 
one  leg  or  the  other  become  important,  or 
some  other  simplifying  assumption  no  longer 
holds. 

Researchers  prefer  various  methods  for 
determining  the  frequency  shift  A/  from  the 
raw  data,  especially  to  cope  with  the  ubiqui¬ 
tous  presence  of  noise.  In  the  frequency  do¬ 
main,  many  use  the  FFT  (fast  Fourier  trans¬ 
form),  at  the  same  time  trying  to  measure  or 
estimate  the  spectral  contribution  of  the 
noise.  However,  the  FFT  requires  a  fairly 
powerful  computer.  In  the  time  domain,  the 
CXCV  (complex  covariance)  method  provides 
good  data  with  a  much  less  expensive  micro¬ 
processor  but  requires  careful  choice  of  sam¬ 
pling  frequency  and  filter  bandpass;  a  choice 
of  sampling  frequency  such  that  the  Nyquist 
frequency  remains  near  the  filter  half-power 
point  minimizes  aliasing. 
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With  the  increasing  amount  of  inexpensive 
computer  memory  becoming  available,  echo* 
sonde  designers  now  have  the  choice  of  turn¬ 
ing  to  completely  coherent  signal  processing, 
for  example;  averaging  the  signal  in  both  am¬ 
plitude  and  phase,  and,  thus,  reducing  ran¬ 
dom  noise  to  a  negligible  problem.  The  noise 
of  rain  hitting  the  receiving  antenna  makes 
echosonde  observations  impossible  during  a 
storm.  In  contrast,  the  temperature-measur¬ 
ing  echometer,  by  virtue  of  the  (here  neces¬ 
sary)  coherent  processing,  operates  success¬ 
fully  through  a  rain  squall,  producing  data  in 
close  agreement  with  those  from  a  nearby  in 
situ  thermometer  on  a  tower.  No  obvious  rea¬ 
sons  exist  that  would  rule  out  similar  coher¬ 
ent  processing  of  echosonde  signals  to  obtain 
a  large  increase  in  signal-to-noise  ratios. 

The  boundary  layer  can  have  either  an 
"open”  structure  for  the  unstable  case,  acting 
as  a  pathway  for  fluxes  of  momentum,  heat, 
and  water  vapor  to  reach  higher  levels  and 
perturb  mesoscale  processes,  or  a  "closed” 
structure  for  the  stable  case,  acting  as  an  im¬ 
penetrable  container  disconnected  from 
large-scale  events.  In  the  first  case,  informa¬ 
tion  on  the  structure  may  have  an  impact  on 
future  weather-prediction  methods.  In  the 
second,  boundary  layer  data  should  assist  in 
predicting  the  strength  and  duration  of  air 
pollution  events.  Many  of  the  parameters 
needed,  however,  derive  from  higher-order 
measurements  that  have  a  slightly  shaky  the¬ 
oretical  basis,  and  experimental  values  of  un¬ 
known  precision.  Thus,  they  represent  work 
still  in  progress,  on  the  leading  edge  of  the  re¬ 
search  in  acoustic  remote  sensing. 

Among  other  parameters,  dependable 
measurements  of  mean  temperature  profiles 
T(z)  still  elude  researchers.  One  method, 
called  RASS  (radio  acoustic  sounding  sys¬ 
tem),  uses  an  acoustic  pulse  containing  of  the 
order  of  50  phase  fronts  to  reflect  a  radar  sig¬ 
nal  coherently  back  to  a  receiver.  With  an 
acoustic  wavelength  equal  to  one-half  the  ra¬ 
dar  wavelength,  strong  returns  arrive  from  al¬ 
titudes  throughout  the  boundary  layer.  The 
Doppler  shift  in  the  radar  return  derives— 
with  a  correction  for  mean  vertical  wind 

— from  the  speed  of  the  acoustic  waves. 

When  an  elevated  inversion  lies  above  an 
unstable  atmosphere  near  the  ground,  the 
height  Zi  of  the  inversion  becomes  a  useful  pa¬ 
rameter.  The  upper  part  of  the  boundary 
layer,  the  well-mixed  layer,  as  its  name  im¬ 


plies,  has  very  little  fluctuation  in  tempera¬ 
ture  except  in  the  thermal  plumes  and  thus 
shows  no  echosonde  returns  elsewhere,  even 
if  (velocity)  turbulence  exists.  Within  the  in¬ 
version  the  atmosphere  remains  stable,  that 
is,  without  turbulence,  even  though  the  tem¬ 
perature  T  changes,  and  thus  again  the  echo¬ 
sonde  shows  no  returns.  However,  the  rising 
air  in  the  plumes  has  a  tendency  to  overshoot 
and,  before  descending,  entrain  air  with  a  dif¬ 
ferent  temperature  from  the  bottom  of  the  in¬ 
version  in  its  turbulent  motion.  As  a  result 
echosonde  facsimile  records  frequently  show 
a  dark  elevated  band  corresponding  to  this 
entrainment  layer  above  the  region  of  ther¬ 
mal  plumes.  Comparisons  with  radar  or 
FM-CW  radar  seem  to  support  good  agree¬ 
ment  between  their  measurements  of  the 
base  of  an  elevated  inversion  Zi  and  the  echo¬ 
sonde  measurement  of  the  height  of  the  bot¬ 
tom  of  the  dark  band  produced  by  an  entrain¬ 
ment  layer. 

Perception  of  Sound 

Measurements  and  measures  associated 
with  atmospheric  acoustics  are  typically  re¬ 
lated  to  the  hearing  response  of  the  human 
ear.  Such  a  treatment  is  especially  applicable 
when  dealing  with  acoustic  noise  and  noise 
control.  The  loudness  level  is  defined  as  the 
sound  pressure  level  of  a  1000-Hz  tone  that 
sounds  as  loud  as  the  sound  in  question  (see 
Acoustics,  Psychological).  The  unit  of  loud¬ 
ness  is  the  phon.  The  famous  Fletcher- 
Munson  equal-loudness  contours  shown  in 
Fig.  29  give  an  indication  of  the  loudness 
level  at  different  sound  pressure  levels.  Note 
that  a  sound  pressure  level  of  70  dB  at  25  Hz 
has  the  same  loudness  as  a  10-dB  tone  at  1000 
Hz. 

When  measuring  noise  in  the  atmosphere, 
it  is  common  to  express  the  level  in  dBA,  dBB, 
or  dBC.  A  sound  level  meter  with  these  rat¬ 
ings  has  a  frequency  response  given  in  Fig. 
30.  The  A-weighted  curve  approximates  the 
hearing  response  shown  in  the  previous  fig¬ 
ure  for  relatively  low  sound  pressure  levels 
(-40  dB).  The  B  weighted  curve  is  applicable 
at  higher  levels  (80-^90  dB).  C-weighted  sound 
levels  show  less  frequency  compensation  and, 
therefore,  are  a  better  measure  of  sound  pres¬ 
sure  level. 

Measures  of  noise  are  designed  to  give  an 
indication  of  human  response.  Typically,  the 
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FIG.  29.  Equal-loudness  contours  for  pure  tones  by 
Fletcher  and  Munson.  (American  Standard  for  noise 
measurement,  Z24.2-1942.) 


goal  is  to  reduce  annoyance.  Since  different 
types  of  sound  present  different  annoyances 
at  the  same  C-weighted  instantaneous  level,  a 
variety  of  noise  measures  have  been  ad¬ 
vanced.  Some  of  the  more  commonly  used 
are  perceived  noise  level  (PNL),  sound  expo¬ 
sure  level  (SEL),  and  day-night  sound  level 

(^dn)- 

In  contrast  to  the  A  level,  the  perceived 
noise  level  weighting  function  is  based  upon 
subjective  assessment  of  the  noisiness  of  the 
various  frequency  components  of  the  signal, 
rather  than  upon  loudness  considerations. 
There  is  more  emphasis  on  the  upper  portion 
of  the  noise  spectrum  (2000-4000  Hz)  in  this 
weighting  function  than  in  the  A-weighting 
function.  The  perceived  noise  level,  in  units 
of  PNdB,  has  been  used  for  many  years  in  the 
U.S.  as  a  measure  of  aircraft  noise. 

Subjective  tests  indicate  that  human  re¬ 
sponse  to  noise  is  not  only  a  function  of  the 
maximum  level,  but  of  the  duration  of  the  sig¬ 
nal  and  its  temporal  variation.  Time-related 
changes  may  range  from  a  sound  level  con¬ 
stant  over  time,  as  produced  by  a  continu¬ 
ously  operating  machine,  to  the  typical 
haystack-shaped  time  history  produced  by  an 
aircraft  flyover,  to  the  constantly  varying 
noise  level  perceived  near  highways. 

Historically,  several  methods  have  been 
used  to  introduce  time  characteristics.  With 
recent  advances  in  electronics  and  instru¬ 
mentation  technology,  there  are  now  instru¬ 
ments  which  can  integrate,  or  sum,  noise  sig¬ 
nals  as  a  function  of  time.  (Integrated  noise 
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levels  are  a  measure  of  the  physical  energy  in 
the  noise  signal.) 

Significant  evidence  indicates  that  two  sig¬ 
nals  with  equal  sound  energy  will  produce 
the  same  subjective  response.  For  example,  a 
noise  with  a  constant  level  of  85  dB  occurring 
for  10  min  would  be  judged  equally  as  annoy¬ 
ing  as  an  82-dB  noise  signal  lasting  for  20 
min,  i.e.,  one-half  the  energy  lasting  for  twice 
the  time  period.  This  is  known  as  the  "equal 
energy”  principle.  In  practice,  the  integration 
process  is  often  replaced  by  a  summation  of 
levels  occurring  at  one-half  second  intervals 
over  the  upper  10  dB  of  the  noise  signal. 

Integration  of  the  A-weighted  noise  level 
over  the  period  of  a  single  event  (such  as  an 
aircraft  flyover)  gives  the  sound  exposure 
level,  in  dB.  The  day-night  average  sound 
level  (referred  to  as  is  obtained  by 
energy-averaging  noise  levels  over  a  24-hour 
period,  with  a  10-dB  penalty  to  nighttime 
noise  levels.  The  day-night  average  sound 
level  can  be  applied  to  all  sources  of  noise. 
For  discrete  event  noise  sources,  such  as  air¬ 
craft  operations,  may  be  computed  by 
decibel  summation  of  noise  levels  occurring 
during  daytime  and  nighttime  periods  (with 
the  nighttime  penalty).  Areas  subjected  to 
in  excess  of  75  are  useful  only  for  selected 
commercial  applications.  Areas  of  a  70-75 
Ljn  may  be  used  for  a  wider  variety  of  com¬ 
mercial  applications  while  areas  impacted  by 
65-70  Ljn  may  be  used  for  most  applications 
including  residential  with  proper  sound  treat¬ 
ment.  Below  65  Z/dn  some  treatment  may  be 
required  for  uses  requiring  a  quiet  back¬ 
ground. 


FIG.  30.  Frequency-response  characteristics  taken 
from  the  American  Standard  for  sound-level  meters, 
Z24.3-1944. 
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Combining  perception  with  propagation 
efforts  described  earlier  provides  practical 
guidelines  for  predicting  community  objec¬ 
tions  to  different  types  of  noise  sources.  In 
most  cases  involving  community  noise 
(Makarewicz,  1987)/ the  source  and  receiver 
heights  are  much  smaller  than  the  source- 
receiver  separation  so  |z|cos  Oi  4,  1.  For  this 
geometry,  the  A-weighted  mean-square  sound 
pressure  at  distance  d  can  be  given  as 

Pl[S(<r^ti,pd)/d\  (69) 

where  P\  is  the  A-weighted  mean-square 
sound  pressure  for  the  direct  wave,  is  the 
effective  flow  resistivity  of  the  surface,  p  is  the 
absorption  coeflScient  a  divided  by  the  fre¬ 
quency  /,  and  ^  is  a  parameter  which  de¬ 
scribes  the  source  spectrum  [F(/) 
=P(0)exp(-/i/)].  Far  away  from  a  source 
{d  >  500  m),  ~  m  which  suggests 

that  the  A-weighted  sound  level  will  decrease 
at  a  rate  of  21  dB  per  doubling  of  distance.  In 
practice,  turbulence  does  not  allow  complete 
cancellation  of  direct  and  reflected  waves  so 
such  a  rapid  falloff  is  not  expected.  Nonethe¬ 
less,  atmospheric  absorption  and  surface  ef¬ 
fects  combine  to  give  very  rapid  attenuation 
of  sources  close  to  the  horizon. 


GLOSSARY 

(For  complete  definition  of  commonly 
used  acoustical  terms  see  American  National 
Standards  Institute,  ANSI  SI. 1-1960  [R  1976]) 

Absorption  Loss:  That  part  of  the  trans¬ 
mission  loss  due  to  the  dissipation  or  conver¬ 
sion  of  sound  energy  into  other  forms  of  en¬ 
ergy. 

Admittance:  Inverse  of  impedance. 

atm:  One  standard  atmosphere  of  pres- 
sure=  1.01  X 10^  dyn/cm^=  1.01  X 10^  Pa 
=  1.01x10^  H/m\ 

Attenuation  CoeflGcient:  Logarithmic 
rate  of  change  in  sound  pressure  (dB/unit 
length  or  neper/unit  length). 

Creeping  Wave:  Dominant  term  in  an  ap- 
proximate  solution  (applicable  at  long 
ranges)  for  sound  diffracted  into  a  shadow 
zone. 

Di£Fracted  Wave:  One  whose  front  has 
been  changed  in  direction  by  an  obstacle  or 
other  inhomogeneity  in  a  medium. 


Echo  Sounder  (Acoustic  Sounder):  A  de¬ 
vice  which  measures  atmospheric  conditions 
by  sending,  and  receiving  acoustic  pulses. 

Excess  Attenuation:  Attenuation  in  ex¬ 
cess  of  6  dB/doubling  of  distance  (  +  dB 
means  added  loss). 

FFT:  Fast  Fourier  transform. 

Impedance:  The  complex  ratio  of  the 
sound  pressure  to  the  particle  velocity.  The 
specific  impedance,  the  ratio  of  impedance  to 
impedance  of  air,  is  generally  used. 

Infrasound:  Sound  at  frequencies  less 
than  20  Hz. 

Insertion  Loss:  The  increase  in  transmis¬ 
sion  loss  caused  by  the  addition  of  a  barrier. 

Mach  Number:  Ratio  of  speed  to  local 
speed  of  sound. 

neper:  Unit  of  level  when  the  logarithm 
is  on  the  Naperian  base. 

Nyquist  Frequency:  Highest  frequency 
allowed  in  a  digitally  sampled  signal. 

Octave  Band:  Band  of  frequencies  ex¬ 
tending  from  /y  >/2  to  ^/2  where  is  the 
center  frequency  in  Hz. 

Pascal:  mks  unit  of  measure  for  pressure 
(1  N/m^). 

Radio  Sounder:  Similar  to  echo  sounder 
but  the  acoustic  wave  is  monitored  with  a  ra¬ 
dar  system. 

rayl:  Unit  of  measure  for  impedance;  1 
mks  rayl=  1  kg/m^  s=i^  cgs  rayl. 

Rayleigh  Waves:  Surface  waves  associ¬ 
ated  with  the  free  boundary  of  a  solid  such 
that  a  surface  particle  describes  an  ellipse. 

Refraction:  The  process  by  which  the  di¬ 
rection  of  sound  propagation  is  changed  due 
to  spatial  variation  in  the  speed  of  sound. 

Scattering:  Acoustic  scattering  is  the  ir¬ 
regular  reflection,  refraction,  or  diffraction  of 
sound  in  many  directions. 

S/N:  Signal-to-noise  ratio  typically  mea¬ 
sured  in  dB. 

Sound  Pressure  Level:  20  times  the  log¬ 
arithm  to  the  base  10  of  the  ratio  of  the  pres¬ 
sure  to  a  reference  pressure  (conventionally 
20  /iPa). 

Standard  Temperature  and  Pres¬ 
sure:  (STP)  273  K,  1  atm.  Note  that  in  atmo¬ 
spheric  physics  the  standard  atmosphere  at 
sea  level  (288  K,  1  atm)  is  commonly  used. 

Transmission  Loss:  Decrease  in  sound 
pressure  level  between  two  points  measured 
in  dB  re  20  /liPa. 

Turbule:  A  single  element  of  turbulence 
defined  in  a  statistical  sense. 


Atmospheric  Acoustics 


Ultrasound:  Frequencies  above  20  kHz. 
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The  computational  tools  available  for  prediction  of  sound  propagation  through  the  atmosphere  have 
increased  dramatically  during  the  past  decade.  The  numerical  techniques  include  analytical  solutions 
for  selected  index  of  refraction  profiles,  ray  trace  techniques  which  include  interaction  with  a 
complex  impedance  boundary,  a  Gaussian  beam  ray  trace  algorithm,  and  more  sophisticated 
approximate  solutions  to  the  full  wave  equation;  the  fast  field  program  (FFP)  and  the  parabolic 
equation  (PE)  solutions.  This  large  array  of  computational  approaches  raises  questions  concerning 
under  what  conditions  the  various  approaches  are  reliable  and  concerns  about  possible  errors  in 
specific  implementations.  This  paper  presents  comparisons  of  predictions  from  the  several  models 
assuming  a  complex  impedance  ground  and  four  atmospheric  conditions.  For  the  cases  studied,  it 
was  found  that  the  FFP  and  PE  algorithms  agree  to  within  numerical  accuracy  over  the  full  range 
of  conditions  and  agree  with  the  analytical  solutions  where  available.  Comparisons  to  ray  solutions 
define  regimes  where  ray  approaches  can  be  used.  There  is  no  attempt  to  compare  calculated 
transmission  losses  to  measurements. 

PACS  numbers:  43.28.Fp,  43.20.Bi 


introduction 

Propagation  of  sound  outdoors  involves  a  number  of 
physical  phenomena  including  geometric  spreading,  molecu¬ 
lar  absorption,  reflection  from  a  complex  impedance  bound- 
refraction,  diffraction,  and  scattering.^  Accurate  predic¬ 
tions  of  sound  transmission  loss  (TL)  from  a  source  to  a 
receiver  must  somehow  account  for  all  of  these  phenomena 
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simultaneously.  Although  this  goal  is  beyond  current  capa¬ 
bilities,  a  great  deal  of  progress  has  been  made  in  the  past 
decade.  Specifically,  numerical  techniques  originally  devel¬ 
oped  for  applications  in  underwater  acoustics  have  been 
modified  for  atmospheric  predictions  and  new  analytical  re¬ 
sults  provide  solutions  for  more  realistic  conditions.  Some 
progress  has  been  made  toward  including  turbulence  and  ter¬ 
rain  in  the  propagation  models,  but  research  on  these  aspects 
is  still  in  progress. 

Ray  tracing  has  been  a  standard  approach  extensively 
used  to  predict  outdoor  sound  levels  in  the  presence  of  speed 
of  sound  gradients  even  though  the  mathematical  conditions 


J.  Acoust.  Soc.  Am.  97  (1),  January  1995 


0001  -4966/95/97(1  )/1 73/1 9/$6.00 


for  ray  solutions  are  seldom  met  outdoors.  Recent  analytical 
solutions  include  a  refractive  atmosphere  and  a  complex  im¬ 
pedance  boundary^  but  are  only  applicable  to  cases  where 
the  speed  of  sound  varies  with  altitude  in  a  specific  func¬ 
tional  form.  Numerical  solutions  to  the  wave  equation  in¬ 
clude  the  diffraction  effects  which  limit  the  applicability  of 
ray  solutions  and  can  be  applied  to  arbitrary  speed  of  sound 
profiles.^'®  For  this  reason,  the  development  of  numerical  al¬ 
gorithms  to  predict  transmission  loss  through  the  atmosphere 
is  being  pursued  by  a  number  of  groups  throughout  the 
world. 

Research  groups  in  many  countries  have  developed 
propagation  models  to  predict  transmission  loss.  The  models 
can  be  generally  classified  as  analytic  (such  as  normal  mode 
models),  ray  trace,  a  variation  of  the  fast  field  program 
(FFP),  or  a  form  of  the  parabolic  equation  (PE).  Though 
many  of  the  groups  involved  share  results  at  international 
meetings,  the  codes  were  generally  developed  independently. 
Members  of  NATO  Panel  3  Research  Study  Group  11  (RSG- 
11)  began  an  effort  in  1990  to  compare  predictions  of  the 
various  models  and  different  implementations  of  the  same 
model.  The  goals  of  this  effort  were  to  identify  any  differ¬ 
ences  and  sources  of  those  differences  and  to  provide  a  set  of 
results  which  future  researchers  can  use  to  check  new  models 
and  codes. 

Thus  the  objective  of  this  paper  to  look  for  consensus 
between  models  or,  more  accurately,  significant  differences, 
to  investigate  regimes  of  validity  and  to  examine  artifacts. 
We  have  chosen  not  to  evaluate  accuracy  in  any  systematic 
way  nor  computational  requirements  since  these  change  rap¬ 
idly. 

Assessing  the  quality  of  numerical  computation  schemes 
is  an  issue  that  has  recently  received  considerable  attention 
in  underwater  acoustics.*  At  technical  meetings  it  became 
common  to  find  numerical  results  presented  in  profusion  that 
differed  for  the  same  problem.  Researchers  in  underwater 
acoustics  therefore  explored  the  utility  of  benchmark  solu¬ 
tions  as  standards  against  which  numerical  codes  could  be 
tested.  The  success  of  their  efforts  inspired  the  members  of 
RSG-11  to  also  develop  benchmarks. 

We  define  a  “benchmark”  throughout  this  paper  as  a 
well-defined  environment  given  in  terms  of  a  set  of  numeri¬ 
cal  parameters.  This  set  of  parameters  represents  the  input 
data  for  model  runs. 

Comparison  of  different  codes  and  models  requires  se¬ 
lection  of  suitable  atmospheric  conditions,  ground  surface, 
frequencies,  and  ranges.  These  were  limited,  in  many  cases, 
by  the  current  state  of  development  of  the  different  ap¬ 
proaches.  Since  most  models  do  not  include  turbulence,  quiet 
atmospheres  were  assumed.  Similar  reasons  led  the  group  to 
consider  only  flat  terrain.  Even  with  these  limitations,  how¬ 
ever,  much  of  the  physics  is  included. 

The  absence  of  turbulence  or  real  terrain  in  the  calcula¬ 
tions  severely  limits  comparison  to  experimental  data.  In 
fact,  no  such  comparisons  are  made  here.  There  are  limited 
comparisons  of  data  to  individual  models  in  many  of  the 
references  cited.  In  those  cases,  however,  differences  are  of¬ 
ten  attributed  to  atmospheric  inhomogeneities.  That  may  well 
be  the  reason,  but  it  involves  an  assumption  not  necessary  to 
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meet  the  goals  of  this  study.  If  predictions  based  upon  the 
same  set  of  assumptions  do  not  agree,  the  reason  for  the 
difference  should  provide  guidance  as  to  the  applicability  of 
the  models. 

In  the  case  of  the  underwater  acoustic  benchmarks  re¬ 
sults  of  individual  contributions  were  published  in  The  Jour, 
nal  of  the  Acoustical  Society  of  America  following  the  format 
presented  in  Ref.  6.  In  the  present  case  members  of  RSG-H 
concluded  that  much  of  the  material  used  in  the  atmospheric 
benchmarks  could  be  found  in  existing  archival  papers  and 
that  it  would  be  more  expedient  to  publish  the  results  as  a 
single  summary  paper. 

The  next  section  explains  in  more  detail  the  propagation 
conditions  assumed  for  the  benchmark  calculations.  The  con¬ 
ditions  selected  represent  cases  where  there  is  no  refraction, 
downward  refraction,  upward  refraction  (including  shadow 
zones),  and  ducted  propagation.  The  exact  profiles  are  not 
realistic  but  these  conditions  should  provide  good  tests  of 
predictive  abilities  of  the  different  approaches.  Further,  the 
exact  profiles  were  chosen  because  there  are  analytical  solu¬ 
tions  for  the  first  three  cases.  Section  11  describes  the  differ¬ 
ent  models.  In  some  cases,  differences  in  implementations 
are  also  described.  Although  the  issue  of  CPU  time  is  dis¬ 
cussed,  a  comprehensive  comparison  is  beyond  the  scope  of 
this  paper  and  is  not  considered  in  detail  here.  In  the  fourth 
section,  results  are  given  and  interpreted  for  selected  cases.  A 
complete  set  of  results  is  given  only  for  the  FFP/PE  calcula¬ 
tions  (these  two  approaches  are  usually  in  agreement  to 
within  about  0.5  dB)  since  it  is  these  two  methods  that  ap¬ 
pear  most  accurate  and  versatile. 

i.  DEFINITION  OF  BENCHMARK  CASES 

The  aim  of  the  benchmark  cases  outlined  in  this  section 
is  to  create  a  set  of  well-defined  test  cases  for  which  com¬ 
puter  codes  for  airborne  sound  propagation,  of  any  origin, 
may  be  compared  with  respect  to  computational  effort  and 
numerical  accuracy.  It  is  intended  to  check  numerical  perfor¬ 
mance  of  computer  codes  by  comparing  their  outputs  witn 
test  cases  for  which  analytical  solutions  exist.  Researchers  of 
other  laboratories  are  invited  to  use  the  standard  test  cases 
and  to  compare  their  results  with  examples  discussed  in  Sec. 

in. 

A.  General  considerations 

Benchmark  cases  for  numerical  tests  of  propagation 
codes  should  be  defined  in  such  a  way  as  to  cover  the  range 
between  “simple”  cases  for  which  analytical  solutions  might 
be  avaUable  and  relevant  cases  with  boundary  conditions 
close  to  real  world  situations.  Due  to  the  large  variations  in 
propagation  conditions  of  the  real  world,  cases  must  be  ide¬ 
alized;  e.g.  simplified  in  such  a  way  as  to  allow  for  complete 
analytical  solutions  or  at  least  piecewise  analytical  solutions. 
This  is  also  motivated  by  the  need  to  study  typical  numerical 
limitations  such  as 

(1)  discretizing  sound  profiles, 

(2)  truncation  of  numerical  approximations, 

(3)  capping  of  profiles  at  a  certain  height. 

Aside  from  the  “simple”  case  or  cases  which  can  serve 
as  the  basis  for  computing  a  numerical  reference  it  is  very 
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difficult  to  define  other  cases  which  are  both  realistic  and  few 
in  number  and  still  possibly  rewarding  to  overcome  the  prob¬ 
lems  of  complexity  due  to  all  possible  variations  of  param¬ 
eters.  Another  problem  area  is  the  types  of  outputs  one  needs 
to  compare  the  outputs  of  various  codes;  e.g.,  whether  one 
cares  for  the  details  in  the  interference  nulls  or  just  for  the 
average  level.  Again  a  compromise  has  to  be  found  in  order 
to  keep  the  number  of  graphs  as  low  as  possible  without 
neglecting  essential  features  of  the  codes.  A  description  of 
the  benchmark  cases  is  given  below. 

B.  Common  parameters  for  benchmark  cases 

1.  Basic  parameters 

All  comparisons  rely  on  a  model  geometry  of  two  infi¬ 
nite  half-spaces,  the  airspace  and  the  groundspace.  Unless 
otherwise  noted  the  interface  between  both  spaces  is  re¬ 


garded  as  a  smooth  infinite  plane.  There  is  an  acoustic  point 
source  at  source  height  above  the  interface  and  a  receiving 
microphone  at  a  horizontal  range  R  and  receiver  height  . 
The  source  emits  a  constant  tone  of  frequency  /. 

The  following  quantities  were  chosen  for  calculations: 

=  5  m  (source  height), 

hr=l  m  (receiver  height), 

R  =  200  m;  10  000  m 

(horizontal  range  to  receiver), 

/=10;100;1000  Hz  (frequency). 

The  transmission  loss  (TL)  was  considered  to  be  the 
most  useful  quantity  to  be  used  for  comparison  purposes. 
The  following  definition  is  used: 


TL=-20 


log 


(total  acoustic  pressure  at  a  field  point) 

(acoustic  pressure  of  direct  sound  field  at  1  m  from  source’ 


(1) 


2-  Plot  parameters 

For  ease  of  quantitative  comparison  the  graphical  out¬ 
puts  of  the  various  propagation  codes  are  standardized  by 
using  the  following  three  types  of  output  graphs: 

1.  TL  versus  horizontal  range. 

2.  TL  versus  frequency  at  R  =  200  m  and  i?  =  10  000 
m. 

3.  Contour  plot:  Height  versus  range  with  TL  contours 
at  6-dB  increments,  maximum  height  being  1000  m. 

0.  Characterization  of  the  ground 

Ground  impedance  plays  a  major  role  in  airborne  sound 
propagation  near  the  surface.  Typically  outdoor  ground  sur¬ 
faces  are  uneven  and  their  character  will  vary  with  range  but 
here  it  is  assumed 

(a)  that  the  ground  is  transversely  uniform  and  its  prop¬ 
erties  do  not  vary  with  range, 

(b)  that  all  interfaces  are  flat  and  horizontal. 

The  properties  of  the  ground  surface  that  have  the  most 
influence  on  outdoor  propagation  below  1000  Hz  are  its  flow 
resistivity  and  any  near  surface  layering.  Typically  the 
ground  surface  may  be  treated  as  an  impedance  boundary.  At 
higher  frequencies  the  tortuosity  and  porosity  will  be  impor¬ 
tant.  Moreover  in  predicting  the  response  of  a  buried  geo¬ 
phone  to  acoustic  sources  above  the  surface  the  elasticity  of 
the  ground  is  important  as  well  as  its  porosity  and  flow  re¬ 
sistivity  (see,  for  example,  Ref.  23).  The  seismic  profile  of 
the  ground  is  required  as  input  to  the  SAFARI  code,^^  origi¬ 
nally  developed  for  use  in  underwater  acoustics.  It  has  been 
found  necessary  to  specify  sufficient  parameters  to  allow  in¬ 
puts  to  any  of  the  codes  that  are  compared  in  this  paper  even 
though  the  resulting  complication  may  not  be  needed  simply 
for  predicting  sound  in  the  atmosphere.  A  series  of  careful 
and  comprehensive  measurements  have  been  carried  out  by 
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various  authors  on  a  site  at  Wezep,  The  Netherlands^  reveal¬ 
ing  a  homogeneous  and  isotropic  layer  of  porous  sand,  2-m 
deep,  above  a  nonporous  substrate.  The  resulting  values  are 
given  in  Table  I.  For  those  codes  that  require  input  only  of 
surface  impedance,  a  four  parameter  model^  has  been  used. 
The  specific  characteristic  impedance  of  the  ground,  and 
hence  the  specific  surface  impedance  where  the  ground  is 
acoustically  homogeneous,  may  be  calculated  from 


Zc=o}pt,io))liki,poCo),  (2) 


where 


TABLE  I.  Parameters  used  to  characterize  the  ground  and  air  at  surface. 


Parameters 

Value 

Flow  resistivity  (a) 

366000  Pasm’^ 

Porosity  (H) 

0.27 

Pore  shape  factor  (5^) 

0.25 

Grain  shape  factor  (/?') 

0.5 

(N.B.  tortuosity 

(tortuosity =1.925) 

A'pr  (Prandtl  number) 

0.724 

y  (ratio  of  specific  heats) 

1.4 

Pq  (air  density  at  20  °C) 

1.205  kg  m"’ 

Cq  (speed  of  sound  at  20  °C) 

343.23  m  s""^ 

Upper  p  velocity 

270  m  s"‘ 

Upper  s  velocity 

190  ms"‘ 

Lower  p  velocity 

500  m  s“^ 

Lower  s  velocity 

330  ms'^ 

Solid  bulk  modulus 

4.6X10^^  Pa 

Upper  layer  thickness 

2  m 

Bulk  density 

1700  kg  m*”^ 

p,s  damping 

0.02  dB  per  wavelength 
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•  kl={quy/co)\l-2{Kiir^T{\ii)V[\+2(y-l) 

P6(a))  =  (q^/fI)po[l“2(X^/£)“'^(X.^/i)] 

^2=0-"',  T(x)=Jiix)/Jo{x), 

and 

k  =  {l/2Sp)[8poq^(o/nay'^. 

Using  the  values  in  Table  I,  the  real  and  imaginary  parts  of 
impedance  given  by  Eq.  (2)  are  (38,79,38.41),  (12.81,11.62), 
and  (5.96,2.46)  at  10,  100,  and  1000  Hz,  respectively. 

D.  Speed  of  sound  profiles 

1.  General 

All  test  cases  assume  the  following  general  boundary 
conditions: 

i.  Atmospheric  density  and  pressure  are  assumed  con¬ 
stant. 

ii.  The  density  po  of  the  air  at  ground  level  is  1.205 
kg/m^  at  r=  20  °C  and p—l  atm. 

hi.  The  attenuation  coefficient,  a  for  atmospheric  ab¬ 
sorption  is  taken  at  a  relative  humidity  (RH)  of  70%  and  at  a 
temperature  7=20  ‘'C.  The  frequency  dependence  of  a  is  as 
defined  by  ANSI  Sl.26.^ 

iv.  Under  the  conditions  as  above  the  sound  velocity  Cq 
at  the  surface  will  be  Co  =  343.23«*'343  m/s. 

2.  Test  cases 

Illustrations  of  the  test  cases  are  depicted  in  Fig.  1. 

Case  1  is  the  above  mentioned  “simple”  case  to  study 
numerical  effects  of  propagation  codes.  The  profile  simply 
consists  of  an  isovelocity  (homogeneous)  medium  with  a 
constant  sound  speed  Cq.  For  numerical  reasons,  the  predic¬ 
tions  for  this  case  are  sensitive  to  the  numerical  truncation  of 
the  medium  to  at  a  finite  height. 

Case  2  is  a  strong  positive  sound  speed  gradient  as  oc¬ 
curs  under  “downwind”  conditions.  The  real  world  condi¬ 
tions  were  idealized  to  a  linear  profile  with  a  constant  gradi¬ 
ent  of  0.1  s"^  No  assumptions  are  made  with  respect  to  an 
upper  boundary  of  the  linear  increase  of  sound  speed.  This 
case  is  intended  to  stimulate  investigations  on  the  effects  of 
profile  height  on  the  sound  field  at  a  given  range. 

Case  3  depicts  another  idealized  real  world  situation: 
Sound  propagation  under  “upwind”  conditions.  For  ease  of 
systematic  investigations  only  the  sign  of  the  gradient  was 
changed  from  case  2.  All  other  aspects  discussed  for  case  2 
apply  to  case  3  as  well. 

Case  4,  as  can  be  seen  in  Fig.  1,  is  a  composite  profile. 
This  ducting  type  of  sound  profile  is  a  rather  typical  obser¬ 
vation  in  many  real  situations.  To  keep  all  cases  systematic, 
case  4  includes  only  elements  of  earlier  discussions.  The 
profile  starts  at  the  surface  with  a  positive  gradient  up  to  a 
height  of  100  m.  The  gradient  is  constant  at  a  rate  of  0.1  s“\ 
At  a  height  of  100  m  an  inversion  occurs  yielding  a  constant 
negative  gradient  of  -0.1  s''^  The  negative  gradient  contin¬ 
ues  to  300  m  height.  At  this  point  the  sound  speed  assumes  a 
constant  value  to  infinite  height. 


Cose  h  A 


FIG.  1.  Speed  of  sound  profile  for  the  four  test  cases. 

3.  Contour  plots 

Plots  of  height  versus  range  with  TL  contours  at  6-dB 
increments,  maximum  height  being  1000  m,  were  also  pro¬ 
duced  for  the  four  cases. 

11.  DESCRIPTION  OF  THE  MODELS 

In  this  section  the  different  models  and  the  different 
implementations  of  the  same  model  used  in  the  benchmarks 
are  briefly  summarized.  A  complete  and  detailed  description 
of  each  model  can  be  found  in  the  references  cited  in  the  text 
below.  The  analytical  solutions  for  cases  1,  2,  and  3  are  first 
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described.  No  analytical  solution  for  case  4  is  discussed.  Ray 
tracing  is  extensively  used  in  atmospheric  sound  propaga¬ 
tion.  Therefore,  next,  three  ray  tracing  based  models  are  de¬ 
scribed.  Third,  the  numerical  models  are  discussed.  These 
include  four  implementations  of  the  FFP  and  two  implemen¬ 
tations  of  the  PE. 


A.  Analytical  wave  solutions 

We  start  with  the  classical  wave  equation  for  the  acous¬ 
tic  pressure:^® 

( "" -4Tr8{x,y,z-z,  ,t),  (3) 

where  S  represents  a  delta-function  source  of  unit  strength, 
c(z)  is  the  speed  of  sound,  and  is  the  height  coordinate  of 
the  source. 

Assuming  simple  harmonic  time  dependence 
exp(  — ziur),  Eq.  (3)  becomes  the  Helmholtz  equation 

iV^  +  k^)p(r,z)=-4TT8(r,z-Zs),  (4) 


where  the  wave  number  k-o)/c{z). 

In  cylindrical  coordinates  (r,^,z)  and  for  cylindrical 
symmetry  so  that  there  is  no  variation  with  the  Helmholtz 
equation  becomes 


Idp 

rdr 


ov  2 

+  ^  +  8{r)S{z-z^, 


(5) 


where  the  source  has  been  assumed  to  be  at  r  =  0. 

Equation  (5)  can  be  solved  with  a  zero-order  Hankel 
transform^®: 


p{r,z) 


(Kr)F{K,z)K  dK, 


(6) 


where  Hq  is  the  Hankel  function  of  the  first  kind  and  of  order 
0  and  P{K,z)  satisfies 

d^P{K,z) 

. ^^2  HkHz)-K^]P{K,z)  =  -S{z-z,).  (7) 

In  Eq.  (7),  K  represents  the  horizontal  component  of  the 
wave  number.  The  function  P{K,z)  must  satisfy  an  imped¬ 
ance  boundary  condition  at  the  ground,  must  be  continuous 
-jX  the  source,  have  a  discontinuous  derivative  with  height  at 
the  source  and  must  satisfy  a  radiation  boundary  condition  at 
large  height. 

Analytical  solutions  for  P(K,z)  can  be  found  when  the 
sound-speed  variation  with  height  is  approximated  by 

c(0) 

c(^)=  +  az)  (8) 

in  the  case  of  downward  refraction  and 


c(0) 

c{z)=  -iv.  ;■ . ^c(0)(l-az) 


(9) 


\Jl  +  2az 

in  the  case  of  upward  refraction.  In  the  above  a  is  defined  by 
dc\ 


c(0)  Uz/  ’ 


and  c(0)  =  Co  is  the  sound  speed  at  the  ground  surface.  As 
noted,  these  profiles  approximate  linear  variations  near  the 
ground. 

If  k''{z)  is  linear,  P{K,z)  can  be  expressed  in  terms  of 
Airy  functions.  Airy  functions  are  desirable  since  they  have 
no  branch  cuts  in  the  complex  plane,  which  simplifies  the 
analysis  and  the  search  for  poles.  To  obtain  the  acoustic  pres¬ 
sure  p{r,z),  the  expression  for  P{K,z)  in  terms  of  Airy  func¬ 
tions  is  substituted  into  Eq.  (6),  the  residue  of  the  integrand 
is  calculated  at  each  pole  of  the  integral,  and  the  results 
summed  to  form  the  total  solution.  Note  that  the  effect  of  the 
ground  impedance  on  these  solutions,  as  well  as  the  effect  of 
the  ground  impedance  on  the  normal  modes  is  discussed  in 
detail  in  Refs.  2  and  3. 


1.  Normal  modes  solutions  for  downward  refraction 
(case  2) 

The  normal  mode  solution^  is  the  residue  series  for  the 
acoustic  pressure  corresponding  to  downward  refraction 
(case  2): 

Hlik„r)Aa{T„+Zs/l)Al{r„+z/l) 

r.[Ai(r„)r-[Ai'(rjr  ’ 

(10) 

where  r„={k\  —  kl)f'  are  the  zeros  of 
Ai'(T^)  +  7Ai(r^)  =  0,  /:o  =  w/c(0)  and  k^  is  the  wave  num¬ 
ber  of  the  «th  mode.  The  abbreviations  are 

y=iikolpc)IZ,  l={rJ2kl)^'\ 

where  Z  is  the  acoustic  impedance  and  is  the  radius  of 
curvature  of  the  ray  paths  (which  are  arc  of  circles  in  the  case 
of  a  linear  profile).  The  downward  refracting  case  does  not 
converge  rapidly  since  the  poles  mostly  lie  close  to  the  real 
axis.  The  number  of  modes  necessary  to  accurately  evaluate 
the  downward  refraction  integral  may  be  approximated  by 

""“■j  /|i|J- 

where /is  the  frequency.  If  the  gradient  expressed  in  Eq.  (8) 
is  truncated  at  a  given  height,  the  series  will  not  contain 
modes  which  are  reflected  from  the  gradient  above  this 
height.  In  most  cases,  the  nth  mode  height,  ,  may  be  ap¬ 
proximated  by  12)1.  At  long  ranges,  the  largest 

contributions  to  the  integral  Eq.  (6)  result  from  poles  of 
P{K,z)  which  arise  from  the  ground  reflected  term.  Hence 
the  solution  is  accurate  at  sufficient  range  for  the  direct  wave 
to  be  negligible  with  respect  to  the  sum  of  the  residues  of  the 
integral. 


l  TT 

p(r,z)=  — 

n 


2,  Residue  series  for  upward  refraction  (case  3) 

The  residue  series  for  the  acoustic  pressure  for  upward 
refraction  (case  3)  is^° 
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P(r,z)=—j-Z  [fid'{b„)f-b„[Ad{b„)y 


(U) 


where  b„=(;fcJ-A:g)/^  exp(2irT/3)  are  the  zeros  of 
yy'(^j+ye2ii7/3^^^^^  =  0.  The  other  quantities  are  the 
same.  The  upward  refracting  case  converges  rapidly  since  the 
absorption  increases  very  rapidly  for  higher-order  poles. 

3.  Homogeneous  medium  (case  1) 

In  the  absence  of  refraction  (case  1),  the  basic  problem 
is  described  in  Fig.  2.  The  sound  emitted  by  a  monopole 
source  S  travels  to  a  receiver  along  a  direct  ray  path  and  a  ray 
path  reflected  from  the  ground  with  a  grazing  angle  ip.  The 
ray  paths  are  straight.  In  this  case  the  solution  to  Eq.  (3)  for 
the  acoustic  pressure  at  the  receiver  can  be  written  in  the 
following  form” 

p{r)  =  [A{Ri)/Ri]txp{ikRi) 

+  (2[A(i?2)/^2]exp(iA:/?2).  (^2) 

where  Ri  and  Ri  are  the  path  lengths  of  the  direct  and  re¬ 
flected  paths  respectively,  and  the  amplitude  A (i?)  accounts 
for  atmospheric  absorption.  The  quantity  Q  is  i  reflection 
coefficient  which  has  been  modified  for  spherical  waves  re¬ 
flecting  from  a  complex  plane  boundary.  A  good  approxima¬ 
tion  for  Q  is 

Q=Rp{i/f)+B[l-Rp(ip)]F{w),  (13) 

where  Rpii//)  is  the  plane-wave  reflection  coefficient  and  the 
boundary  loss  function  F(w)  is  defined  in  terms  of  the  nu¬ 
merical  distance  w  and  complimentary  error  function: 

+  erfc(-/iv).  (14) 

In  Eqs.  (13)  and  (14),  5*«1  is  a  correction  term  close  to 
unity  which  can  be  set  to  unity  at  near  grazing  incidence. 
Expressions  for  Rp{if/),  B,  and  w  in  the  general  case  of  a 
ground  of  extended  reaction  can  be  found  in  Ref.  11. 

For  most  purposes  it  is  sufficient  to  assume  locally  re¬ 
acting  ground  and  to  set  J5  =  1 .  In  this  case 


r 

angle  if/  and  that  Rp^  - 1  when  if/^0.  Further,  for  high  fre¬ 
quencies  Q=Rp> 

B.  Ray  tracing  and  hybrid  solutions 

1.  Inhomogeneous  atmosphere 

The  effects  of  curved  ray  paths  on  the  total  sound  field 
can  be  described  from  general  principles  even  for  complex 
sound  speed  profiles.  Figure  3  illustrates  curved  direct  and 
reflected  ray  paths  for  weak  refraction  in  the  case  of  down¬ 
ward  and  upward  refraction,  respectively.  The  total  path 
lengths  and  R2  are  modified  thus  changing  the  path  length 
difference  between  direct  and  reflected  paths.  More  impor¬ 
tantly,  the  effective  grazing  angle  if/  for  the  reflected  ray  is 
different.  In  the  case  of  downward  refraction,  the  grazing 
angle  for  the  reflected  ray  is  greater  than  in  the  absence  of 
refraction.  This  has  the  consequence  that  the  reflection  coef¬ 
ficient  Riif/)  deviates  further  from  -1,  the  destructive  inter¬ 
ference  between  direct  and  reflected  waves  becomes  less 
complete  and  their  geometrical  interference  is  shifted  to 
higher  frequencies.  In  the  case  of  upward  refraction,  the 
grazing  angle  for  the  reflected  ray  is  smaller  than  in  the  ab¬ 
sence  of  refraction.  The  reflection  coefficient  tends  more  to¬ 
ward  -1,  the  destructive  interference  is  enhanced  and  the 
geometrical  interference  is  shifted  to  lower  frequencies. 

In  the  cases  of  extreme  downward  refraction  or  at  longer 
ranges,  there  are  usually  many  ground  reflected  paths.  There 
is  no  general  ray  tracing  solution  for  this  case.  In  the  case  of 
upward  refraction  at  long  ranges,  the  receiver  can  be  beyond 
the  shadow  boundary  and  according  to  ray  theory  there  is  no 
sound.  In  this  situation,  wave  theory,  or  wave  extensions  ot 
ray  theory  must  be  used. 

The  following  describes  three  models  based  on  ray 
theory.  The  first  model  is  restricted  to  a  single  bounce  but 
assumes  an  arbitrary  sound  speed  profile.  This  model  was 
designed  to  predict  sound  propagation  from  aircraft  and  does 


sin  iff-lIZ 
and 

w^-\ikR2{sin  i/^+l/Z)^, 


(15) 

(16) 


where  Z  is  the  normalized  acoustic  impedance  of  the  ground. 
We  note  that  both  Rp  and  w  are  functions  of  the  grazing 


(b) 


FIG.  2.  Schematic  showing  geometrical  definitions  for  direct  and  reflected 
ray  paths  in  the  absence  of  refraction  (case  1). 


FIG.  3.  Curved  ray  paths  in  the  presence  of  a  (a)  downward  refracting 
atmosphere  (case  2)  and  (b)  upward  refracting  atmosphere  (case  3). 
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not  account  for  multiple  reflections  from  the  ground.  The 
second  model  assumes  a  linear  sound  speed  profile  but  can 
account  for  the  effects  of  multiple  bounces.  The  third  model 
is  an  extension  of  ray  theory  to  account  for  wave  effects. 

2,  The  single  bounce  arbitrary  profile  model 

In  the  cases  of  mild  downward  or  upward  refraction,  the 
model  ASOPRAT^^  uses  a  raytrace  program  to  obtain  the 
total  path  lengths,  Ri  and  Rj,  and  the  grazing  angle.  Also, 
propagation  constant  and  attenuation  coefficients  are  com¬ 
puted  from  the  raytrace  program  information  about  the  paths 
and  /?2.  These  calculated  total  path  lengths  and  modified 
grazing  angle  are  then  used  in  Eqs.  (15)  and  (16)  and  the 
resulting  numerical  distance  and  reflection  coefficient  are 
used  to  calculate  the  total  field  using  Eq.  (12). 

When  there  is  strong  downward  refraction  or  at  long 
ranges  where  there  are  multiple  reflected  ray  paths,  ASO- 
PRAT  only  accounts  for  one  reflected  path.  The  shortest 
ground-reflected  path  for  R2  is  chosen  since  it  is  usually 
strongest  in  amplitude.  The  reflected  paths  that  strike  the 
ground  more  than  once  are  disallowed  under  the  assumption 
that  ground  reflections  produce  a  loss  in  amplitude  and  co¬ 
herence  and  paths  with  fewer  reflections  usually  have  larger 
amplitudes. 

In  ASOPRAT,  the  atmosphere  is  divided  into  horizontal 
layers  which  have  different  values  of  sound  speed.  The 
sound  speed  and  wind  speed  are  assumed  to  vary  linearly 
with  height  between  interfaces.  This  assumption  permits  so¬ 
lution  of  the  acoustic  ray  equation  in  closed  form  but  can 
sometimes  lead  to  false  caustics  caused  by  sound  speed  slope 
discontinuities.  An  image  atmosphere  has  also  been  inserted 
so  reflected  eigenrays  can  be  treated  as  direct  eigenrays. 

For  horizontally  stratified  media,  the  ray  paths  are  given 
by  Snell’s  law, 

cos  0{z)  cos  Os  ,  , 

- ^  =  (17) 

where  is  the  sound  speed  at  the  source  and  ^  is  a  constant. 
The  initial  angle  measured  from  horizontal  is  Os  with 
upward-sloping  rays  having  positive  launch  angles.  If  the 
sound  speed  gradient  is  constant  {g=dcldz),  the  ray  paths 
are  arcs  of  circles  with  radius  of  curvature  r^=  1/^g. 


3.  The  multiple  bounce  linear  profile  model 

This  heuristic  raodel^^  assumes  that  many  realistic  sound 
speed  profiles  can  be  approximated  by  a  linear  sound  speed 
profile.  The  assumption  of  a  linearly  varying  sound  speed 
profile  permits  solutions  of  the  acoustic  ray  equations  in 
closed  form.  In  the  case  of  weak  refraction  there  is  the  direct 
ray  path  and  one  reflected  ray  path  (Fig.  3)  and  one  can 
calculate  the  effective  geometrical  parameters  of  these  two 
rays.  In  Eq.  (12),  the  geometrical  interference  resulting  from 
the  path  length  difference  between  direct  and  reflected  rays  is 
represented  by  k(R2-Ri)^  However,  because  the  sound 
speed  varies  with  the  height,  the  wave  number  k  is  not  con¬ 
stant  over  all  the  rays.  To  consider  such  phenomena,  the 
model  uses  the  difference  in  the  travel  times  between  the 


rays  instead  of  the  difference  in  path  lengths.  Applying  Eq. 
(12),  the  mean  square  sound  pressure  becomes 

,,  ,  /!(/!,)“ 

— 

Xcos[2ir/(T2-Ti)+Arg((2)],  (18) 


where  and  T2  are  the  effective  travel  times  for  R^  and  R2 
computed  using  equations  found  in  Ref.  13. 

In  the  presence  of  a  strong  positive  sound  speed  gradi¬ 
ent,  and/or  for  larger  propagation  distances,  additional  rays 
that  go  through  n  reflections  on  the  ground  appear  between 
the  source  and  the  receiver.  These  additional  rays  can  be 
determined  using  the  following  4th  order  equation 

n{n  +  l)x*-{2n^\)Rx^  +  [b]-\-{2n}-l)b]+R^^x^ 

-{2n-\)b]Rx  +  n{n-\)b*  =  Q,  (19) 


where  f)?  =  (z,/fl)(2  +  az,)  for  i=s  orrandi?  is  the  horizon- 
tal  distance  between  source  and  receiver.  In  Eq.  (19),  n  is  the 
number  of  reflections  and  the  unknown  x  is  the  horizontal 
distance  between  the  source  and  the  first  reflection  on  the 
ground.  This  equation  must  be  solved  successively  from 
«  =  0, 1,2,3,...  (the  number  of  reflections  on  the  ground), 
until  there  is  no  real  solution  for  x,  i.e.,  as  long  as  0<x<R. 
In  presence  of  a  positive  gradient,  there  is  at  least  one  direct 
ray  (for  n  =  0)  and  one  reflected  ray  (for  n  —  1).  When  the 
receiver  moves  closer  to  the  ground  and  further  from  the 
source,  or  when  the  gradient  increases,  the  complex  conju¬ 
gate  of  the  roots  may  become  real,  which  means  that  addi¬ 
tional  reflected  rays  have  to  be  considered.  For  n  =  2,  two 
additional  reflected  rays  may  appear,  and  for  ai>2,  four  ad¬ 
ditional  reflected  rays  may  appear  for  each  n. 

Defining  N  as  the  total  number  of  rays  reaching  the  re¬ 
ceiver  (including  the  direct  ray),  the  total  sound  pressure  at 
the  receiver  can  be  calculated  by  summing  up  the  contribu¬ 
tions  of  all  the  N  rays  involved.  This  is  done  in  the  model 
using  the  following  expression. 


,,  ,  ^  AMAjlQjl 


t  =  l 


1=2 /=1 


XCOS 


(20) 


where  i—1  denotes  the  direct  ray,  and  therefore  0x  =  l.  A^* 
represents  the  standard  attenuation  of  a  single  ray  due  to 
atmospheric  absorption,  computed  using  the  refracted  length 
of  the  path,  is  the  travel  time  of  the  ray,  Qi  is  the 

equivalent  reflection  coefficient  on  the  ground  of  this  ray 
calculated  with 


(21) 

where  tf/i  is  the  angle  of  reflection  on  the  ground,  and  rii  is 
the  number  of  reflections. 

The  case  of  a  weak  sound  speed  gradient  is  therefore 
defined  by  putting  A^=  2;  in  this  case  there  is  only  one  direct 
and  one  reflected  ray,  and  Eq.  (20)  reduces  to  Eq.  (18). 
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4.  Gaussian  beam  approach 

The  basic  concept  of  the  theory  is  to  launch  a  fan  of 
beams  from  the  source  and  to  trace  the  propagation  of  these 
beams  through  the  medium.  The  wave  equation  is  solved  in 
the  immediate  vicinity  of  each  ray  and  the  acoustic  pressure 
at  a  receiver  is  obtained  by  summing  the  contribution  of  each 
of  the  individual  beams.  The  solution  is  everywhere  umform 
thus  removing  the  singularities  at  caustics  found  in  the  tra¬ 
ditional  ray  tracing  methods.  The  procedure  is  not  sensitive 
to  the  exact  details  of  the  medium  since,  contrary  to  ray 
methods,  the  Gaussian  beam  provides  a  local  averaging.  It  is 
not  necessary  to  find  the  rays  that,  exactly  intercept  the  re¬ 
ceiver,  thus  reducing  computation  time. 

The  first  step  of  the  Gaussian  beam  method  is  to  solve 
the  classical  ray  equations  to  obtain  the  central  ray  of  the 
beam: 

^=V,+[k/|^l].c  (22) 


277 

and 

^=cis)piis),  (20) 

where  c„„=ci^c(s)ldn^  denotes  the  second  normal  deriva- 
tive  of  the  sound  speed  c(s).  The  condition  that  ^2^0  in  Eq. 
(28)  guarantees  that  the  energy  is  localized  in  the  vicinity  oi 
the  central  ray.  Equations  (29)  and  (30)  are  solved  step  by 
step  along  each  ray  by  standard  numerical  techniques  in  the 
same  way  as  the  ray  equations.  The  choice  of  the  Gaussian 
beam  parameter  e  and  the  initial  condition  at  j = 0  in  the  case 
of  atmospheric  sound  propagation  are  discussed  in  Ref.  15. 

The  third  step  of  the  Gaussian  beam  method  is  a  super¬ 
position  of  all  Gaussian  beams  passing  in  the  neighborhood 
of  the  receiver.  We  designate  a  as  the  launch  angle  of  a  ray 
with  respect  to  an  arbitrary  axis  passing  through  the  source. 
The  total  field  at  a  point  located  at  the  receiver  is 


^  =  -  litigrad  c -  2  grad  V* ,  (23) 

at 


where  V*  is  the  vector  wind  speed,  k  is  the  wave  number,  c  is 
the  speed  of  sound,  r  is  the  position  vector  along  the  ray,  and 
didt  is  the  derivative  with  respect  to  time.  These  equations 
can  be  solved  by  standard  numerical  techniques  or  analyti¬ 
cally  in  the  case  of  a  linear  profile. 

The  second  step  of  the  Gaussian  beam  method  is  to 
solve  the  wave  equation  locally  in  ray-centered  coordinates 
using  the  parabolic  approximation.  The  ray-centered  coordi¬ 
nate  system  is  an  orthogonal  curvilinear  system  that  follows 
a  particular  ray.  In  a  two-dimensional  medium,  the  ray  cen¬ 
tered  coordinates  can  be  specified  by  the  unit  vector  t  tangent 
to  the  ray  in  the  (x,2)  plane  and  the  unit  vector  n  normal  to 
the  ray.  In  the  case  of  a  point  source,  the  solution  of  the  local 
parabolic  equation  (see  Sec.  II D)  is*^ 


u{s,n,<x>) 


c(s)g(s)l 


Xexp{-ico[T(s)+  iM(s)n^]},  (24) 


where  s  is  the  distance  along  the  central  ray  from  the  source 
and  n  represents  the  length  in  a  direction  perpendicular  to  the 
ray  at  5,  c(s)  is  the  sound  speed,  t(s)  is  the  travel  time  along 
the  central  ray,  and  the  function  M(5)  is  given  by 


M(s)=p{s)/q{s), 

(25) 

where 

p(5)  =  epj(5)+P2(^). 

(26) 

9(j)  =  «9i('^)'''92(^)« 

(27) 

and 

£=61  +  162,  62^0- 

(28) 

The  complex  number  e  is  the  Gaussian  beam  parameter  and 
{Pt,  are  the  two  real,  independent  solutions  of 

the  following  ray  tracing  system 


p(r, cj)=j  (fi(a,a))u(s,/7,co)Ja,  (31) 

where  (p(a,a})  is  the  weight  function  determined  by  expand¬ 
ing  the  wave  field  at  the  source  and  matching  the  high  fre¬ 
quency  asymptotic  behavior  of  the  integral  in  Eq.  (31)  to  the 
exact  solution  for  the  source  in  a  homogeneous  medium. 


C.  FFP  models 


f.  Introduction 


The  fast  field  program  (FFP)  technique  was  developed 
for  the  prediction  of  underwater  sound  propagation  and 
has  been  adapted  to  propagation  in  the  atmosphere  by  several 
authors.  Four  such  adaptations  are  called  CERL-FFP,  * 
CFFP,^  SAFARI,^^  and  FFLAG.^ 

Full  details  of  there  adaptations  will  not  be  given  here. 
Descriptions  will  be  limited  to  outlines  of  basic  formulations 
TJnrtiiAr  infnrmfltinn  nn  Standard  FFP  meth¬ 


ods  may  be  found  in  two  tutorial  articles.^^’^  Fast  field  pro¬ 
grams  permit  the  prediction  of  sound-pressure  level  in  a  hori¬ 
zontally  stratified  atmosphere  at  an  arbitrary  point  on  or 
above  a  flat  continuous  ground,  with  range-independent 
properties,  from  a  point  source  somewhere  in  the  same  half 
space.  They  allow  specification  of  effective  sound  speed  as 
arbitrary  functions  of  height  above  the  ground. 

The  basis  of  the  FFP  method  is  to  work  numerically 
from  exact  integral  representations  of  the  sound  field  within 
each  layer  in  terms  of  coefficients  that  may  be  determined 
from  boundary  conditions.  The  method  gets  its  name  from 
the  discrete  Fourier  transform  used  to  evaluate  these  inte¬ 


grals. 


2.  Basic  formulation 

By  taking  the  Hankel  transform  of  Eq.  (5)  it  is  possible 
to  remove  the  r  dependence.  Writing  the  zero  order  Hankel 
transform  of  p  and  its  inverse  as 
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p{r,z)=^  f  P(K,z)Jo{Kr)K  dK 
Jo 

and 

P{K,z)  =  rp{r,z)Jo{Kr)r  dr  (32) 

Jo 

it  is  possible  to  obtain 

^  +  ilcHz)-K'^]P=-2diz-Zs),  (33) 

where  K  is  the  horizontal  wave  number. 

Equation  (33),  known  as  the  height  (or  depth)-dependent 
transformed  wave  equation,  reduces  the  problem  to  one  that 
is  one  dimensional  and  forms  the  starting  point  of  the  FFP  or 
Green’s  function  method.  The  solution  (P(K,z))  to  Eq.  (33) 
is  the  sum  of  a  particular  solution  (P(K,z))  and  any  linear 
combination  of  the  two  independent  solutions  [P'^(K,z)  and 
P'^(K,z)]  to  the  corresponding  homogeneous  equation 
(where  the  right-hand  side  is  zero).  Hence 

P{K,z)^P{K,z)+A-(K)P-{K,z)+A'^(K)P^iK,z), 

(34) 

where  A  “(A')  and  A ‘'’(A’)  are  arbitrary  coefficients  to  be 
determined  from  the  boundary  conditions.  The  most  conve¬ 
nient  choice  for  the  particular  solution  is  the  field  produced 
by  the  source  or  sources  in  the  absence  of  boundaries.  When 
the  unknown  coefficients  have  been  found,  the  total  field  at 
angular  frequency  co  is  found  at  any  range  r  by  carrying  out 
the  inverse  Hankel  transform  according  to  Eq.  (32). 

The  various  FFP  methods  differ  initially  according  to 
whether  the  sound  speed  gradient  within  each  layer  is  as¬ 
sumed  to  be  zero  (as  in  the  CERL-FFP  and  FFLAGS)  or 
constant  (as  in  CFFP  and  SAFARI).  The  form  assumed  for 
the  transformed  pressure  potential  within  homogeneous  lay¬ 
ers,  (f>(K,Z)y 

(f){K,z)  =A -e-^^^-hA  (35) 

and  within  constant  gradient  layers  in  which 

c(z)  =  [l/p(az  +  b)]''^, 

^(K,z)^A-^AiU)+A-BiU),  (36) 

where  Ai  and  Bi  are  Airy  functions  of  the  first  and  second 
kind,  respectively,  and  ^  is  a  transformed  height  variable. 

CERL-FFP  and  CFFP  treat  the  ground  surface  as  an  im¬ 
pedance  boundary,  while  SAFARI  allows  the  ground  to  be 
layered  and  elastic  and  FFLAGS  permits  ground  layering, 
elasticity  and  porosity.  Consequently  SAFARI  introduces 
two  potentials  in  the  form  of  Eq.  (36)  in  each  elastic  ground 
layer  and  FFLAGS  introduces  three  potentials  in  the  form  of 
Eq.  (35)  in  each  porous  and  elastic  ground  layer.  Boundary 
conditions  are  solved  to  determine  the  unknown  coefficients. 
CERL-FFP  and  CFFP  use  a  transmission  line  method^"^  to  do 
this  whereas  FFLAGS  and  SAFARI  use  a  global  matrix 
method.^^ 

After  application  of  the  appropriate  number  of  boundary 
conditions  to  determine  the  unknown  coefficients  it  remains 
to  evaluate  the  Hankel  transform  integrals  of  the  form  of  Eq. 


(32).  Typically  the  Bessel  function  is  replaced  by  the  sum  of 
two  Hankel  functions  and  the  outgoing  wave  Hankel  func¬ 
tion  is  replaced  by  its  asymptotic  form. 

This  results  in  integrals  of  the  form 

G(r,z)=  rg(^.z)e-‘^''^/K  dK.  (37) 

V  2 Trr  jo 

The  indefinite  integrals  are  then  replaced  by  finite  sums  us¬ 
ing  discrete  Fourier  transforms.  If  the  maximum  value  of 
wave  number  in  the  sum  is  ^  discrete  values  of  K 

are  introduced,  then  the  wave  number  intervals  are  given  by 
AK=K^^^/(N-1)  and  correspond  to  range  intervals  Ar 
so  for  example, 

N-l 

p{r„  ,z)  =  2(1  -  0  E 

n  =  0 

(38) 

where  K^^riLK  and  r^  =  mAr  (or  ro  +  /nAr,  where  Tq  is 
the  desired  starting  range).  Various  numerical  difficulties  fol¬ 
low  from  the  truncation  of  the  integral  to  a  finite  sum  and 
from  the  behavior  of  the  integrand.  For  a  detailed  discussion 
of  these  see  Refs.  21  and  22. 

Different  methods  of  dealing  with  these  difficulties  are 
used  in  CERL-FFP  and  in  SAFARI  or  FFLAGS.  In  the  FFT 
implementations  employed  in  CERL-FFP,  SAFARI,  and 
FFLAGS,  the  relationship  LK^r-lTriN  must  hold.  This 
does  not  allow  the  user  to  specify  the  desired  range  points 
independently  of  the  step  sizes  used  for  the  horizontal  wave 
number  K  (i.e.,  the  frequency  range).  CFFP  uses  the  follow¬ 
ing  range  intervals 

^r=2n‘n|K^,  (39) 

where  n  is  any  real  number  and  evaluates  the  sums  in  Eq. 
(38)  by  means  of  the  chirp-z  transform.^^  This  allows  free¬ 
dom  both  to  select  the  desired  ranges  and  to  decrease  the  LK 
adaptively  for  accurate  evaluation  of  the  integral  transform 
without  changing  the  output  range  values. 


3.  Execution  times  (CPU  times) 

It  is  beyond  the  scope  and  purpose  of  this  paper  to  pro¬ 
vide  a  detailed  discussion  of  computational  effort  since  each 
code  has  been  run  under  different  conditions  on  different 
machines.  Nonetheless  the  following  qualitative  remarks  can 
be  made.  The  CPU  time  is  directly  proportional  to  the  num¬ 
ber  of  integration  points  and  therefore  the  CPU  time  is  al¬ 
most  proportional  to  the  range.  Increasing  the  frequency  re¬ 
quires  that  the  integration  limit  be  increased  and  therefore 
one  has  to  increase  the  number  of  integration  points  to  obtain 
a  given  range.  Thus  in  an  indirect  way  the  frequency  also 
influences  the  CPU  time.  The  CPU  time  also  depends  on  the 
number  of  air  layers  (and  ground  layers  for  FFLAGS)  used 
in  the  FFP.  Increasing  the  number  of  layers  requires  more 
CPU  time  for  evaluation  of  the  height-dependent  Green’s 
function.  Typically  the  codes  takes  minutes  to  run  on  a  fast 
workstation. 
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D.  PE  models 
7.  Introduction 

The  parabolic  equation  (PE)  method  has  been  a  very 
useful  technique  for  solving  a  variety  of  wave  propagation 
problems.  It  has  been  used  in  optics  and  electromagnetic 
studies, seismic  prediction  problems,^^  underwater 
acoustics,^  and  more  recently  in  atmospheric  sound 
propagation.^’^^"^^  The  technique  employs  an  assumption 
that  wave  motion  for  a  particular  problem  is  always  directed 
away  from  the  source  or  that  there  is  very  little  backscatter- 
ing.  The  advantage  in  making  this  assumption  is  that  it  re¬ 
duces  a  boundary  value  problem  to  an  initial  boundary  value 
problem  that  results  in  a  differential  equation  that  is  often 
much  easier  to  solve. 

Several  PE  methods  have  been  developed  for  outdoor 
sound  propagation,  with  many  similarities  between  them. 
Departures  from  the  usual  atmospheric  model  include  sound 
propagation  over  ground  whose  impedance  varies  with 
range,^^  sound  propagation  over  a  large  ridge,^^  propagation 
through  large-scale  turbulence^  and  through  randomly  inho¬ 
mogeneous  media.^^  In  this  paper,  we  compare  results  from 
two  PE-type  models  for  the  four  benchmark  cases. 


2.  Basic  formulation 

Here  we  present  some  important  steps  in  the  derivation 
of  the  PE.  Precise  details  of  the  derivation  may  be  found  in 
the  many  references  cited  above.  The  boundary  condition  at 
the  ground  surface  (assuming  flat  ground)  is  the  local  reac¬ 
tion  condition: 


dz 


+  ik/3p\  =0, 


z^O 


(40) 


where  ^  is  the  complex  surface  admittance,  which  has  been 
normalized  by  the  characteristic  impedance  (pc)  of  the  air 
just  above  the  surface;  i.e.,  )S=1/Z  where  Z  is  the  specific 
acoustic  impedance  of  the  ground  divided  by  pc.  Proceeding 
with  Eq.  (5),  the  change  of  variables  U—pr^^^  and  the  far- 
held  assumption  (kr$>l)  lead  to  the  well-known  Helmholtz 
wave  equation  for  the  field  U  in  two  dimensions  (r,z): 


dr^ 


+ 


+k‘^U=Q. 


(41) 


Let  Q  denote  the  operator  in  the  last  two  terms  of  Eq.  (41); 
that  is 


(42) 


Assuming  k  to  be  independent  of  range,  Eq.  (41)  can  be 
written 


The  factors  represents  propagation  of  incoming  and  outgoing 
waves  respectively,  if  we  use  a  time  dependence  exp(-“ia>/). 
Considering  only  the  outgoing  wave  Eq.  (43)  reduces  to 


dU  rr 

—  ^iylQU.  (44) 
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Most  implementations  of  the  PE  can  be  traced  back  to  Eq. 
(44).  The  approach  for  advancing  the  field  in  range  is  the 
point  of  departure  for  the  two  PE  methods  we  describe.  The 
software  implementation  of  the  two  approaches  are  called  the 
FINITE-PE^^®  and  FAST-PE,^^  respectively. 

The  FTNITE-PE  method  numerically  integrates  the  dif¬ 
ferential  equation  using  a  Crank-Nicolson  approach.  The 
operator  is  cast  in  the  form  of  a  rational  Pade 
expansion^^  for  small  argument  q.  That  is,  we  write  as 
k^yfr+^y  where  q-iQ/kl-l),  and 

(45) 

1  +  jq 


The  wave  number  Atq  is  chosen  as  some  constant,  mean  value 
ofik(z). 

The  FAST-PE  uses  a  Green’s  function  approach  and  a 
split  operation  that  factors  propagation  effects  into  an  opera¬ 
tor  for  a  homogeneous  medium  and  another  operator  for 
propagation  through  the  inhomogeneous  perturbation.  The 
operator  is  evaluated  using  a  spectral  decomposition, 
leading  naturally  to  a  Green’s  function  implementation 
which,  besides  being  relatively  easy  to  compute,  directly  in¬ 
corporates  boundary  conditions  such  as  finite  ground  imped¬ 
ance.  Defining  Qq  =  Q—  Sk^,  where  Sk^-k^{z)  —  kl  and  us¬ 
ing  an  expansion  for  gives 


Sk^ 

2ka' 


(46) 


This  results  in  the  so-called  split  step  approximation. 


3.  Notes  on  Implementation 

The  FINITE-PE  uses  a  spacing  between  points  of  l/k^ 
on  its  computational  grid  in  height  and  the  same  spacing  for 
range  step  intervals.  A  very  small  spacing  was  chosen  near 
the  ground  to  correctly  match  the  boundary  conditions.  A 
Gaussian-shaped  amplitude  function  was  used  to  model  the 
source  and  its  image  in  the  ground,  as  a  starting  field  for  the 
model.  The  amplitude  of  the  image  Gaussian  was  modified  to 
satisfy  the  reflection  coefficient  at  the  ground.  The  wave 
number  was  made  to  be  complex-valued  to  accommodate 
loss  in  the  media.  An  absorbing  layer  approximately  30 
wavelengths  thick  was  used  to  attenuate  reflections  from  the 
upper  boundary,  and  correctly  simulate  radiation  boundary 
conditions  at  infinity.  The  vertical  grid  height  was  fixed  to 
either  500  or  1000  m,  to  ensure  that  no  unwanted  signals 
would  arrive  at  the  receiver,  following  the  45-deg  beamwidth 
of  the  wide-angle  PE. 

In  the  FAST-PE,  all  of  the  range-stepping  is  accom¬ 
plished  via  an  FFT  algorithm  applied  to  the  vertical  field  at 
each  step.  The  computational  grid  must  be  of  equal  spacing 
in  height  to  satisfy  constraints  placed  on  the  computation  by 
the  FFT.  Since  the  boundary  condition  is  modeled  explicitly 
in  the  algorithm  (there  are  explicit  terms  for  the  field  re¬ 
flected  from  the  ground),  the  grid  size  is  not  limited  to  a 
minimum  spacing  that  might  be  needed  to  model  the  large 
variation  of  the  field  close  to  the  boundary.  Thus,  the  range 
step  size  may  be  considerably  larger  than  the  FINITE-PE 
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(however,  to  accurately  track  rapid  deterministic  spatial 
variations  in  the  medium,  the  FAST-PE  generally  must  use 
reduced  range  and  height  steps,  as  must  the  FINITE-PE).  An 
absorbing  layer  of  30  wavelengths  and  fixed  grid  height  was 
also  used  in  the  FAST-PE. 

4.  Execution  time  (CPU  time) 

On  one  computer  we  used,  the  finite-PE  computational 
time  rose  according  to  the  square  of  frequency  and  the  square 
of  the  range  of  the  most  distant  receiver.  This  was,  of  course, 
to  be  expected  from  the  equal  height  and  range  spacing  and 
the  placement  of  the  top  boundary.  The  short-range,  low- 
frequency  cases  usually  ran  faster  with  the  finite-PE  than 
with  the  CERL-FFP  model  we  tested.  On  the  other  hand, 
there  was  generally  not  enough  computational  time  available 
to  complete  the  long-range  high-frequency  cases,  using  the 
finite-PE. 

On  another  computer  the  FAST-PE  and  FINITE-PE  were 
exercised  on  the  test  cases  and  the  run  times  were  logged.^^ 
For  a  constant  sound  speed  (case  1)  the  FAST-PE  calculation 
was  400,  90,  and  80  times  faster  than  the  FINITE-PE  at 
1000, 100,  and  10  Hz,  respectively.  The  speed  advantage  was 
essentially  the  same  for  upward  refraction  (case  3):  450, 120, 
and  80  times  faster,  respectively,  at  1000,  100,  and  10  Hz. 
For  downward  refraction  (case  2)  and  ducted  propagation 
(case  4)  the  speed  advantage  was  somewhat  less.  For  case  2, 
at  1000,  100,  and  10  Hz  the  FAST-PE  speed  advantage  was 
163,  40,  and  86,  respectively.  For  ducted  propagation  (case 
4)  and  the  same  three  frequencies  the  speed  advantage  was, 
respectively,  70,  44,  and  81. 

IV.  RESULTS 

From  a  practical  point  of  view,  downward  refraction 
(case  2)  represent  propagation  conditions  for  which  large  de¬ 
tection  ranges  are  possible.  Further,  agreement  between  the 
various  models  and  experimental  data  is  generally  good  for 
downward  refraction.  On  the  other  hand,  although  upward 
refraction  (case  3)  is  as  commonly  occurring,  detection 
ranges  are  shorter  and  the  agreement  of  the  models  with 
experimental  data  is  not  good  (for  example,  see  the  data  in 
Ref.  30).  There  is  no  analytical  solution  for  ducted  propaga¬ 
tion  (case  4)  and  an  isovelocity  (homogeneous)  medium 
(case  1)  is  rarely  achieved.  For  these  reasons,  we  only  pro¬ 
vide  here  a  complete  discussion  of  all  the  models  for  case  2. 
This  is  followed  by  a  detailed  discussion  of  all  four  cases  for 
the  FFP  and  PE. 

A.  Case  2;  200  m,  1 00  Hz 

Case  2  for  a  horizontal  propagation  distance  of  200  m 
and  a  frequency  of  100  Hz  has  been  selected  for  a  detailed 
comparison  of  results.  All  the  methods  are  applicable  to  this 
problem  and  all  the  wave  solution  equations  perform  best  for 
lower  frequencies.  This  case  corresponds  to  propagation  at  a 
relatively  short  distance  under  downward  refraction  condi¬ 
tions.  In  the  real  world,  this  situation  is  expected  to  be  rela¬ 
tively  insensitive  to  atmospheric  turbulence.  Equation  (19) 
predicts  that  there  should  only  be  one  ground  reflected  ray. 


FIG.  4.  Transmission  loss  versus  range  for  case  2,  200  m,  100  Hz,  obtained 
from  all  the  models  except  SAFARI  FFP. 

1.  Normai  mode  soiution 

The  discrete  normal  mode  solution  [Sec.  II A  1,  Eq. 
(10)]  for  a  sound  speed  gradient  represented  by  Eq.  (8)  for 
the  impedance  of  Eq.  (2)  is  displayed  in  Fig.  4  for  100  Hz 
and  ranges  up  to  200  m.  Note  that  Eq,  (8)  represents  a  linear 
profile  for  az  small,  but  becomes  infinite  at  z=  l/2a  and  that 
the  solution  does  not  contain  the  direct  wave.  For  this  reason 
the  discrete  normal  mode  solution  will  not  be  accurate  near 
the  source.  At  long  ranges,  the  direct  wave  decays  spheri¬ 
cally  while  the  modes  decay  cylindrically  so  that  the  direct 
wave  is  negligible. 

2.  Ray  tracing  soiutions 

The  same  curve  as  Fig,  4  is  also  obtained  from  the  single 
bounce  ray  tracing  model  (Sec.  II B  2).  The  single  bounce 
model  is  a  hybrid  that  uses  ray  tracing  to  obtain  the  total  path 
length  of  direct  and  reflected  ray  and  the  grazing  angle.  In 
general  the  ray  tracing  is  not  restricted  to  any  particular  form 
of  atmospheric  profile.  The  resulting  grazing  angle,  when 
used  in  Eqs.  (12)-(16),  modifies  the  phase  of  the  reflected 
ray  and  in  turn  modifies  the  transmission  loss.  The  imped¬ 
ance  was  calculated  using  Eq.  (2). 

The  same  curve  as  in  Fig.  4  is  also  obtained  using  the 
multiple  bounce  model  [Sec.  II B  3,  Eq.  (20)].  The  multiple 
bounce  model  is  also  a  hybrid  model  that  assumes  at  the 
onset  a  linear  sound  speed  profile  and  therefore  derives  the 
modified  path  lengths  and  grazing  angle  from  analytical 
equations.  For  case  2,  both  hybrid  models  yield  the  same 
results  since  only  one  reflection  occurs  [N=2  in  Eq.  (20)]. 

The  Gaussian  beam  solution  [Sec.  II B  4,  Eq.  (31)] 
yields  a  curve  that  is  indistinguishable  from  the  one  in  Fig.  4. 
This  is  expected  since,  in  the  case  of  a  single  reflection,  there 
are  no  singularities  where  conventional  ray  tracing  would 
fail. 

3.  CERL  FFP 

The  curve  in  Fig.  4  is  also  obtained  from  the  CERL  FFP 
solution  [Sec.  II  C  2,  Eq.  (35)  with  the  ground  surface  as  an 
impedance  plane].  In  using  the  CE;  r-FP,  only  the  number 
and  distribution  of  sound  speed  laye;;.,  the  extra  loss  and  the 
number  of  integration  points  were  varied.  Default  values  for 
other  parameters  (Kmax,  layer  cutoff  tolerance,  and  number 
of  points  per  FFT)  were  used.  Sufficient  layering  to  represent 
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no.  5.  Transmission  loss  versus  range  for  case  2,  200  m,  100  Hz,  obtained 
firom  SAFARI  FFP. 

the  sound  speed  profile  and  sufficient  number  of  sampling 
points  to  represent  the  integrand  were  provided.  The  number 
of  layers  and  number  of  sampling  points  were  continually 
adjusted  where  possible  to  achieve  convergence  of  the  TL 
within  0.5  dB.  The  run  time  for  convergent  solutions  was 
minimized  and,  given  convergence,  the  extra  loss  was  mini¬ 
mized.  Finally,  the  layer  thickness  was  2.5  m,  with  a  100  m 
isospeed  cap. 


4.  CFFP 

The  CFFP  solution  [Sec.  II C  2,  Eq.  (36)  with  the  ^ound 
surface  as  an  impedance  plane]  was  implemented  using  12 
layers  and  a  cap  of  12  m.  The  artificial  attenuation  used  to 
move  poles  off  the  integration  path  was  1X10  Np/m.  For 
this  case,  64  k  points  were  required.  The  resulting  curve  is 
indistinguishable  from  the  one  in  Fig.  4. 


5.  FFLAG  FFP 

For  this  implementation  [Sec.  11 C  2,  Eq.  (35)  for  a  po- 
roelastic  ground  surface]  the  atmosphere  is  modeled  by  a  12 
layer  system  each  about  1  m  thick.  The  air  density  is  calcu¬ 
lated  by  assuming  that  p=i}/c^  and  the  constant  of  propor¬ 
tionality  V  is  calculated  by  substituting  the  surface  values  of 

&n(i  c  Q  •  ^ 

The  complete  parameter  set  given  in  Table  I  is  used  to 

model  the  ground  as  a  thick  porous  elastic  layer  over  a  po¬ 
rous  elastic  half-space.  However,  for  this  parameter  set,  the 
predictions  are  expected  to  be  indistinguishable  from  those 
over  a  rigid  porous  half-space  and  the  resulting  curve  is  in¬ 
distinguishable  &om  the  one  in  Fig.  4. 


6.  SAFARI  FFP 

This  implementation  [Sec.  11 C  2,  Eq.  (36)  for  an  elastic 
surface,  i.e.,  porosity  is  not  included]  characterizes  the 
ground  by  compressional  and  shear  wave  velocities  and 
compressional  and  shear  wave  attenuation  from  the  relevant 
parameters  listed  in  Table  I.  The  result  is  the  curve  in  Fig.  5. 
In  the  calculation  the  wave  number  spectrum  is  limited  to  a 
4096  samples  FFT  length.  The  wave  number  resolution  Ak 
and  spatial  resolution  Ar  are  linked  by  minimum  phase  ve¬ 
locity:  e.g.,  Ak=2nflc^  (m"'),  Ar=c^Jf  (m)  and 
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(m),  where /=frequency,  c„i„=minimum  phase 
velocity,  M =number  of  range  intervals  and  J?n,„-maximum 

As  the  range  increases  to  200  m,  SAFARI  predicts  less 
transmission  loss  than  the  normal  mode  or  ray  tracing  solu¬ 
tions  because  SAFARI  assumes  a  nonporous  elastic  soil.  In 
fact  for  ranges  less  than  200  m,  the  transmission  loss  is  close 
to  geometric  spreading  and  the  inversion  does  not  affect  the 
loss  until  larger  distances  at  this  frequency. 

7.  The  FINITE  PE 

The  result  of  the  FINITE  PE  calculation  [Sec.  II D  1, 
Eq.  (45)  with  the  ground  surface  as  an  impedance  plane]  is 
indistinguishable  from  the  curve  in  Fig.  4.  The  range  and 
height  step  sizes  were  both  0.547  m  (usually  equal  to  < 
length),  the  upper  edge  of  the  field  array  w^  equal  to  ^  m, 
and  the  total  number  of  grid  points  needed  in  each  field  array 
was  730. 


ft  FAST-PE 

The  numerical  implementation  of  the  FAST-PE  {Sec. 
ni  D  2,  Eq.  (46)  with  the  ground  surface  impedance  plane] 
on  a  computer  requires  the  computation  of  a  forward  and 
inverse  Fourier  transform.  For  efficiency,  a  fast  Fourier  trans¬ 
form  (FFT)  is  used.  A  numerical  Fourier  transform  requires 
finite  limits  on  the  integration.  The  lower  end  of  the  trans¬ 
form  is  tmncated  at  the  ground  while  the  upper  limit  is  trun¬ 
cated  at  a  height  which  is  defined  as  z,op.  The  calculated 
results  are  also  indistinguishable  from  the  curve  in  Fig.  4  but 
took  less  time  to  compute  than  the  FINITE  PE  employing  a 
Crank  Nicolson  method.  A  complete  discussion  of  the  speed 
advantage  of  FAST  PE  is  found  in  Ref.  31  where  run  times 
were  logged  for  the  FAST-PE  and  FINITE-PE  on  the  same 
computer. 


ft  Summary 

In  summary,  at  this  short  range,  all  the  models  (except 
SAFARI)  agree  to  within  the  thickness  of  the  line  when  the 
same  set  of  parameters  are  used  as  input  data.  The  curve 
obtained  from  SAFARI,  predicts  less  transmission  loss  than 
the  other  models  because  of  the  assumption  of  an  elastic  soil 
with  no  porosity.  Finally,  although  FFLAG  also  assumes  an 
elastic  soil,  the  addition  assumption  of  porosity  leads 
FFLAG  to  agree  with  models  that  assume  the  ground  surface 
as  an  impedance  plane. 


B.  Case  2;  10  000  m,  100  Hz 
1.  Normal  mode  solution 

The  curve  in  Fig.  6  is  obtained  for  case  2,  /— 100  Hz  up 
to  a  range  of  10  000  using  the  normal  mode  solution,  Eq. 
(10).  Beyond  about  500  m,  the  transmission  loss  shows  a 
complex  feamre  of  dips  and  peaks.  These  dips  and  peaks  are 
explained  by  the  normal  mode  solutions  in  terms  of  modal 
density.  We  note  that  there  are  approximately  667  modes  for 
this  case. 
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FIG.  6.  Transmission  loss  versus  range  for  case  2, 10  km,  100  Hz,  obtained 
from  the  normal  mode  solution. 

2,  Ray  tracing  solutions 

At  longer  ranges,  Eq.  (19)  predicts  additional  rays  that 
go  through  multiple  reflections  on  the  ground.  The  curve  in 
Fig.  7  is  obtained  using  the  multiple  bounce  ray  model,  Eq. 
(20).  The  discontinuity  that  appears  at  about  500  m  corre¬ 
sponds  to  the  sudden  appearance  of  additional  rays  and  is  an 
artifact  of  the  model.  However  the  dip  corresponds  to  physi¬ 
cal  reality  and  is  explained  by  a  ray  model  by  interference 
between  the  various  rays.  As  the  range  increases,  more  rays 
appear  in  the  summation  Eq.  (20).  The  additional  rays  pro¬ 
duce  the  interferences  in  the  curve  and  contribute  to  reducing 
the  transmission  loss  (increasing  relative  levels).  At  a  range 
of  about  10  km,  Eq.  (19)  predicts  up  to  100  rays  reflected 
from  the  ground. 

The  curve  in  Fig.  8  is  the  result  of  the  single  bounce  ray 
model  described  in  Sec.  II  B  2.  Since  the  calculation  is  re¬ 
stricted  to  a  single  bounce,  the  dips  corresponding  to  the 
additional  rays  are  absent  and  at  ranges  beyond  about  1500 
m,  the  transmission  loss  is  greater  than  the  loss  predicted 
when  the  additional  rays  are  accounted  for. 

The  curve  in  Fig.  9  was  obtained  from  the  Gaussian 
beam  solution,  Eq.  (31).  We  note  that  the  beam  summation 
smooths  the  sharp  discontinuity  around  500  m  that  is  pro¬ 
duced  by  the  multiple  bound  ray  model. 

It  is  interesting  to  note  that  on  the  whole  the  average  TL 
predicted  from  the  Gaussian  beam  solution  agrees  with  the 
TL  obtained  from  the  multiple  bounce  ray  model.  Not  sur¬ 


FIG.  7,  Transmission  loss  versus  range  for  case  2, 10  km,  100  Hz,  obtained 
from  the  multiple  bounce  ray  model. 


Range  (m) 

FIG.  8.  Transmission  loss  versus  range  for  case  2,  10  km,  100  Hz,  obtained 
from  the  single  bounce  ray  model. 

prisingly,  though,  the  detailed  fine  structure  in  the  dip  and 
peaks  differs  due  to  the  nature  of  the  approximations  inher¬ 
ent  in  the  ray  tracing  solutions.  The  same  comments  apply  to 
the  comparison  with  the  normal  mode  solution.  We  note, 
however,  that  in  a  real  atmosphere,  turbulence  would  smooth 
out  most  of  the  fine  structure  predicted  by  this  test  case. 

3,  FFP  solutions 

The  curve  calculated  from  three  FFPs  that  assume  a  po¬ 
rous  ground  is  shown  in  Fig.  10.  The  agreement  between  the 
three  calculations  is  within  the  accuracy  of  implementation 
(typically  0.5  dB).  The  features,  predicted  as  ray  interfer¬ 
ences  according  to  ray  theory  and  modal  density  according  to 
the  residue  series,  are  reproduced  by  the  numerical  solution 
of  the  full  wave  equation. 

The  curve  obtained  from  the  FFLAG  FFP  is  indistin¬ 
guishable  to  within  numerical  implementation  from  the 
curves  obtained  from  the  CERL  FFP  and  the  CFFP,  The 
FFLAG  FFP  allows  for  a  layered  porous  and  elastic  ground 
using  the  full  range  of  parameters  in  Table  I.  On  the  other 
hand  the  CERL  FFP  and  the  CFFP  models  the  ground  as  a 
porous  half-space.  The  agreement  suggests  that  a  complex 
impedance  plane  is  a  good  approximation  to  the  layered 
ground  described  in  Table  I  for  the  benchmark  cases.  As 
expected,  although  not  shown  here,  SAFARI  yields  a  differ¬ 
ent  result  from  the  other  FFPs. 


FIG.  9.  Transmission  loss  versus  range  for  case  2,  10  km,  100  Hz,  obtained 
from  the  Gaussian  beam  model. 
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FIG.  10.  Transmission  loss  versus  range  for  case  2, 10  km,  100  Hz,  obtained 
from  the  CERL  FFP,  CFFP,  FFIAG  FFP,  and  the  FAST  PE, 


4.  PE  solutions 

As  noted  earlier,  computational  time  is  excessive  for  this 
long  range  case  using  the  FINITE  PE.  The  FAST-PE,  how¬ 
ever,  runs  in  just  a  few  minutes.  DetaUs  of  the  fine  structure 
depend  upon  the  height  at  which  the  calculation  is  truncated 
but  the  general  form  is  the  same  as  that  in  Fig.  10. 

C.  All  cases  for  the  FFP  and  PE 

In  this  section  the  numerical  techniques  are  used  to  cal¬ 
culate  the  transmission  loss  for  the  full  range  of  atmospheric 
conditions  described  by  cases  1  to  4.  In  the  preceding  sec¬ 
tion,  results  showed  that  three  of  the  FFP  solutions  and  the 


Case  1 


FIG.  11.  Transmission  loss  for  case  1  for  the  FFP  and  PE.  The  curves  obtained  from  the  two  models  are  indistinguishable. 
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two  PE  methods  agree  with  the  analytical  solution  Eq.  (10) 
for  case  2,  to  within  the  accuracy  of  implementation  (The 
results  from  the  SAFARI  FFP  differed  because  of  the  as¬ 
sumption  of  an  elastic  ground  surface).  Although  not  shown 
here,  the  FFP  and  the  PE  also  agree  with  the  analytical  so¬ 
lution  Eq.  (11)  for  case  3  and  the  analytical  solution  Eq.  (12) 
for  case  1.  Therefore  detailed  comparison  here  are  restricted 
to  the  FFP  (except  SAFARI)  and  the  PE.  In  the  FFP  input 
parameters  were  adjusted  to  obtain  an  accurate  prediction 
over  the  entire  range  of  interest  for  each  case,  while  mini¬ 
mizing  run  time.  The  PE  used  accurately  propagates  the 
phases  for  angles  under  45®  from  horizontal.  Consequently, 
very  high  angles  modes  in  case  2  at  10  Hz,  10  km  have  phase 
errors  in  the  PE  solution.  We  note  that  case  1  is  the  most 
difficult  to  implement  with  the  FFP’s.  Case  2  is  most  difficult 
for  the  PE  due  to  the  large  number  of  trapped  modes.  The 


larger  number  of  modes  make  the  sampling  in  wave  number 
space  less  sensitive  for  the  FFP's,  since  the  total  solution  is 
the  sum  of  many  contributions.  Sampling  errors  of  a  few 
modes  will  not  alter  the  total  solution  significantly.  The 
FINITE-PE  is  generally  prohibitively  slow  at  longer  range  or 
high  frequencies,  though  it  needs  much  less  parameter  “tun¬ 
ing”  than  the  FFP  to  obtain  convergence. 


1.  Case  1 

Case  1  is  a  model  for  sound  propagation  near  the  ground 
in  a  homogeneous  atmosphere  and  the  results  are  shown  in 
Fig.  11.  In  case  1,  spherical  spreading  dominates  the  solu¬ 
tion,  with  a  6-dB  enhancement  of  the  field  at  low  frequen- 


Case  2 


FIG.  12.  Transmission  loss  for  case  2  for  the  FFP  and  PE,  The  curves  obtained  from  the  two  models  are  indistinguishable. 
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FIG.  13.  Transmission  loss  for  case  3  for  the  FFP  and  PE.  The  curves  obtained  from  the  two  models  are  indistinguishable. 


cies.  There  is  negligible  attenuation  of  the  wave  at  10  Hz 
from  atmospheric  absorption  in  the  atmosphere.  There  is  also 
negligible  ground  attenuation  from  the  finite-impedance 
ground  surface  at  10  Hz.  At  100  Hz,  the  atmospheric  attenu¬ 
ation  is  0.18  dB/km.  A  ground  shadow  appears  at  around  850 
m  and  the  signal  decays  at  46  dB  per  decade  of  distance 
(spherical  spreading  amounts  to  20  dB  per  decade  of  dis¬ 
tance).  At  1  kHz,  the  atmospheric  attenuation  is  5.4  dB/km. 
Beyond  200  m  a  ground  shadow  occurs  and  the  field  decays 
at  56  dB  per  decade  of  distance,  including  spherical  spread¬ 
ing,  thus  greatly  exceeding  the  decay  rate  from  atmospheric 
absorption.  Although  case  1  is  the  most  difficult  for  the 
FFP’s,  when  properly  implemented,  curves  obtained  from  the 
FFP’s  and  the  PE’s  are  indistinguishable.  The  analytical  so¬ 


lution  for  this  case  is  Eq.  (12)  and  this  solution  agrees  with 
all  the  numerical  results. 

2.  Case  2 

Case  2  models  sound  propagation  near  the  ground  in  a 
downward  refracting  situation  and  was  considered  in  detail 
in  the  previous  section  for  all  the  models.  The  curves  ob¬ 
tained  in  the  case  of  the  FFP  and  the  PE  are  indistinguishable 
and  a  complete  set  of  curves  are  shown  in  Fig.  12. 

3,  Case  3 

Case  3  models  sound  propagation  near  the  ground  in  an 
upward  refracting  environment.  At  short  range  (under  200  m) 
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Case  4 


FIG.  14.  Transmission  loss  for  case  4  for  the  FFP  and  PE.  The  curves  obtained  from  the  two  models  are  indistinguishable. 
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the  predicted  curves  show  very  little  variation  from  case  1 
except  for  an  increase  in  TL  for  1000  Hz  beyond  about  130 
m.  At  longer  ranges,  all  curves  rapidly  decay  in  the  shadow 
zone  formed  by  the  sound  speed  profile.  The  results  of  the 
PE  are  indistinguishable  from  the  FFP.  A  complete  set  of 
curves  are  shown  in  Fig.  13. 

The  analytical  solution  for  this  case  within  the  shadow 
zone  is  the  residue  series  given  by  Eq.  (11)  and  calculations 
using  this  expression,  while  not  shown,  agree  with  the  results 
in  Fig.  13.  We  note,  however,  that  despite  agreement  be¬ 
tween  the  calculations,  the  large  attenuation  predicted  at  the 
longer  range  is  not  supported  by  experimental  data  (for  ex¬ 
ample,  see  the  results  shown  in  Ref.  30). 


4.  Case  4 

Case  4  models  sound  propagation  near  the  ground  in  a 
profile  that  traps  energy  near  the  ground,  and  refracts  sound 
waves  away  from  the  ground  at  altitudes  above  100  m. 
Above  300  m,  the  profile  is  constant.  At  short  range  (under 
200  m)  there  is  no  difference  between  predictions  for  this 
situation  and  case  2  (downward  refraction). 

At  longer  ranges,  higher  angle  modes  of  propagation 
interact  with  the  upward  refracting  portion  of  the  sound 
speed  profile  and  “leak”  energy  out  of  the  waveguide 
formed  at  the  ground.  At  100  Hz  the  curve  shows  less  energy 
in  the  signal  beyond  1.5  km  than  in  case  2.  At  1000  Hz, 
essentially  all  of  the  energy  is  trapped  in  the  waveguide,  and 
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TL  (DB) 


ABOVE  -36.0 
-42.0  --36.0 
-48.0  -  -42.0 
-54.0  -  -48.0 
-60.0  -  -54.0 
-66.0  -  -60.0 
-72.0  -  -66.0 
-78.0  -  -72.0 
-84.0  -  -78.0 
BELOW  -84.0 


FIG.  15.  Contour  plot  for  case  2,  10  Hz. 


there  is  no  difference  in  the  results  from  case  2.  The  com¬ 
plete  set  of  curves  are  shown  in  Fig.  14.  There  is  no  analyti¬ 
cal  solution  for  this  case. 

D.  Contour  plot 

For  illustrative  purposes  a  contour  plot  of  transmission 
loss  is  shown  in  Fig.  15  for  case  2,  i?  =  10  km,  /=10  Hz 
which  can  be  compared  directly  with  the  ray  diagram  in  Fig. 
16. 

V.  SUMMARY 

Benchmarks  were  calculated  using  analytical  models, 
ray  tracing  models,  the  FFP  solution  and  the  PE  solution. 
The  analytical  models  included  two  residue  series  for  cases  2 
and  3,  respectively,  and  the  result  of  a  steepest  descent  inte¬ 
gration  for  case  1.  The  ray  tracing  included  a  model  re¬ 
stricted  to  a  single  bounce,  a  multiple  bounce  model  and  a 
Gaussian  beam  summation.  Four  different  implementations 
of  the  FFP  were  considered.  In  one  FFP  (SAFARI),  the 
ground  is  assumed  to  be  a  nonporous  elastic  layered  inter¬ 
face.  Two  FFP’s  (CERL-FFP,  CFFP)  considers  the  ground  to 
be  a  rigid  semi-infinite  porous  surface  while  the  fourth  FFP 
(FFLAGS)  assumed  a  porous  elastic  layer  above  a  nonpo¬ 
rous  elastic  substrate.  The  PEs  considered  included  a  Crank- 
Nicolson  version  (FINITE  PE)  and  a  fast  Green’s  function 
method  (FAST  PE). 

For  all  cases,  results  show  that  the  FFP  and  the  PE  agree 
with  the  analytical  solution,  where  an  analytical  solution  is 
available,  to  within  the  accuracy  of  implementation.  Any  dif¬ 
ferences  between  the  various  implementations  of  the  FFP 
and  the  PE  can  readily  be  attributed  to  different  assumptions 
in  the  models.  For  example  SAFARI  predicts  less  transmis¬ 


sion  loss  than  the  other  versions  because  it  assumes  a  non¬ 
porous  ground. 

The  results  from  the  ray  tracing  models  depend  on  how 
many  physical  mechanisms  are  included  and  to  what  level  of 
detail  they  are  considered.  For  example  a  ray  model  that 
assumes  a  single  bounce  at  all  distances  predicts  larger  trans¬ 
mission  loss  at  long  ranges  for  a  downward  refracting  atmo¬ 
sphere  than  the  other  models.  In  the  absence  of  upward  re¬ 
fraction,  for  the  cases  considered,  the  ray  trace  algorithms 
give  reasonable  agreement  with  the  more  accurate  techniques 
(FFP  and  PE). 

None  of  the  models  considered  here  include  the  effects 
of  turbulence,  rough  ground,  or  terrain  features.  These  effects 
are  all  present  to  some  degree  in  experimental  data.  For  this 
reason,  the  results  of  the  calculations  presented  here  may  not 
compare  well  to  experimental  data  especially  in  refractive 


Ray  Trace  -  Propa3D/ISL  -  BencluBark  cate  2 


Range  (km) 

FIG.  16.  Ray  diagram  for  case  2. 
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shadow  zones.  The  benchmark  calculations  presented  here 
should  be  used  to  test  theory  and  algorithms  in  the  absence 
of  these  complications  which  are  always  present  in  the  real 
world.  Then  the  user  can  proceed  to  include  other  effects 
with  a  confidence  that  refraction,  diffraction,  and  ground  re¬ 
flection  have  been  properly  accounted  for. 
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A  general  review  is  presented  of  most  areas  of  sound-propagation  outdoors  that  are  of  interest  for  the 
control  of  community  noise.  These  areas  are  geometrical  spreading,  atmospheric  absorption,  ground  effect, 
(near  horizontal  propagation  in  a  homogenous  atmosphe.:e  close  to  flat  ground),  refraction,  the  effect  of 
atmospheric  turbulence,  and  the  effect  of  topography  (elevation,  hillsides,  foilage,  etc.)  The  current  state 
of  knowledge  in  each  area  is  presented  and  suggestions  made  concerning  research  activities,  applications  of 
existing  research,  and  practical  problems  which  arise  in  the  prediction  of  noise  levels. 
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INTRODUCTION 

The  study  of  sound  propagation  in  the  atmosphere  has 
a  long  and  intriguing  history.  Between  1850  and  1950 
there  were  a  number  of  isolated  investigations  of  good 
quality  in  response  to  specific  needs  of  the  times,  such 
as  fog  signaling,  the  location  of  artillery  pieces,  etc. 
(see  Ref.  1  for  an  annotated  bibliography  of  work  done 
prior  to  1965).  When  the  noise  from  jet  aircraft  and  the 
testing  of  rockets  became  a  social  problem  in  the 
1950's,  there  was  a  resurgence  of  research  activity, 
adapting  existing  knowledge  from  other  fields  of  physics 
to  the  problem  of  noise  propagation,  and  several  excel¬ 
lent  reviews  of  sound  propagation  in  the  atmosphere  ap¬ 
peared  at  this  time.^“^  The  field  then  returned  to  its 
previous  state  of  sporadic  isolated  activity,  although  at 
a  substantially  higher  level.  In  recent  years  increased 
concern  over  noise  has  led  once  again  to  advances  in 
the  understanding  of  outdoor  propagation  by  the  applica¬ 
tion  of  knowledge  from  other  fields  of  physics,  which 
this  time  has  been  gained  since  the  1950' s. 

This  review  is  an  attempt  to  document  the  advances 
for  most  areas  of  sound  propagation  in  the  atmosphere 
which  are  relevant  to  the  control  of  community  noise. 

It  was  undertaken  at  the  request  of  the  Coordinating 
Committee  on  Environmental  Acoustics  of  the  Acousti¬ 
cal  Society  of  America,  and  is  part  of  the  output  of  the 
working  group  on  outdoor  propagation  (see  also  Refs.  6 
and  7),  The  review  aims  to  summarize  the  current 
state  of  knowledge  in  each  area,  and  to  suggest  research 
activities,  applications  of  existing  research,  and  prac¬ 
tical  problems  which  arise  in  the  prediction  of  noise 
levels.  Because  the  field  is  so  diffuse,  each  subject 
area  is  treated  separately,  accompanied  by  most  of  the 
suggestions  relevant  to  the  particular  area.  To  add 
perspective,  however,  problems  in  predicting  noise 
levels  are  discussed  generally  at  the  end  (Sec.  V)  with 
recommendations  for  research. 

The  first  two  areas  covered  in  the  review  are  geo- 
uietrical  spreading  (Sec-  I  A)  and  atmospheric  absorp- 
tion  (Sec.  IB).  Together,  these  are  the  dominant 
^^echanisms  determining  sound  levels  in  air-to-ground 
sound  propagation.  Near -horizontal  propagation  in  a 
homogeneous  atmosphere  close  to  flat  ground  (the 


ground  effect)  is  then  treated  in  Sec.  II  and  the  effect  of 
surface  meteorology  in  Sec.  in.  The  latter  includes  the 
effects  of  refraction  and  atmospheric  turbulence.  The 
role  of  topography — elevation,  hillsides,  foliage,  ob¬ 
structions,  etc.  — is  then  discussed  briefly  in  Sec.  IV. 

There  is  much  useful  material  in  the  earlier  reviews 
of  a  general  nature^"^  which  has  been  excluded  here  for 
brevity.  Furthermore,  specifically  excluded  are  multi - 
path  propagation  in  cities,  and  noise  reduction  by  barri¬ 
ers,  which  have  been  the  subjects  of  recent  reviews.®*^ 

I.  PROPAGATION  AWAY  FROM  BOUNDARIES 
(AIR  TO  GROUND) 

A.  Geometrical  spreading 

The  geometrical  spreading  of  sound  from  a  coherent 
source  is  normally  well  covered  in  textbooks — an  at¬ 
tenuation  of  6  dB  per  doubling  of  distance  for  spherical 
expansion  from  a  point  source,  3  dB  per  doubling  of  dis¬ 
tance  for  cylindrical  expansion  from  an  infinite  line 
source,  and  parallel  loss -free  propagation  from  an  infi¬ 
nite  area  source.  For  sources  of  finite  size  there  is  a 
nearfield  where  the  above  is  approximately  true  and  a 
farfield  where  the  expansion  is  spherical.  In  community 
noise,  however,  incoherent  sources  are  often  more  im¬ 
portant  and  the  treatment  of  geometrical  spreading  from 
incoherent  sources  has  been  extended  in  recent  years  to 
cope  with  multivehicle  problems,  particularly  road  traf¬ 
fic  and  railway  noise. 

The  description  above  of  the  spreading  from  coherent 
sources  remains  true  for  sources  which  are  incoherent, 
but  the  size  of  the  nearfield  is  much  more  restricted, 
and  the  propagation  much  less  directional  (compare  as 
an  illustration,  the  light  from  a  light  bulb  to  that  from  a 
laser).  Treatments  of  the  incoherent  acoustic  line 
source  which  are  useful  for  highway  or  railway  design 
are  given  in  Refs.  8  and  9. 

The  background  noise  in  a  city  may  be  modelled  as  an 
incoherent  area  source.  The  effect  of  city  bound¬ 
aries — streets,  barriers,  and  open  areas — in  channeling 
or  attenuating  this  propagation  is  reviewed  else¬ 
where.  A  point  of  relevance  to  noise  control  is  . 
that  the  geometric  spreading  of  different  percentiles  of 
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FIG.  1.  The  absorption  of  sound  in  a  distance  of  one  wave¬ 
length  for  four  values  of  relative  humidity  RH,  a  temperature 
of  20  *’C,  and  a  pressure  of  1  atm  (Ref.  14).  Line  C  gives  the 
classical  and  rotational  absorption,  curves  O  and  N  the  con¬ 
tributions  from  the  vibrational  relaxations  of  o^Q^gen  and  ni¬ 
trogen,  respectively,  and  curve  T  is  the  sum  of  these  three 
contributions.  Experimental  p>oints  •  are  from  Ref.  15,  o 
from  Ref.  16,  ▼  from  Ref.  17,  and  ■  from  Ref.  18 .  The 
absorption  predicted  by  Ref.  22  is  curve  SAE,  by  Ref.  17  is 
curve  H,  and  by  Ref.  23  is  curve  T. 


noise  from  an  (isolated)  incoherent  line  source  varies 
with  the  percentile.  There  is  a  considerable  concep¬ 
tual  and  economic  benefit  in  specifying  noise  criteria 
for  the  design  of  roadways  in  such  a  way  that  the  spread¬ 
ing  loss  can  be  accounted  for  in  a  simple  manner,  such 
as  a  loss  of  6  dB/ doubling  of  distance  for  the  maximum 
level  of  individual  vehicles  (i.  e. ,  levels  close  to  Lj,  the 
level  exceeded  only  1%  of  the  time),  or  a  loss  of  3  dB/ 
doubling  of  distance  for  the  equivalent  continuous  sound 
level 

B.  Atmospheric  absorption 

Present  knowledge  of  the  rate  at  which  acoustic  ener¬ 
gy  is  absorbed  during  propagation  through  the  atmo¬ 
sphere  comes  from  three  sources — direct  measure¬ 
ments  in  the  field,  measurements  of  air  absorption  in 
the  laboratory,  and  general  knowledge  of  the  mecha¬ 
nisms.  The  current  state  of  the  latter  two  may  be  ex¬ 
amined  using  Fig.  1,  In  this  figure,  the  frequency  de¬ 
pendence  of  the  absorption  in  a  distance  of  one  wave¬ 
length  is  shown  for  four  different  values  of  relative 


humidity  (RH).  The  measurements  are  from  four  dif¬ 
ferent  investigations,  and  the  first  point  to  note  is 
the  close  similarity  between  the  measurements  by  the 
different  investigators.  The  second  is  the  agreement 
for  each  value  of  relative  humidity  between  the  measure-  ' 
ments  and  the  top  curve  T,  which  is  the  theoretical 
curve  representing  the  sum  of  the  contributions  from 
the  different  mechanisms  of  absorption  (identified  by  the 
curves  marked  C,  O,  and  N),  ; 

Line  C  gives  the  classical  absorption  caused  by  the 
transport  processes  of  classical  physics  (shear  viscosi¬ 
ty,  thermal  conductivity,  mass  diffusion,  and  thermal 
diffusion),  together  with  the  absorption  caused  by  rota¬ 
tional  relaxation  of  the  molecules  in  air.  Curves  O  and 
N  represent  the  contributions  from  the  vibrational  re¬ 
laxation  of  oxygen  and  nitrogen  molecules,  respective¬ 
ly.  The  fit  of  curve  T  to  the  measurements  shown  in 
the  figure  has  been  achieved  by  the  adjustment  of  two 
constants  in  the  theory,  but  the  basic  theory^®  is  now 
sufficiently  firm  to  achieve  a  fit  with  an  accuracy  of  ap¬ 
proximately  25%  without  using  any  adjustment. 

It  is  useful  to  compare  the  different  methods  available 
for  predicting  atmospheric  absorption  with  the  measure¬ 
ments  shown  in  Fig.  1.  Kneser  first  developed  a  theory 
based  only  on  contributions  C  and  O.  While  predictions 
with  his  original  methocP®  are  substantially  different 
from  curves  C  and  O  shown  in  the  figure,  a  later  ver¬ 
sion  by  Evans  and  Bazley^®  gives  positions  for  these 
curves  which  are  close  to  those  in  the  figure.  Evans 
and  Bazley^s  method  provides,  therefore,  a  fairly  good 
approximation  to  experimental  data  for  higher  frequen¬ 
cies.  At  the  higher  humidities  represented  by  the  top 
two  sets  of  measurements  in  Fig.  1,  however,  the  vi¬ 
brational  relaxation  of  nitrogen^^  (curve  N)  is  the  prin¬ 
cipal  mechanism  of  absorption  for  the  range  of  frequen¬ 
cies  below  about  1—2  kHz  which  are  of  major  impor¬ 
tance  for  community  noise:  both  the  Kneser,  and  Evans 
and  Bazley  methods  therefore  grossly  underpredict  the 
absorption  in  this  low-frequency  range. 

Two  similar  methods  of  calculating  atmospheric  ab¬ 
sorption  were  proposed  before  the  role  of  the  nitrogen 
relaxation  was  understood,  that  of  Committee  A21  of  the 
Society  of  Automotive  Engineers^^  (1964)  and  Harris^^ 
(1966),  both  of  which  produced  a  decided  improvement' 
in  the  low-frequency  range,  and  these  two  essentially 
empirical  methods  have  seen  widespread  use.  Curves 
marked  H  and  SAE  in  Fig.  1  show  the  predictions  of  the 
method  of  Harris,  and  the  SAE  committee,  respective¬ 
ly.  Major  difficulties  using  these  empirical  methods 
for  predicting  absorption  appear  mainly  for  abnormal 
measurement  conditions,  due  to  extrapolation  with  an 
incorrect  dependence  on  the  variables,  as  shown  in  the 
figure,  for  example,  for  low  frequencies  or  dry  air. 

It  is  now  possible  to  generate  curve  T  in  Fig.  1  using 
simple  algorithms  with  a  firm  theoretical  base,  which 
can  be  handled  easily,  for  example,  by  a  programmable 
hand  calculator.  A  new  (draft)  standard  method  for  cal¬ 
culating  atmospheric  absorption  has  recently  been  pro¬ 
posed  on  such  a  basis.  The  predictions  of  this  new 
method  have  been  compared  with  a  large  assembly  of 
both  laboratory  and  field  data  from  the  literature.^* 
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CENTER  FREQUENCY. OF  OCTAVE  FREQUENCY  RANGE.  Hz 

FIG.  2.  Ratio  of  air-to-ground  (aircraft  sound  propagation) 
measurements  of  air  absorption  loss  coefficients  to  predicted 
values  as  a  function  of  frequency  (Ref.  24).  Predicted  values 
were  based  on  weather  conditions  on  the  ground,  or  when  data 
were  available  on  average  weather  conditions  along  the  prop¬ 
agation  path. 

The  comparison  of  over  850  laboratory  measurements 
with  predictions  shows  that  near  20  °C  the  predicted  val¬ 
ues  agree  within  about  5%,  with  the  average  of  the  mea¬ 
surements  throughout  the  audio  frequency  range  and 
over  a  wide  range  of  humidity.  Although  laboratory 
data  at  other  temperatures  are  limited,  the  prediction 
model  is  estimated  to  be  reliable  within  ±10%  from  0*" 
to  40  ®C.  The  field  data  included  analyses  of  more  than 
750  measurements  of  aircraft  flyover  noise  over  wide 
ranges  of  frequency,  temperature,  and  humidity  from  a 
number  of  different  investigators.  Although  the  scatter 
in  the  field  results  was  much  larger  than  that  in  the 
laboratory  measurements,  because  the  weather  cannot 
be  controlled,  the  agreement  between  predicted  and 
measured  absorption  was  good  on  the  average,  as  shown 
in  Fig.  2. 

The  absorption  predicted  by  the  new  method,  in  the 
practical  units  of  dB/100  m  for  a  pressure  of  1  atm,  a 
temperature  of  20  °C,  and  a  relative  humidity  of  70%,  is 
shown  in  Fig.  3.  Note  that  the  attenuation  by  absorption 
is  constant  for  a  given  difference  in  propagation  path 
lengths  unlike  geometrical  spreading,  where  it  is  con¬ 
stant  for  a  given  ratio  of  propagation  path  lengths.  Thus 
atmospheric  absorption  tends  to  become  more  important 
with  increasing  distance  between  the  source  and  receiv¬ 
er.  Note  also  from  Fig.  3  that  the  total  absorption  in¬ 
creases  sharply  with  increasing  frequency. 

With  the  new  proposed  method  of  predicting  atmo¬ 
spheric  absorption,  the  lag  between  current  practice 
and  knowledge  has  been  largely  eliminated.  Recently, 
also,  this  method  has  been  confirmed  by  extensive  mea¬ 
surements  at  high  frequencies^®*^®  (4-1 JO  kHz),  and  a 
few  measurements  at,  in  effect,  very  low  frequencies^’ 
(down  to  4  Hz).  Nevertheless,  there  is  still  need  for 


more  data  at  low  frequencies  over  a  substantial  range 
of  temperature,  and  at  low  humidities.  Continuing  sup¬ 
port  is  also  needed  for  fundamental  work  on  the  mecha¬ 
nisms  of  air  absorption.  The  measurements  would  pro¬ 
vide  needed  understanding  of  the  temperature  depen¬ 
dence  of  the  relaxation  frequency  of  nitrogen,  and  lead 
in  due  course  to  the  calculation  of  atmospheric  absorp¬ 
tion  directly  from  fundamental  knowledge^®  with  en¬ 
hanced  accuracy. 

It  should  be  noted  that  many  of  the  best  measurements 
of  outdoor  propagation  have  appeared  in  the  literature  in 
corrected  form,  with  the  attenuation  calculated  for  at¬ 
mospheric  absorption  removed.  The  correction  for  ab¬ 
sorption  should  now  be  recalculated  using  the  new  meth¬ 
od,  before  the  original  interpretation  of  these  measure¬ 
ments  is  accepted.  In  particular  the  failure  to  recog¬ 
nize  earlier  the  contribution  from  the  nitrogen  relaxa¬ 
tion  has  led  to  a  number  of  difficulties  some  of  which 
will  appear  in  later  sections. 

II.  PROPAGATION  NEAR  THE  GROUND 

The  theory  of  sound  propagation  near  or  along  the 
ground  has  been  treated  analytically  in  the  literature, 
with  at  least  three  levels  of  complexity  for  the  ground 
surface. 

(a)  The  ground  is  treated  as  a  locally  reacting  sur¬ 
face,  and  waves  within  the  ground  are  not  considered. 

(b)  The  ground  is  treated  as  an  isotropic  fluid  medi¬ 
um  capable  of  transmitting  dilatational  waves  in  any  di- 


FIG.  3.  Predicted  atmospheric  absorption  in  dB/100  m  for  a 
pressure  of  1  atm,  temperature  of  20  and  relative  humidity 
of  70%  (Ref.  23). 
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FIG.  4.  Reflection  of  sound  from  flat  ground  with  impedance 

di¬ 
rection  as  the  result  of  an  impinging  wave  on  the  sur¬ 
face. 

(c)  The  ground  is  treated  as  an  elastic  solid  medium 
capable  of  transmitting  both  dilatational  and  shear  waves 
resulting  from  an  impinging  wave  on  the  surface. 

While  theoretical  models  are  available  in  the  litera¬ 
ture  for  the  latter  two^®’^®  and  other  more  sophisticated 
models,  there  is  very  little  evidence  available  as  yet 
to  show  that  propagation  of  sound  over  the  ground  is  not 
adequately  predicted  by  the  use  of  the  first,  much  sim¬ 
pler,  "locally  reacting''  model  for  the  ground  surface. 
Therefore,  this  is  the  only  model  which  will  be  treated 
in  detail  in  this  review.  One  exception  to  this  general 
applicability  of  a  "locally  reacting"  model  will  be  cov¬ 
ered  only  briefly. 

A.  Plane  waves 

The  amplitude  reflection  coefficient  Rp  for  a  plane 
wave  of  sound  incident  obliquely  on  a  plane  locally  re¬ 
acting  surface  may  be  conveniently  represented  by  the 
formula®^ 

sintb-Zi/Zz  (D 

simp  +  Zi/Zz 

where  il)  is  the  grazing  angle  (Fig.  4),  Zi  =pc  is  the 
characteristic  impedance  of  air,  and  Zg  is  the  acoustic 
impedance  of  the  surface  (i.  e. ,  the  ratio  of  pressure  to 
the  normal  component  of  velocity  at  a  point  on  the  sur¬ 
face).  In  order  to  include  the  change  of  phase  as  well 
as  amplitude  on  reflection,  complex  notation  is  used  for 
both  Rp  and  Zg.  The  characteristics  of  a  particular  lo¬ 
cally  reacting  surface  may  then  be  represented  com¬ 
pletely  by  a  complex  impedance,  Zg  =R2  +  i^zs  which 
may  be  dependent  on  the  frequency  but  not  on  the  graz¬ 
ing  angle. 

For  a  perfectly  reflecting  hard  surface,  the  phase 
change  on  reflection  is  zero,  Rp  is  1,  and  Zg  must  be 
infinite.  In  practice,  however,  Zg  may  be  very  large, 
but  must  always  remain  finite.  For  normal  incidence 
in  this  case  sinz/j  =  l,  zoid  Rp  is  effectively  1.  It  is  al¬ 
ways  possible,  however,  to  choose  ip  sufficiently  small 
to  make  the  term  sini^  in  Eq.  (1)  small  compared  to  the 
fixed  parameter  Z1/Z2,  and  hence  make  Rp  effectively 
- 1.  This  value  signifies  a  phase  change  of  180"*  on  re¬ 
flection  and  a  cancellation  of  incident  and  reflected 
waves  at  grazing  incidence,  even  though  their  path 
lengths  are  equal.  Plane  waves  at  grazing  incidence 
over  a  plane  surface  with  a  finite  acoustic  inipedance 


The  rest  of  Sec.”  II  is  a  description  of  the  implica¬ 
tions  of  this  statement  for  the  propagation  of  noise  over 
the  ground,  where  values  of  the  grazing  angle  less  than 
5°  have  primary  importance.  The  cancellation  for  small 

will  be  shown  to  represent,  in  practice,  a  shadow  zone 
whose  acoustical  depth  is  related  to  the  value  of  the 
ground  impedance. 

B.  Spherical  waves,  direct  and  reflected 

The  propagation  of  spherical  waves  from  a  point 
source  near  a  reflecting  plane  is  an  intricate  and  ram¬ 
bling  subject,  both  mathematically  and  conceptually.  In 
electromagnetics  it  has  a  long  history,  well  chronicled 
by  Banos,  from  its  start  by  Sr*mmerfeld®®  in  1909  to 
its  present  state,  as  reviewed  by  Wait.®*  In  acoustics 
there  is  also  a  substantial  history,  from  Rudnick®®  in 
1947  to  Wenzel,  ®®  and  Donato,  ®’  which  is  chiefly  one  of 
adoption  of  the  ideas  and  solutions  from  electromagnetic 
theory.  The  portion  of  this  history  most  relevant  to  the 
propagation  of  noise  over  the  ground  has  recently  been 
surveyed  by  Embleton,  Piercy,  and  Olson.  ®®  The  treat¬ 
ment  here  will  follow  the  latter  study,  to  which  the 
reader  is  referred  for  details. 

1.  Shadow  zone-source  or  receiver  on  the  ground 

Consider,  again,  the  basic  configuration  shown  in 
Fig.  4.  There  is  a  point  source  S  and  receiver  R  situ¬ 
ated  above  a  plane  boundary  with  acoustic  impedance 
Zg.  The  pressure  amplitude  p  at  point  R  may  be  repre¬ 
sented  as  follows®®’*®: 

p/pQ  =  (1/n)  exp{-  tferi)  +  {Rp/n)  exp(-  ikvz) 

+  (1  -Rp)(F/rz)  exp(-  ikvz)  •  (2) 

Parameter  p^  is  the  amplitude  of  the  pressure  at  unit 
distance  from  point  source  S  in  the  absence  of  the 
ground  surface.  Equation  (2)  is  one  form  of  what  is 
often  referred  to  as  the  Weyl-Van  der  Pol  solution. 

The  first  term  on  the  right  of  Eq.  (2)  expresses,  in 
complex  notation,  the  contribution  from  the  wave  pro¬ 
ceeding  directly  from  S  to  R*  It  is  only  necessary  to 
recognize  that  the  distance  ri  in  the  denominator  is  an 
expression  of  the  inverse  square  law.  The  second  term 
is  the  familiar  one  for  the  reflected  wave,  which  ap¬ 
pears  at  point  R  to  have  come  a  distance  vz  from  the 
image  source  /.  The  first  two  terms  together  give  the 
behavior  shown  in  Fig.  5,  which  is  essentially  as  de¬ 
scribed  in  the  previous  section  for  plane  waves,  since 
Rp  is  the  plane  wave  reflection  coefficient  given  by  Eq. 

(1) .  [The  significance  of  the  third  term  in  Eq.  (2),  and 
in  particular  the  amplitude  factor  F,  which  gives  the 
behavior  of  ground  and  surface  waves,  will  be  described 
later  in  Sec.  IID.  ]  Propagation  upwards  in  Fig.  5, 
away  from  the  point  source  on  the  surface  [large  ^  in 
Eq.  (1)],  is  spherical  expansion:  compare,  for  exam¬ 
ple,  the  30-dB  contour  to  the  dashed  circle  in  the  figure. 
Along  the  surface,  however,  a  shadow  zone  forms  grad¬ 
ually  as  6he^^«?ound  propagates  outward.  In  this  region 
(simp  «  Zi/Za),  Eq.  (1)  and  the  first  two  terms  in  Eq. 

(2)  indicate  an  attenuation  in  excess  of  that  from  in¬ 
verse  square  law  and  atmospheric  absorption  (and  called 

a T*  iii  cr  .■ivf'acc;  -•t"'. >■> 
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FIG.  5.  Pressure  distribution  around  a  point  source  located 
on  a  plane  with  impedance  ratio  (Ref,  40).  The 

dashed  line  gives,  for  comparison,  spherical  expansion  over 
a  rigid  plane. 


1 - r 


FREQUENCY-kHz 

FIG.  7.  Measured  excess  attenuation  for  propagation  from  a 
point  source  over  asphalt,  ^5  =  0,3  m,  /j^=1.2m.  The  excess 
attenuation  is  relative  to  that  for  the  point  source  placed  on  a 
perfectly  hard  surface  (Ref.  41). 


Ag  =  20logio[2sinip(Zz/Zi)],  dB  . 

A  comparison  of  this  prediction  with  measured  levels 
at  distances  out  to  240  m  for  one  well -chosen  example 


FIG.  6.  Measured  excess  attenuation  for  a  point  source  on 
the  surface  ihs-O)  of  a  flat  grassy  site  and  the  receiver  at 
various  heights  (0^  5  m)  and  distance  (d  =  5  m  for  ▼ ,  15  m 

for  JY,  30  m  for  o ,  60  m  for  a  ,  120  m  for  a  ,  and  240  m  for 
•)  for  a  frequency  of  3  kHz.  There  was  a  brisk  crosswind  to 
eliminate  the  gradients  of  wind  and  temperature  which  cause 
refraction.  The  measurements  are  compared  to  the  attenuation 
predicted  (solid  line)  via  Eq.  (3)  from  the  value  of  the  ground 
impedance  determined  from  measurements  at  short  range. 

The  dashed  lines  encompass  90%  of  the  measured  values  (Ref.  3  8) , 


(3)  is  shown  in  Fig.  6.  Note  that  the  excess  attenuation  in 
the  shadow  zone  is  dependent  only  on  ib  and  the  magni¬ 
tude  of  the  ratio  Z^/Zi,  and  reaches  values  of  ~  30  dB. 

It  is  the  result  of  cancellation  between  direct  and  re¬ 
flected  waves  in  the  immediate  vicinity  of  the  source, 
produced  by  the  phase  change  of  nearly  180"^  upon  re¬ 
flection,  as  described  previously  for  plane  waves. 

2.  Effect  of  path^fength  differencessource  and  receiver 
both  above  a  hard  ground 

When  both  the  source  and  receiver  are  above  the 
ground  there  is  a  phase  change  caused  by  the  difference 
in  length  between  propagation  paths  and  rg  in  Fig.  4, 
in  addition  to  the  phase  change  on  reflection  described 
in  the  previous  section.  To  show  the  effects  of  the  for¬ 
mer,  free  from  the  latter,  consider  propagation  in  the 
configuration  of  Fig.  4  above  a  hard,  smooth  surface, 
whose  reflection  coefficient  Rp  is  effectively  1.  Spectra 
of  excess  attenuation  measured^^  for  two  specific  con¬ 
figurations  relevant  to  standard  vehicle  tests  are  shown 
in  Fig.  7.  The  major  dips  in  the  spectra  (of  ~20  dB) 
are  the  result  of  cancellation  between  direct  and  re¬ 
flected  rays  for  path-length  differences  (PLD’s)  of  an 
odd  number  of  half  wavelengths.  The  interference  be¬ 
tween  direct  and  reflected  sound  over  the  rest  of  the 
spectra  is  approximately  coherent  addition.  (Note  that 
the  minor  dips  and  peaks  are  caused  by  turbulence,  and 
will  be  considered  later. )  An  elementary  geometric 
calculation  shows 

PhD-2h^hr/d  (4) 

for  small  values  of  ip.  Note  therefore  that  the  frequency 
/jnin  of  the  first  minimum  will  increase  with  increasing 
df  as  shown  in  Fig.  7,  and  also  decreasing  and 

Spectra  such  as  those  shown  in  Fig.  7  for  propagation 
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areas  of  two  different  sites)  obtained  from  measurements  either 
with  an  impedance  tube  or  of  interference  at  oblique  incidence 
(Ref.  38).  (Note  that  the  imaginary  component  corresponds  to 
a  stiffness  reactance.) 


over  a  hard  surface  may  be  divided  into  two  regions; 

~2/min  where  the  transmission  characteristic  is  rea¬ 
sonably  uniform,  and/>  where  it  alternately 
shows  the  effects  of  constructive  and  destructive  inter¬ 
ference.  The  former  is  highly  desirable  for  testing 
noise  sources  (see  Sec.  VA),  and  the  importance  of 
both  regions  for  outdoor  propagation  in  general  will  be 
discussed  later  in  Sec.  IIE. 

C.  Ground  impedance 

Measurements  of  the  acoustic  impedance  of  the  sur¬ 
face  of  the  ground  are  scarce:  only  for  mown  grass, 
as  found  on  airports  and  around  public  highways  and 
buildings,  is  a  substantial  amount  of  data  available.^®’^^'^^ 
The  most  detailed  information  on  the  impedance  of 
mown  grass  is  shown  in  Fig.  8.  It  was  obtained  from 
measurements  either  with  a  vertical  impedance  tube, 
or  from  interference  phenomena,  at  oblique  angle  of  in¬ 
cidence,  similar  to  those  described  in  the  previous  sec¬ 
tion.  The  values  of  impedance  shown  in  Fig.  8  confirm 
the  grassy  surface  to  have  the  acoustic  properties  of  a 
locally  reacting  porous  medium,  which  are  well  under¬ 
stood  from  the  study  of  acoustic  building  materials. 

The  impedance  is  determined  by  the  presence  of  a  thin 
porous  layer  on  the  surface  that  must  have  holes  small 
enough  to  offer  substantial  resistance  to  the  flow  of  air. 
Thus  the  impedance  of  short  grass  as  in  a  lawn  is  not 
changed  appreciably  by  mowing,  as  the  main  resistance 
to  flow  appears  to  be  either  in  the  turf  itself  or,  more 
likeiy,  in  the  soil  near  the  surface  kept  loose  by  the 
roots.  Different  stretches  of  institutional  or  mowed 
airport  grass  are  found  to  have  similar  values  of  im- 

.,^4.  — . 


weather.  ^  It  is  important  to  note  that  the  reactive  com¬ 
ponent  corresponds  to  a  stiffness  and  not  to  a  mass. 

There  is  little  information  about  the  acoustic  imped¬ 
ance  of  other  ground  surfaces.  A  stubble  field, or  the 
ground  under  a  pine  plantation^^  both  appear  to  have  an 
impedance  similar  to  that  of  grass,  presumably  because 
of  the  roots  loosening  the  soil.  Snow,  and  ground  re¬ 
cently  loosened  by  discing^^  appear  to  have  a  much  lower 
impedance  at  low  frequencies.  The  impedance  of  as¬ 
phalt,  although  much  higher  than  grass,  is  by  no  means 
infinite. 

D.  Ground  and  surface  waves — source  and  receiver  both 
on  the  ground 

The  third  term  in  the  Weyl-Van  der  Pol  solution  of 
the  wave  equation  for  spherical  waves  fEq.  (2)]  arises 
mathematically  from  the  need  to  match  the  boundary 
conditions,  in  particular  the  variation  of  the  curvature 
of  the  wavefronts  with  distance  along  the  boundary.  Pa¬ 
rameter  F  in  this  term  represents  a  complicated  mathe¬ 
matical  function®®’®®  of  a  variable  w  called  the  numeri¬ 
cal  distance.  This  function  is  plotted®*  versus  w  in  Fig. 

9  for  various  values  of  the  phase  angle  0  =  tan^H-^g/^z) 
of  the  surface  impedance  Z2.  The  numerical  distance 
is  given  by  the  expression®® 

IV  =  (i  ikr i)(sinip  +  Zx/Z^^  ,  (5) 

where  ^  =  27rA  is  the  propagation  constant  in  air,  and 
the  other  variables  are  defined  in  Secs.  HA  and  HB. 

It  is  useful  to  consider  the  numerical  distance  w  to  rep¬ 
resent  the  propagation  distance  Yj  scaled  for  a  given 
value  of  frequency  /,  and  grazing  angle  ip,  by  the  imped¬ 
ance  Z2,  according  to  Eq.  (5). 

The  physical  interpretation  of  the  third  term  in  Eq. 

(2)  is  more  elusive  than  that  of  the  first  and  second 
terms  which  are  the  direct  and  reflected  waves  dis¬ 
cussed  in  Sec.  II B.  The  physical  interpretation  is 
most  clear  for  both  source  and  receiver  on  the  boundary 
(h^  =  k^  =  0  in  Fig.  4,  and  i!}=0)  and  the  boundary  resis¬ 
tive  (0  =0),  because  of  the  direct  analogy  to  the  propa¬ 
gation  of  electromagnetic  waves  above  the  earth  (for 


FIG.  9.  Amplitude  factor  Fiw)  of  the  ground  and  surface  waves 
vs  numerical  distance  w  for  various  values  of  the  nhase  anffle 
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table  I.  The  propagation  distance  for  numerical  dis¬ 
tance  =  1,  and  height  2s„,  for  the  amplitude  of  the  surface  wave 
to  decrease  by  1/e  from  its  value  at  the  boundary,  calculated 
by  Eqs.  (5)  and  (6),  respectively,  from  the  impedances  shown 
in  Fig.  8  for  mown  grass. _ _ 


Zgnf  (ni) 

/(Hz) 

d^  (m) 

4000 

58 

100 

1500 

23 

200 

270 

7.3 

■500 

24 

0.9 

1000 

3.6 

0.5 

2000 

1 

0.15 

which  the  Weyl-Van  der  Pol  solution  was  originally  de¬ 
rived).  Under  these  conditions  the  direct  and  reflected 
waves  cancel  completely  to  form  a  shadow  zone,  as  de¬ 
scribed  earlier  in  Secs.  II A  and  IIB  1.  This  shadow 
zone  is  penetrated  by  the  ground  wave  which  is  repre¬ 
sented  by  the  third  term  in  Eq.  (2)  for  (#>  =0.  The  am¬ 
plitude  of  this  ground  wave  is  indicated  by  the  curve  for 
(b=0  in  Fig.  9.  Although  the  ground  wave  is  important 
for  radio  communication,  carrying  the  electromagnetic 
energy  from  the  antenna  of  the  local  AM  station  to  one's 
radio,  its  exact  physical  nature  is  still  obscure.  The 
dependence  on  the  variables,  however,  is  well  defined. 
The  curve  for  0  =  0  in  Fig.  9  indicates  that  at  short  dis¬ 
tances  (w«  1)  the  ground  wave  suffers  no  excess  attenu¬ 
ation  compared  to  propagation  over  an  infinitely  hard 
surface,  but  for  longer  distances  (w  » 1)  exhibits  a  loss 
of  6  dB  per  doubling  of  distance  in  addition  to  that  pro¬ 
vided  by  the  inverse  square  law. 

The  data  in  Fig.  8  indicate,  however,  that  the  phase 
angle  0  for  the  acoustic  impedance  of  a  grassy  surface 
varies  between  approximately  45*^  and  60°  over  the  audi¬ 
ble  range  of  frequencies.  (By  the  sign  convention  used 
in  this  paper,  a  positive  imaginary  term  for  impedance 
corresponds  to  a  stiffness  reactance.)  The  amplitude 
of  the  function  F  for  this  range  of  0  in  Fig.  9  differs 
from  that  for  0=0  (and  hence  differs  also  from  the  val¬ 
ues  used  for  radio  wave  propagation  in  the  atmosphere) 
by  the  presence  of  a  substantial  increase  in  the  vicinity 
of  IV  ^1,  This  increase  in  the  function  F  we  now  know 
to  be  mainly  the  contribution  of  a  surface  wave^®*^^  in 
the  air:  this  wave  is  coupled  to  the  ground  surface  ow¬ 
ing  to  the  latter's  stiffness  reactance  but  propagates  in 
the  air,  with  an  amplitude  that  decreases  exponentially 
with  height  z  above  the  boundary  according  to  the  for¬ 
mula 

p=/>6exp[-X|(ij|+X|)‘^fez] ,  (6) 

where  is  the  amplitude  at  the  boundary.  For  w«  1, 

S'  g. ,  for  d  small,  the  contribution  of  the  surface  wave 
in  Fig.  9  is  relatively  smaller  than  that  of  the  ground 
wave  because  the  surface-wave  amplitude  decreases  at 
only  3  dB  per  doubling  of  distance  (cylindrical  expan¬ 
sion  from  a  point  source)  compared  to  6  dB  for  the 
ground  wave.  For  w»l  the  amplitude  of  the  surface 
wave  again  becomes  smaller  than  the  ground  wave  be¬ 


cause  of  its  attenuation  by  viscous  losses  in  the  pores 
of  the  boundary,  which  is  exponential  with  distance  r 
along  the  boundary. 

In  summary,  theory  indicates  that  the  propagation  of 
sound  energy  between  a  point  source  and  receiver  which 
are  both  placed  on  a  grassy  surface  is  by  a 

ground  wave,  as  in  electromagnetic  propagation,  aug¬ 
mented  by  a  surface  wave.  The  scale  of  the  distances 
and  heights  of  these  waves  is  given  in  Table  I  for  a 
grassy  surface  whose  impedance  is  that  shown  in  Fig. 

8.  Some  of  the  properties  of  these  waves  have  been 
verified  directly  by  measurements  over  grass^^*^®  at 
short  distances,  where  disturbing  phenomena  such  as 
turbulence  and  refraction  are  absent,  and  by  model  ex¬ 
periments  indoors. The  relevance  of  ground  and 
surface  waves  to  long  range  propagation  when  both 
source  and  receiver  are  above  the  ground  will  be  dis¬ 
cussed  in  the  following  section. 

E.  All  phenomena  together— source  and  receiver  both 
above  the  ground 

All  the  phenomena  described  previously  in  Secs. 
HA-IID  must  be  considered  when  both  point  source  and 
receiver  are  above  the  ground.  The  curves  shown  in 
Fig.  10,  for  propagation  in  the  configuration  of  Fig.  4 
with  =  1. 8  m,  /i,.  =  1. 5  m,  and  various  values  of  d, 
have  been  calculated^®  using  the  theory  of  Donato®’  with 
values  of  impedance  taken  from  the  curves  for  mown 
grass  in  Fig.  8.  The  individual  contributions  to  these 
curves  from  direct  D,  reflected  H,  ground  G,  and  sur¬ 
face  S  waves  are  illustrated^®  for  three  of  these  dis¬ 
tances  in  Fig.  11,  together  with  measurements  of  the 
propagation  of  jet  noise  for  the  same  values  of  and 
and  comparable  d  (110  and  615  m)  under  neutral  atmo¬ 
spheric  conditions  at  an  airport.  (These  measure¬ 
ments  will  be  described  in  greater  detail  in  Sec.  IVB.) 

Consider  first  the  curves  for  a  distance  of  31.2  m  in 
Fig.  11.  Here  the  grazing  angle  is  sufficiently  large 
for  D  and  R  waves  alone  [first  two  terms  in  Eq.  (2)]  to 
be  a  good  approximation  to  the  complete  solution.  Note 


FIG.  10.  Excess  attenuation  calculated  for  propagation  from  a 
point  source  over  mown  grass  for  h^-lS  m,  ^,.=  1.5  m,  and 
the  distances  of  propagation  d  indicated.  The  attenuation  is 
calculated  for  values  of  impedance  given  in  Fig.  8.  The  excess 
attenuation  is  relative  to  that  for  the  point  source  placed  on  a 
perfectly  hard  surface  (Ref.  48), 
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FIG.  11.  Excess  attenuation  for  propagation  from  a  point 
source  over  mown  grass,  As  =  1.8  m,  ^,.=  1.5  m.  The  calcu¬ 
lated  curves  show  the  contributions  from  the  various  waves — 
direct  D,  reflected  R,  ground  G,  and  surface  S.  The  points 
are  measurements  of  jet  noise  from  Ref,  45  at  comparable 
distances.  The  excess  attenuation  is  relative  to  that  for  a 
point  source  placed  on  a  perfectly  hard  surface  (Ref.  48). 


that  the  latter  includes  contributions  from  D,  /?,  and  G 
waves  only,  because  the  angle  ip  is  too  large  for  an  S 
wave  to  be  significant.  For  frequencies  greater  than 
about  1  kHz  there  is  a  series  of  maxima  and  minima 
caused  by  path  length  differences  (PLD's)  between  di¬ 
rect  and  reflected  waves,  that  is  an  interference  pat¬ 
tern  similar  to  that  described  in  Sec.  II B  for  a  hard 
surface  (see  Fig.  7).  Unlike  the  pattern  for  a  hard  sur¬ 
face,  however,  the  minima  are  for  PLD^s  which  are  ap¬ 
proximately  even  multiples  of  ix,  indicating  that  the 
surface  is  effectively  soft  for  this  configuration  and  fre¬ 
quency  range.  As  the  frequency  decreases,  however, 
the  ground  impedance  increases  (see  Fig.  8)  causing 
the  surface  to  give  a  response  which  is  effectively  hard 
for  low  frequencies  (/<--  150  Hz)  as  in  Fig.  7.  Unlike 
the  response  of  the  hard  surface  shown  in  Fig.  7,  how¬ 
ever,  there  is  a  broad  minimum  between  these  two 
ranges  centered  at  about  500  Hz,  which  is  character¬ 
istic  of  the  propagation  for  short  distances  over  soft 
ground.  It  is  the  result  of  cancellation  between  direct 
and  reflected  waves  caused  primarily  by  the  phase 
change  on  reflection.  The  dip  shown  in  Fig.  11  for  a 
distance  of  31.2  m,  therefore  (for  source  and  receiver 
now  b^th  raised  above  the  surface),  is  the  remains  of 
the  sb\iow  zone  described  previously  in  Sec.  UB,  for 
the  source  (or  receiver)  on  the  ground.  It  has  caused 
major  problems  for  the  testing  of  noise  sources  such 
as  snowmobiles  at  short  ranges,  because  the  cancella¬ 
tion  and  hemce  the  noise,  is  dependent  on  the  impedance 
of  the  surface  of  the  particular  site- 

Because  the  curvature  of  the  wavefront  from  a  point 


source  decreases  with  increasing  distance,  the  behavior 
for  long  ranges  must  be  asymptotic  to  that  described  in 
Sec.  HA  for  plane  waves.  The  curves  in  Fig.  10  indi¬ 
cate  that  the  dip  broadens  and  deepens  with  increasing 
distance  until  most  of  the  audible  frequency  range  is  in¬ 
cluded  in  the  shadow  zone  in  accordance  with  this  prin¬ 
ciple.  Comparison  of  the  curves  in  Fig.  11  for  a  dis¬ 
tance  of  125  m  with  those  for  31.2  m  shows  how  this 
broadening  comes  about.  The  interference  pattern, 
which  occurs  at  high  frequencies  for  =  31. 2  m,  has, 
for  ^  =  125  m  moved  upward  in  frequency  beyond  4  kHz, 
by  virtue  of  the  cT^  term  in  Eq.  (4),  leaving  only  the 
rising  slope  to  the  first  maximum  in  Fig.  11.  At  the 
low  frequency  end,  the  increasing  cancellation  between 
D  andi?  waves  produced  by  decreasing  ^  [as  in  Eq.  (1)] 
has  revealed  a  substantial  contribution  from  the  ground 
wave.  The  measurements  are  in  reasonable  agreement 
with  theoretical  prediction  for  125  m,  using  impedances 
obtained  from  a  different  site. 

Consider  now  the  curves  for  500  m  in  Fig.  11.  The 
broadening  of  the  shadow  zone  to  higher  frequencies  evi¬ 
dent  in  the  curves  for  125  m  has  continued  with  increas¬ 
ing  distance.  There  has  also  been  a  broadening  to  the 
lower  frequencies,  which  leaves  most  of  the  energy  in 
the  frequency  range  50-200  Hz  in  the  surface  wave, 
and  the  latter  fact  remains  true  for  longer  distances. 

The  measurements  for  500  m  at  low  frequencies  closely 
follow  theory,  showing  a  small  enhancement  (negative 
excess  attenuation)  due  to  the  surface  wave.  There  is, 
however,  a  tendency  at  the  high  frequencies  for  the 
measured  excess  attenuation  to  be  consistently  less  than 
predicted. 

The  reason  for  the  high-frequency  discrepancy  prob¬ 
ably  has  to  do  with  the  use  of  coherent  acoustic  theory 
for  the  predicted  curves.  Turbulence  in  the  atmosphere 
is  known  to  reduce  coherence  between  different  propa¬ 
gation  paths.  While  it  would  be  premature  to  attempt  to 
predict  the  size  of  this  effect  from  existing  knowledge, 
to  be  realistic  one  must  expect  significant  departures 
from  the  curves  shown  in  Fig.  10  due  to  turbulence  (see 
Sec.  niB)  particularly  at  higher  frequencies,  longer 
distances,  and  when  the  excess  attenuation  due  to  inter¬ 
ference  between  direct  and  reflected  waves  would  other¬ 
wise  become  large  (greater  than  ~  20  dB,  see  Sec.  IIIC). 

In  practice,  for  broadband  noise  sources,  such  as  a 
jet  engine,  and  for  distances  greater  than  about  1  km, 
the  high  frequencies  will  be  attenuated  sufficiently  by 
atmospheric  absorption,  as  shown  in  Fig.  3,  and  the 
midfrequencies  will  be  attenuated  by  the  ground  shadow, 
as  shown  in  Fig.  10,  so  that  the  main  contribution  to 
the  measured  A-weighted  sound  level  will  come  from  the 
surface  wave  at  frequencies  below  200  Hz,  as  illustrated 
in  Fig.  11.  It  is  likely  also  that  the  background  roar 
from  distant  traffic,  is  transmitted  mainly  via  this  sur¬ 
face  wave.  It  is  interesting  to  note  that  the  attenuation 
of  the  surface  wave  is  mainly  by  the  viscous  flow  of  air 
in  the  pores  of  the  ground. 

F.  Summary 

In  the  preceding  Secs.  IIA-IIE  the  present  under¬ 
standing  of  the  near-horizontal  propagation  of  sound  in 
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,1  acoustically  homogeneous  atmosphere  close  to  flat 
rround  has  been  outlined.  The  primary  effect  is  a 
"hadow  zone  caused  by  the  finite  acoustic  impedance  of 
me  ground  surface.  This  shadow  zone  is  penetrated  at 
low  frequencies  by  the  ground  and  surface  waves.  For 
both  source  and  receiver  above  the  boundary,  the  shad¬ 
ow  zone  is  also  penetrated  at  high  frequencies  by  con- 
-tructive  interference  between  direct  and  ground- re- 
Lcted  waves.  Sound  levels  can  be  calculated  with  rea¬ 
sonable  precision  using  known  theory  within  the  con¬ 
straints  imposed  by  the  present  knowledge  of  the  ground 
impedance  and  the  use  of  coherent  wave  theory.  The 
effect  of  inhomogeneity  of  the  atmosphere  produced  by 
surface  meteorology,  as  well  as  surface  topography, 
will  be  discussed  in  Secs.  Ill  and  IV. 

G,  Prediction  schemes 

It  appears  from  the  analysis  in  Sec.  HE,  that  the 
modern  theory  of  the  propagation  of  sound  from  a  point 
source  has  good  potential  for  predicting  the  excess  at¬ 
tenuation  of  noise  produced  by  the  ground  surface  within 
the  constraints  reviewed  in  Sec.  II F  above.  There  are 
two  equivalent  formulations,  by  Wenzel  and  Donato, 
with  the  latter  more  suitable  for  computation.  The  the¬ 
ory  and  the  mechanisms  of  propagation  are  complicated 
but  the  solutions  are  programmable,  so  that  this  method 
appears  worthy  of  development. 

A  useful  but  less  general  approach  has  been  suggested 
by  Delany  and  Bazley.®®*“  They  adapted  the  limited  ex¬ 
act  mathematical  solution  of  Wise^*  for  electromagnetic 
propagation  to  the  propagation  of  sound.  This  solution 
is  equivalent  to  taking  only  the  first  two  terms  in  Eq. 

(2).  The  simplified  method  of  Delany  and  Bazley  has 
the  additional  constraint,  therefore,  to  regions  where 
the  contributions  from  the  ground  and  surface  waves 
may  be  neglected.  It  appears  from  the  discussion  in 
Secs.  HD  and  HE  (and  Fig.  11)  that  this  simplified 
scheme  should  not  be  used  for  low  frequencies  at  small 
grazing  angles.  It  should,  however,  be  useful  for  eval¬ 
uating  the  noise  from  aircraft  in  flight,  the  purpose  for 
which  it  was  designed,  because  here  two  of  the  other 
major  constraints  (weather  and  topography)  are  often 
not  a  problem. 

III.  EFFECT  OF  SURFACE  METEOROLOGY 
A.  Relevant  meteorological  phenomena 

The  variation  of  the  average  speed  of  the  wind  V„ 
with  height  z  in  the  vicinity  of  the  ground  for  a  large^^^^^ 
flat  open  area  is  approximately  as  shown  in  Fig.  12. 

For  heights  greater  than  2o>  may  be  represented  by 
the  formula 

V„  =  /s:„log(2/2o)  • 

Parameter  Zq  is  determined  by  the  roughness  of  the 
surface,  and  is  often  very  approximately  the  height  of 
a  consistent  obstacle,  such  as  grass  or  corn.  The  re¬ 
gion  of  logarithmic  variation  shown  by  Eq.  (7)  is  caused 
by  the  viscous  drag  of  the  surface  and  is  known  as  the 
viscous  boundary  layer.  The  constant  is  determined 
by  the  roughness  of  the  surface,  and  the  wind  velocity 
above  this  boundary  layer,  which  is  usually  not  greater 


than  ~  10  m  thick,  the  height  at  which  wind  is  normally 
measured  at  an  airport.  In  practice  it  is  often  neces¬ 
sary  to  consider  deviations  from  the  velocity  profile 
given  by  Eq.  (7)  caused  by  the  buoyancy  introduced  by 
the  temperature  profile. 

In  the  vicinity  of  the  ground,  the  variation  in  average 
temperature  T  with  height  for  a  large  flat  area  may  be 
represented  during  the  daytime  by  the  analogous  expres- 
sion 

T  =  To-Ktlog{z/zQ)  , 

where  Tq  is  the  temperature  for  2<  Zo*  The  thermal 
boundary  layer  given  in  Eq.  (8),  which  normally  has  a 
thickness  and  value  of  zq  similar  to  that  of  the  viscous 
layer,  is  caused  by  the  heating  of  the  surface  by  the 
sun.  It  normally  coincides  with  a  condition  known  to 
meteorologists  as  lapse  from  measurements  well  above 
the  boundary  layer,  an  example  of  which  is  given  in 
Fig.  13.  Shown  also  in  Fig.  13  is  an  example  of  an  in¬ 
version  caused  by  the  cooling  of  the  surface  of  the 
ground  through  radiation  to  the  night  sky.  The  term 
“neutral”  will  be  used  later  in  the  discussion  to  signHy 
'  a  third  meteorological  condition,  where  the  dependence 
of  temperature  with  height  is  small;  This  condition  may 
arise  typically  under  heavy  clouds. 

B.  Refraction 
1.  Basic  forms 

Forms  of  refraction  produced  by  different  meteoro¬ 
logical  conditions  are  shown  in  Fig.  14.  While  the  ef¬ 
fects  of  wind  and  temperature  gradients  appear  similar 
in  the  figure,  the  following  differences  should  be  noted. 
Because  temperature  is  a  scalar  quantity  the  refraction 
of  sound  produced  by  lapse  or  inversion  conditions  is  the 
same  in  all  horizontal  (compass)  directions.  Wind, 
however,  produces  refraction  nonuniform  in  direction 
according  to  the  vector  component  in  the  direction  of 
propagation.  Thus  the  refraction  produced  by  the  wind 
is  zero  when  the  sound  propagates  directly  crosswind, 
and  increases  progressively  as  the  direction  of  propa¬ 
gation  deviates  from  this  condition. 

The  major  acoustic  effect  in  refraction  upwards  as 
shown  in  Fig.  14(b)  is  the  production  of  a  refractive 
shadow  zone,  shown  crosshatched  in  the  figure,  where, 
according  to  the  ray  picture  (geometric  acoustics)  no 
sound  may  enter.  Refraction  downwards,  as  shown  in 


FIG.  12.  Variation  of  wind  velocity  and  temperature  in  the 
vicinity  of  a  flat  ground  surface  (z  <  ~  10  m). 
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temperature  -^C 

FIG.  13.  Variation  of  temperature  aloft— examples  of  lapse 
(afternoon)  and  inversion  (evening)  conditions  from  Ref.  56. 

Fig.  14(a)  tends  in  practice  to  enhance  the  sound  level, 
by  mechanisms  which  will  be  discussed  in  the  next  sec¬ 
tion. 


FIG.  15.  Observed  attenuation  of  aircraft  noise  in  a  ground- 
to-ground  configuration  under  a  variety  of  weather  conditions 
(Ref.  45).  Calculated  losses  from  atmospheric  absorption  and 
spherical  spreading  have  been  subtracted  from  the  attenuation 
measured  in  1/3-octave  bands  for  distances  of  110  m  and  615 
m.  The  numbers  on  the  curves  indicate  the  vector  component 
of  the  wind  velocity  in  the  direction  of  propagation  in  m/  sec . 
All  curves  are  for  neutral  conditions  of  temperature  except 
for  those  marie ed  L,  which  are  for  lapse. 


2  Refraction  effects  for  distances  less  than  1500  m 

The  work  of  Refs.  3,  45,  53,  and  57-65  may  be  fitted 
together  to  provide  a  consistent  picture  of  the  effect  of 
refraction  on  the  propagation  of  sound  over  distances  up 
to  1.  5  km  using  the  meteorological  and  refraction  phe¬ 
nomena  described  in  the  two  previous  sections  and  the 
propagation  phenomena  described  in  Sec.  II.  These 
phenomena  will  be  described  with  the  help  of  the  de¬ 
tailed  measurements  of  Parkin  and  Scholes^®  shown  in 
Fig.  15  for  the  propagation  of  jet  noise  over  mown 
grass  on  a  reasonably  level  airport. 

Measured  spectra  of  attenuation  in  excess  of  that 
caused  by  spherical  spreading  and  atmospheric  absorp¬ 
tion  are  shown  in  Fig.  15  for  two  different  distances  and 
a  number  of  different  meteorological  conditions.  The 
source  height  is  1. 8  m  and  the  receiver  height  1.5  m. 
The  curves  each  represent  the  average  of  a  number  of 
measurements  on  different  days.  The  dotted,  dashed, 
and  solid  curves  for  each  distance  are  designated  +  5,  0, 
and  -  5  to  indicate  the  vector  component  of  wind  velocity 
in  the  direction  of  propagation  in  meters  per  second. 


SOURCE 
\ , 


SOURCE 


SHADOW  NEAR 
THE  GROUND 


/ 


FIG.  14.  (a)  Refraction  downward — inversion  or  downwind 

propagation,  (b)  Refraction  upwards— lapse  or  upwind  prop- 


For  these  three  curves  the  temperature  conditions  are 
classed  as  neutral,  as  described  in  Sec.  Ill  A.  Curve  0 
for  each  distance  therefore  indicates  the  attenuation 
produced  by  the  ground  effect,  as  described  in  Sec.  HE, 
and  in  fact  is  composed  of  straight  lines  joining  the  ex¬ 
perimental  points  in  Fig.  11.  Curve  -  5  (in  Fig.  15) 
indicates  the  additional  attenuation  produced  by  a  wind 
shadow  zone,  and  curve  +  5  the  enhancement  during 
downwind  propagation. 

Parkin  and  Scholes  resolve  their  measurements  into 
two  further  categories  according  to  the  gradient  of  tem¬ 
perature— either  lapse  or  inversion.  The  result  is  gen¬ 
erally  to  change  the  labels  on  their  curves  for  all  dis¬ 
tances  by  one  step  (exceptions  will  be  discussed  later). 
Thus  their  lapse  +  5  curve  is  close  to  the  neutral  zero 
curve  in  Fig.  15,  and  the  lapse  zero  curve  is  equivalent 
to  the  neutral  -  5  curve.  The  lapse  -  5  curve,  which  is 
the  bottom  curve  (-  5X)  in  the  figure,  represents  one  of 
the  exceptions-  Inversion  conditions  could  only  be  at¬ 
tained  for  light  winds,  and  their  inversion  zero  curve  is 
very  close  to  the  neutral  +  5  curve  in  the  figure. 

The  first  conclusion  to  note,  therefore,  from  the 
measurements  of  Parkin  and  Scholes  is  that  refraction 
due  to  vertical  gradients  of  wind  and  temperature  in 
practice  produces  equivalent  acoustic  effects;  these  are 
additive,  moreover,  within  the  limits  imposed  by  a 
saturation  phenomenon  to  be  described  presently.  To 
understand  the  physical  nature  of  these  effects  it  is  use¬ 
ful  to  divide  the  frequency  range  for  the  spectra  shown 
in  Fig.  15  into  three  parts:  a  small  central  region  from 
about  200-500  Hz  where  the  effect  of  refraction  is 
smallest,  and  separate  regions  for  frequencies  above 
and  below  this  central  region. 

{a)  Hi frequency  Tegion  (/>  500  Hz).  In  this  re- 
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gion  the  measurements  show  a  strong  tendency  towards 

extreme  values  for  the  excess  attenuation,  approxi¬ 
mately  0  dB  in  conditions  of  downward  refraction  (in¬ 
version  or  downwind  propagation)  and  -  20  dB  in  condi¬ 
tions  producing  upward  refraction  (lapse  or  upwind 
propagation),  seemingly  independent  of  frequency  or 
^stance  (when  the  latter  is  sufficiently  large).  This 
^pattern  is  reasonably  clear  in  the  measurements  for  a 
distance  of  615  m  shown  in  Fig.  15,  and  obvious  in  the 
'measurements  for  a  frequency  of  1.2  kHz  over  a  range 
of  distances  shown  in  Fig.  16. 

The  pattern  for  conditions  of  upward  refraction  is 
idealized  by  the  solid  lines  shown  in  Fig.  16.  There  is 
effectively  no  excess  attenuation  in  propagation  out  to 
the  shadow  boundary  B  in  the  figure,  which  is  typically 
50  m  away  from  the  source.  The  excess  attenuation 
then  increases  rapidly  to  position  D,  but  then  stays  in¬ 
dependent  of  further  increases  in  distance.  In  effect  the 
signal  well  within  the  shadow  zone  follows  the  inverse 
square  law  but  is  also  reduced  in  level  by  a  fixed  attenu- 
,  ation  given  by  the  shielding  factor  in  Fig.  16. 

It  should  be  noted  that  the  pattern  of  behavior  de- 
^  scribed  above  is  independent  of  the  magnitude  of  excess 
ground  attenuation.  Thus  the  measurements  for  a  dis- 

•  tance  of  615  m  in  Fig.  15  indicate  at  a  frequency  of  3-4 
kHz,  where  the  ground  effect  is  small,  there  is  effec- 

^  lively  no  enhancement  of  the  signal  during  downwind 
propagation,  and  for  a  frequency  of  ~  600  Hz,  where  the 
^  ground  effect  is  large,  the  increase  in  attenuation  in  up¬ 
wind  propagation  indicated  by  the  —  5  curve  is  small. 

^  Furthermore,  the  —  SF  curve  indicates  that  the  addi¬ 
tional  refraction  produced  here  by  adding  a  tempera¬ 
ture  gradient  is  also  small.  This  effect  has  been  de- 
[j  scribed  previously  as  a  saturation. 

To  explain  these  saturation  characteristics,  the  fol- 
lowing  mechanism  has  been  proposed  for  the  solid  line 
in  Fig.  16  (upward  refraction).  The  behavior  well  with- 

*  in  the  shadow  zone  is  as  if  the  signal  were  from  a 
flanking  path.  The  refractive  shadow  boundary  is  known 

^  to  make  a  small  angle,  typically  <  5°,  with  respect  to 
the  ground  (see  Sec.  IV  A),  and  it  has  been  widely  sug¬ 
gested^' that  the  flanking  signal  is  energy  scat¬ 
tered  down  across  this  boundary  by  atmospheric  turbu¬ 
lence,  as  indicated  by  the  dashed  arrows  in  Fig.  17. 
However,  this  model  for  the  mechanism  of  the  shield¬ 


ing  factor  remains  untested  by  experiment  or  quantita¬ 
tive  analysis. 

The  method  by  which  the  excess  attenuation  becomes 
0  dB  for  downward  refraction,  as  given  by  the  dashed 
line  in  Fig.  16,  is  also  not  clear.  The  only  a  priori 
likely  way  is  by  destruction  of  the  ground  effect.  The 
curvature  in  the  ray  path  increases  the  grazing  angle  ip 
in  Fig.  4,  hence  reduces  the  cancellation  which  causes 
the  ground  effect. 

(6)  Low-frequency  region  (/<200  Hz),  The  curves 
for  =  110  m  in  Fig.  15  indicate  that  the  effects  of  re¬ 
fraction  are  much  smaller  for  low  frequencies  than  for 
high:  the  physical  reason  is  that  the  scale  of  the  strong 
gradients  in  wind  and  temperature  which  occur  close  to 
the  ground  (see  Fig.  12  and  Sec.  Ill  A)  become  small 
compared  to  the  wavelength  of  sound  at  the  lower  fre¬ 
quencies.  Refraction  still  occurs  for  the  low  fre¬ 

quencies  but  at  much  larger  distances.  The  curves 
marked  -  5  and  -  5L  for  ^f  =  615  m  in  Fig.  15,  for  ex¬ 
ample,  indicate  that  at  this  distance  the  shadow  zone  is 
still  only  partially  formed,  i.  e.,  the  excess  attenuation 
,  falls  part  way  along  line  BD  in  Fig.  16,  similar  to  the 
curves  for  -  5  and  -  51  at  high  frequencies  and  a  dis¬ 
tance  of  110  m  in  Fig.  15. 

The  +  5  curve  for  a  distance  of  615  m  in  Fig.  15  indi¬ 
cates  that  during  downwind  propagation  or  in  an  inver¬ 
sion  only  low-frequency  signals  are  enhanced  well 
above  that  expected  by  inverse  square  law.  A  likely 
mechanism  for  this  enhancement  is  provided  by  the 
unique  mode  of  propagation  at  these  frequencies,  as 
described  in  Sec.  HE.  The  surface  wave  may  be  at¬ 
tributed  to  the  porosity  of  the  ground  retarding  the  ve¬ 
locity  of  propagation  in  the  atmospheric  layer  immedi¬ 
ately  above  the  surface.  This  retardation  is  enhanced 
by  the  vertical  gradient  of  wind  velocity  during  propa¬ 
gation  downwind,  or  the  vertical  gradient  of  tempera¬ 
ture  during  an  inversion. 

(c)  Central  frequency  region  (/=350±150  Hz),  A 
study  of  curves  similar  to  those  in  Fig.  15  for  other 
sites^®*®^  and  geometrical  configurations®^  {hs^Kyd) 
shows  the  position  of  this  limited  region,  where  the  ef¬ 
fects  of  refraction  are  small,  to  be  in  the  vicinity  of 
the  frequency  of  maximum  ground  attenuation,  which  is 
somewhere  in  the  range  200—500  Hz.  The  —  5  and  —  5L 
curves  in  Fig.  15  for  a  distance  of  615  m  indicate  that 
the  small  effect  of  upward  refraction  in  this  region  is 
the  result  of  saturation  in  the  shadow  zone,  as  de¬ 
scribed  above  for  high  frequencies. 

The  persistence  of  the  ground  shadow  indicated  by 
the  coincidence  of  curves  0  and  +  5  for  a  distance  of 


^ - - 

GROUND 

FIG.  17.  A  mechanism  for  the  shielding  factor,  in  Fig. 
16.  The  dashed  lines  represent  the  continuous  scattering  of 
energy  down  from  the  sky  wave,  which  propagates  without 
excess  attenuation  from  source  S, 
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615  m  is  remarkable,  however,  and  almost  certainly 
reflects  the  unusual  mechanism  of  propagation  de¬ 
scribed  in  Sec.  II D  and  HE.  Thus,  the  sharp  increase 
in  excess  attenuation  with  frequency  between  200  and 
300  Hz  at  a  distance  of  615  m  was  shown  to  be  caused 
by  the  absorption  of  energy  in  the  surface  wave  by  the 
viscous  flow  of  air  in  the  pores  of  the  ground.  The  co¬ 
incidence  of  the  +  5  curve  with  the  zero  curve  in  Fig. 

15,  therefore,  signifies  that  this  loss  cannot  be  re¬ 
placed  by  refraction. 

3.  Prediction  schemes 

Wiener  and  Keast  have  provided  an  empirical  pre¬ 
diction  scheme  for  the  effects  of  refraction  by  wind  and 
temperature  which  is  applicable  to  the  high-frequency 
region  described  above.  In  this  scheme  the  distance  to 
the  shadow  boundary  B  in  Fig.  16  is  calculated  assum¬ 
ing  linear  vertical  gradients  of  wind  and  temperature. 
Delany®®  has  improved  this  scheme  by  calculating  the 
distance  for  the  logarithmic  profiles  in  the  boundary 
layer  indicated  by  Eqs.  (7)  and  (8).  Kriebel®®  has  also 
provided  an  interesting  analysis  of  the  propagation  in 
the  boundary  layer. 

It  should  be  noted,  however,  that  measurements  in 
the  low  frequency  region  described  above  show  the  ex¬ 
cess  attenuation  to  depend  on  the  surface  impedance, 
which  is  outside  the  scope  of  Wiener  and  Keast’s  meth- 
od. 

It  should  also  be  noted  that  for  propagation  over  dis- 
tances  much  greater  than  1.  5  km,  different  factors  be¬ 
come  important.  There  are  scattered  measurements®^’®* 
which  indicate  a  much  higher  attenuation  in  the  shadow 
zones  than  predicted  by  Wiener  and  Keast.  In  downward 
refracting  conditions  the  relevant  portion  of  the  vertical 
profiles  of  wind  and  temperature  become  higher  than  the 
logarithmic  boundary  layer  given  by  Eqs.  (7)  and  (8). 
Inversions  then  become  more  important  (see  Fig.  13) 
and  a  theoretical  analysis  of  the  excess  attenuation  dur¬ 
ing  propagation  in  inversions  is  available.®* 

Empirical  models  have  also  been  developed^*  to  ex¬ 
plain  systematic  trends  observed  during  a  very  large 
number  of  measurements  of  low-frequency  sound  propa¬ 
gation  over  flat  wooded  terrain  at  distances  up  to  8  km. 
The  average  observed  excess  attenuation  was  primarily 
determined  by  the  sign  and  magnitude  of  the  vertical 
gradient  in  the  speed  of  sound,  and  secondly  by  the  wind 
speed. 

C.  Turbulence 

Large  eddies  are  formed  in  the  atmosphere  by  insta¬ 
bilities  in  the  thermal  and  viscous  boundary  layers  at 
the  surface  of  the  ground,  described  in  Sec.  HI  A.  Fur¬ 
ther  instability  causes  these  eddies  to  break  down  pro¬ 
gressively  into  smaller  and  smaller  sizes  until  the  en¬ 
ergy  is  finally  dissipated  by  viscosity  in  eddies  approxi¬ 
mately  1  mm  in  size.  A  statistical  distribution  of  ed¬ 
dies,  which  we  call  turbulence,  is  therefore  present  in 
the  atmosphere  at  all  times.®*’”  The  intensity  of  the 
turbulence,  however,  is  strongly  dependent  on  meteoro¬ 
logical  conditions  (and  also  height  above  the  ground). 


being  high,  for  example,  on  a  windy  summer  afternoon 
and  low  under  nocturnal  inversions. 

The  effect  of  atmosphere  turbulence  on  wave  propa¬ 
gation  has  been  studied  extensively  during  the  last  twen¬ 
ty  years,  most  notably  on  the  propagation  of  light  and 
microwaves,  but  also  of  sound. For  sound,  the 
condition  most  studied  is  near -vertical  propagation, 
well  away  from  the  surface  of  the  ground,  to  permit  the 
“acoustical  sounding”  of  meteorological  conditions.” 
There  are  a  small  number  of  investigations  of  near¬ 
horizontal  propagation  of  sound  close  to  the  ground”’” 
which  are  of  direct  relevance  to  noise  problems,  but 
for  most  questions  concerning  the  effect  of  turbulence 
on  noise  propagation  it  is  necessary  to  fall  back  on 
knowledge  accumulated  in  these  related  areas. 

It  is  known  that  atmospheric  turbulence  produces 
fluctuations  in  the  amplitude  and  phase  of  a  pure  tone 
during  propagation  which  increase  with  increasing  dis¬ 
tance  until  a  point  is  reached  where  the  phase  fluctua¬ 
tions  have  a  standard  deviation  comparable  to  90^.  At 
this  point  the  signal  effectively  becomes  uncorrelated 
■  with  the  source  and  the  amplitude  fluctuations  are  lim¬ 
ited  to  a  standard  deviation”  of  ~  6  dB.  The  distance  to 
this  point  for  horizontal  propagation  of  sound  near  the 
ground  on  a  summer  day  is  very  approximately  700X, 
for  frequencies  in  the  range  500-5000  Hz.  ”  An  effect 
of  this  magnitude  brings  into  question  the  common  use 
of  coherent  acoustic  theory  for  predicting  noise  propa¬ 
gation  in  a  number  of  critical  regions,  some  of  which 
have  already  been  mentioned  (Secs.  HE  and  IIIB). 

Perhaps  the  condition  most  sensitive  to  atmospheric 
turbulence  is  interference  phenomena:  the  sharp  spikes 
clearly  visible  in  the  minima  of  the  interference  pat¬ 
terns  shown  in  Fig.  7,  for  example,  are  caused  by 
fluctuations  in  the  phase  difference  between  direct  and 
reflected  waves,  and  the  effective  depth  of  the  minima 
is  determined  by  the  fluctuations.”  While  a  good  start 
has  been  made  on  the  theory  of  interference  in  a  turbu¬ 
lent  medium,  ”  much  more  work  will  be  needed  on  par¬ 
tially  coherent  propagation  before  a  satisfactory  method 
is  achieved  for  predicting  the  ground  effect  at  the  longer 
ranges  and  higher  frequencies  shown  in  Fig.  10. 

Another  role  of  atmospheric  turbulence  which  is  im¬ 
portant  for  the  prediction  of  noise  levels,  is  in  deter¬ 
mining  the  saturation  effect  in  shadow  zones,  as  de¬ 
scribed  in  terms  of  a  shielding  factor  in  Sec.  HIB.  The 
role  is  in  fact  even  more  general  than  described  there: 
it  should  be  expanded  to  include  the  acoustic  shadow 
provided  by  walls,  ’’*  buildings,  ®  the  ground  effect, 
etc.  We  are  very  limited  at  present  in  our  ability  to 
predict  levels  in  shadow  zones  because  of  an  almost 
complete  lack  of  understanding  of  the  basic  phenomena 
which  determine  the  shielding  factor. 

A  less  profound  aspect  of  atmospheric  turbulence,  but 
still  a  nuisance,  is  the  need  to  cope  with  amplitude  fluc¬ 
tuations  in  specifying  noise  levels”  from  relatively  dis¬ 
tant  sources  such  as  aircraft.  One  recent  experimental 
study  of  sound  propagation  to  the  ground  from  a  152  m 
tower  indicated  the  potential  significance  of  the  Richard¬ 
son  s  number  on  the  magnitude  of  these  fluctuations.  ” 
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[  no  18.  Excess  attenuation  derived  from  hilltop  to  hilltop 
I  .^nsmission  measurements  over  a  distance  of  about  3  km. 

T^e  points  are  measurements  which  were  corrected  for  inverse 
I  uare  law  and  molecular  absorption  using  the  method  of  Ref. 

;  i(!  !w  the  original  investigators  (Ref.  57).  The  curve  is  mo- 
locular  absorption  from  the  nitrogen  relaxation,  calculated  by 
the  method  of  Ref.  23,  which  was  neglected  in  the  method  of 
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There  is  one  role  of  atmospheric  turbulence  which 
used  to  be  considered  important^  in  predicting  noise 
levels,  but  now  is  generally  believed  to  be  minor’^®— that 
is  the  direct  attenuation  of  sound  by  turbulence.  If  the 
sound  is  in  a  highly  directed  beam,  as  for  example  a 
vertical  atmospheric  sounder,  then  turbulence  attenu¬ 


ates  the  beam  by  scattering  energy  out  of  it  (a  phenome¬ 
non  converse  to  the  filling  of  the  narrow  shadow  zone  by 
scattered  energy  described  in  Sec.  IIIB).  This  attenua¬ 
tion  can  now  be  calculated  with  reasonable  certainty. 

In  practice,  however,  the  propagation  of  noise  is  usual¬ 
ly  much  closer  to  spherical  expansion  from  a  point 
source.  Because  the  scattering  from  turbulence  is 
elastic,  and  mostly  forward  through  a  small  scattering 
angle,  the  attenuation  presented  to  a  spherically  ex¬ 
panding  acoustic  field  is  negligible.  The  attenuation  of 
sound  due  to  scattering  from  a  moderately  directional 
source,  such  as  a  jet  or  rocket  engine,  must  lie  be¬ 
tween  these  two  extremes,  but  has  never  been  evaluated 
thoroughly.  It  is  generally  believed  to  be  negligi- 
45, 57.58  j^Qst  applications.  However,  where 

very  low  frequencies  are  of  importance,  for  example 
in  the  case  of  rocket  noise,  the  attenuation  by  scatter¬ 
ing  may  be  significant®®  compared  to  the  very  low  at¬ 
tenuation  produced  by  atmospheric  absorption. 

IV.  EFFECT  OF  TOPOGRAPHY 

The  acoustic  phenomena  considered  previously  in 
Secs.  II  and  III  have  all  been  described  for  a  particular 
topography,  primarily  large  flat  areas  covered  with 
short  grass,  such  as  an  airport,  with  a  receiver  placed 
approximately  ear  height  for  a  human  being  standing  on 
the  ground.  In  practice,  noise  levels  need  to  be  pre¬ 
dicted  for  different  heights  above  the  ground,  for  hill¬ 
sides,  for  various  types  of  foliage,  houses,  walls,  etc. 
The  data  available  for  such  sites  is  generally  much  less 
extensive  than  for  flat  ground,  and  present  knowledge 
is  therefore  more  sketchy.  The  aim  of  this  section, 
however,  is  to  outline  briefly  what  is  known  about  the 
effects  of  topography.  Propagation  in  city  streets, 
and  the  attenuation  due  to  barriers  will  be  specifically 
excluded  because  these  subjects  have  been  covered  in 


recent  reviews®*’  which  this  article  is  designed  to  ac¬ 
company. 

A.  Elevation 

As  an  extreme  case,  consider  the  propagation  from 
hilltop  to  hilltop  with  most  of  the  propagation  path  sev¬ 
eral  hundreds  or  thousands  of  feet  above  the  valley 
floor.  Several  sites  of  this  nature  have  been  investi¬ 
gated,®’*®^  and  the  measured  attenuation  is  in  reasonable 
agreement  with  that  predicted  by  inverse  square  law  and 
atmospheric  absorption,  when  the  latter  includes  the  vi¬ 
brational  relaxation  of  nitrogen  (see,  for  example.  Fig. 

18  and  the  discussion  on  this  point  in  Sec.  IB).  This 
attenuation  is  found  to  be  independent  of  wind  and  tem¬ 
perature  except  in  so  far  as  the  latter  enters  into  the 
caj  'ulation  of  absorption. 

Studies  of  noise  from  low-flying  aircraft  effectively 
sources  at  low  glancing  angles  ip  (Fig.  4)  over  flat 
ground  are  informative.®^  They  indicate,  for  example^ 
that  refraction  by  wind  gradients  is  negligible  for  5 
out  to  a  distance  of  about  6000  m.  There  is  currently  a 
controversy,  however,  over  the  prediction  of  aircraft 
rioise  levels  for  small  and  this  problem  would  prob¬ 
ably  be  well  served  by  an  assembly  of  existing  data 
from  many  investigators  and  a  fit  to  the  principles  out¬ 
lined  in  Sec.  II. 

Calculations  for  the  effect  of  elevation  produced  by  a 
shallow  hillside  bordering  an  airport”’®^  have 

indicated  a  significant  reduction  of  the  ground  shadow 
for  aircraft  on  the  ground.  There  were  no  supporting 
measurements  but  the  results  correlated  well  with  sub¬ 
jective  observations  (the  structure  of  complaints). 

B.  Foliage 

The  effect  of  stands  of  trees,  corn,  reeds,  etc.  have 
been  documented  in  several  studies.  Appar¬ 

ently  the  main  effect  at  low  frequencies  is  to  enhance 
the  ground  effect,  the  roots  making  the  ground  more 
porous,  as  described  in  Sec.  HC.  At  high  frequencies, 
where  the  dimensions  of  leaves  become  comparable  with 
the  wavelength,  there  is  also  a  significant  attenuation 
caused  by  scattering.®®’®*  A  formula  for  the  latter  ef¬ 
fect  has  been  developed.  ®®  The  propagation  in  a  vegeta¬ 
tive  layer  over  the  ground  has  also  been  Investigated 
theoretically,  ®“  but  there  were  no  measurements  by 
which  to  judge  the  significance  of  this  theory. 

In  a  forest,  the  vertical  gradients  of  wind  and  tem¬ 
perature  are  small,  ®®  the  foliage  making  Zq  Eqs.  (7) 
and  (8)  approximately  the  height  of  the  trees.  Presum- 
sbly,  therefore,  the  effects  of  refraction  are  small 
also. 

C.  Obstructions  (walls,  houses,  bushes,  etc.) 

The  effect  of  refraction  on  the  propagation  of  sound  in 
city  streets®®  as  within  forests,  is  small,  and  for  the 
same  reason:  the  obstruction  to  the  flow  of  air  is  suffi¬ 
cient  to  raise  the  viscous  and  thermal  boundary  layers 
to  the  vicinity  of  the  tops  of  the  obstacles  (buildings) 
(see  Sec.  IHA).  The  attenuation  of  sound  by  the  ground 
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effect  in  the  city®  is  also  much  smaller  than  in  the 

country,  partly  because  of  the  paved  ground,  but  more 

importantly  because  obstacles  to  the  propagation  of 

sound  produce  an  interference  pattern  much  different 

from  the  simple  interference  between  direct  and  ground 

reflected  waves  described  in  Sec.  II.  These  effects 

have  been  studied  both  for  cities®*®®  and  open  flat 

land,  with  results  that  are  very  different.  There 

has  been  very  little  work,  however,  on  intermediate 

sites  such  as  suburbs.  Questions  such  as  how  many 

obstacles  are  needed  to  destroy  the  effect  of  the  ground, 

or  refraction,  as  measured  for  flat  land,  cannot  be 

answered  at  present.  As  a  result  the  prediction  of  the 

propagation  of  noise  from  airports,  freeways,  etc.,  out 

into  the  suburbs  is  based  largely  on  empirical  methods 

not  well  founded  on  either  analytical  models  or  exten- 

1-/-' 

sive  experimental  data. 

V.  PROPAGATION  PROBLEMS  SPECIFIC  TO 
COMMUNITY  NOISE 

A.  Testing  and  certification  of  sources 

/.  Vehicles  and  other  ground  based  sources 

There  are  several  propagation  problems  in  the  testing 
of  ground  based  noise  sources  such  as  road  vehicles, 
lawn  mowers,  snowmobiles,  etc.^®*^®  The  noise  is 
usually  measured  with  a  microphone  1.2  m  above  the 
ground  at  a  distance  of  7-16  m  with  the  propagation 
path  over  the  surface  on  which  the  machine  is  designed 
to  operate.  If  the  surface  is  porous,  for  example  grass 
or  snow,  then  there  can  be  a  problem  of  variability  as  a 
result  of  the  incipient  ground  shadow  described  in  Sec. 
HE.  The  solution  here  is  a  compromise  between  mea¬ 
surement  configurations,  a  surface  of  predictable  im¬ 
pedance,  and  relevance  to  the  use  of  the  machine.  If 
the  source  is  stationary,  most  of  the  relevant  scientific 
knowledge®®*^®  is  available,  with  the  exception  of  good 
data  on  the  impedance  of  relevant  surfaces.  A  conveni¬ 
ent  method  of  measuring  the  impedance  of  surfaces  over 
a  range  of  grazing  angle  (ip  in  Fig.  4)  and  frequency  is 
badly  needed. 

If  the  surface  is  hard,  there  are  problems  of  repeat¬ 
ability  for  sources  with  large -amplitude  pure-tone  com¬ 
ponents  when  the  transmission  path  introduces  interfer¬ 
ence  maxima  and  minima  at  similar  frequencies.  This 
phenomenon  is  reasonably  well  documented^®* (see 
also  Sec.  II B).  Variability  due  to  atmospheric  turbu¬ 
lence  has  also  been  recorded.  ^^’®® 

There  is  also  an  unresolved  problem  of  variability 
for  moving  sources  such  as  vehicles.  There  is  a  sys¬ 
tematic  variation  in  A-weighted  pass-by  levels  with  am¬ 
bient  temperature^^’®®  of  -  1  dB/lO  °C,  and  a  run-to-run 
variation  of  approximately  1  dB,  both  of  which  appear 
to  be  associated  with  the  movement  of  the  vehicle.  The 
most  obvious  mechanism  here  is  refraction  by  the 
movement  of  air  in  the  wake  of  the  moving  vehicle.**^ 

2  Aircraft 

The  new  method  for  calculating  atmospheric  absorp- 
tion^®’^^  described  in  Sec.  IB  should  bring  the  physics 
of  the  propagation  from  overhead  aircraft  under  rea¬ 


sonable  control.  However,  the  factors  which  influence 
sideline  propagation  are  much  less  well  understood.  A 
substantial  amount  of  work  has  been  done  on  the  acous¬ 
tic  effects  of  the  ground  plane  during  ground  tests  of 
jet  engines,  for  which  a  recent  review  is  available.®^ 

B.  Prediction  of  environmental  impact 

The  basic  physics  underlying  the  propagation  of  noise 
at  long  range  close  to  the  ground  described  in  Secs.  I- 
IV  is  obviously  intricate,  and  current  knowledge  of  it 
patchy.  As  a  result  it  is  usually  not  possible  in  prac¬ 
tice  to  predict  noise  levels  with  reasonable  reliability 
at  sites  distant  (hundreds  or  thousands  of  meters)  from 
a  strong  source  near  the  ground  using  basic  knowledge 
alone.  It  is  possible  for  a  specific  site,  however,  to 
take  a  completely  empirical  approach,  measuring  the 
noise  from  a  source  at  positions  of  interest  under  vari¬ 
ous  weather  conditions,  and  predicting,  for  example, 
the  levels  to  be  expected  at  these  positions  from  a  high¬ 
way  or  airport  proposed  for  this  site  with  tolerable  pre¬ 
cision.®®  After  several  of  these  individual  investiga¬ 
tions,  it  is  tempting  to  generalize  the  empirical  results 
for  average  levels  and  apply  them  to  other  sites.  This 
procedure  has  been  popular  in  recent  years,  through 
the  development  and  use  of  empirical  design  guides  for 
highways  and  airports.  These  prediction  methods  gen¬ 
erally  ignore  conditions  of  topography  and  weather 
which  are  known  to  have  a  strong  influence  on  sound 
propagation,  as  described  in  Secs.  II— IV.  Such  design 
guides  may  be  expected  to  provide  reasonable  predic¬ 
tions  on  the  average,  but  for  a  specific  site  their  un¬ 
aided  use  may  well  result  in  serious  error.  Consider, 
for  example,  the  problems  in  the  prediction  of  noise 
from  airports  reported  by  Piercy  and  Embleton,  ®®  and 
Dickinson,®®  and  also  the  considerable  difference  be¬ 
tween  empirical  rules  for  predicting  noise  levels  from 
highways  based  on  different  (but  large)  sets  of  data  re¬ 
ported  by  King  and  Gordon,  ®^  Hajek,  ®®  and  Plotkin  and 
Kunicki.®®  In  a  field  which  is  physically  complex  and 
only  partly  understood,  such  as  outdoor  sound  propa¬ 
gation,  there  is  still  a  decided  need  for  human  judgment 
based  on  specialist's  knowledge  of  the  current  state  of 
the  art. 

C.  Recommendations 

It  is  recommended,  in  the  light  of  the  analysis  in  the 
preceding  section,  as  well  as  the  history  of  research 
outlined  in  the  introduction,  that  long-term  support  be 
developed  at  a  modest  level  for  the  field  of  outdoor 
sound  propagation.  The  aim  should  be  to  obtain  the 
depth  of  understanding  required  to  gradually  improve 
the  basic  knowledge  in  this  complex  field.  Attainment 
of  the  necessary  depth  of  understanding  is  not  compati¬ 
ble  with  short-term  research  studies. 
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ABSTRACT 

Various  techniques  for  converting  acoustic  or  vibration  signals  to  electronic  or  optical  signals 
(and  vice  versa)  are  treated  in  detail  in  many  papers  and  books.  Frequently,  a  superficial 
understanding  of  the  conversion  processes  is  £dl  that  is  required;  however,  there  is  a  depth  to 
the  physics  of  transduction  that  can  only  be  appreciated  by  closer  examination.  While  the 
physics  of  electromechanical  signal  conversion  is  rich  enough,  there  are  two  roads  less  travelled 
but  equally  rewarding:  sensor  noise  analysis  and  sensor  calibration. 

Because  the  subject  of  sensor  self-noise  integrates  concepts  in  mechanics,  solid-state  physics, 
quantum  mechanics,  and  thermodynamics,  the  study  of  self-noise  would  be  fascinating  even  if 
there  were  no  direct  application  of  the  principles.  For  high-performance  sensors,  however,  the 
achievable  noise  floor  is  a  critical  parameter  and  so  an  understanding  of  sensor  self-noise  is 
essential  for  design,  construction,  and  application  of  such  sensors. 

Equilibrium  thermal  noise  is  an  inevitable  consequence  of  the  Second  Law  of  Thermodynamics 
and,  as  such,  is  perhaps  the  most  fundamental  source  of  noise  in  any  system.  Equilibrium 
thermal  noise  is  the  noise  produced  by  the  normal  thermal  motion  of  the  molecules  that  make 
up  the  sensor  structure  or  the  surrounding  liquid  or  gas.  It  has  a  long  history  of  both  theoretical 
and  experimental  study  and  so  it  is  remarkable  that  this  mechanism  is  frequently  ignored  in  the 
design  and  analysis  of  new  sensor  types.  Presumably  the  reason  for  this  omission  is  that  there 
are  many  conventional  sensors  for  which  the  limiting  noise  is  some  other  mechanism  and  the 
familiarity  with  this  other  mechanism  has  led  to  the  assumption  that  it  is  the  only  important 
mechanism.  This  belief  does  not  cause  problems  until  a  significant  technology  shift  is 
introduced  and  the  relative  importance  of  different  noise  mechanisms  changes. 

A  critical  aspect  of  equilibrium  thermal  noise  is  that  every  resistance-like  term  contributes  a 
fluctuating  force  in  accordance  with  Nyquist’s  Theorem.  This  includes  fluid  damping,  structural 
damping,  acoustic  radiation  resistance,  an  acoustic  or  mechanical  load  having  a  real  component 
in  the  impedance,  or  thermal  radiation.  Any  path  that  permits  energy  transfer  from  the  sensor 
to  the  environment,  whether  it  involves  ordered  motion  {e.g.,  radiation)  or  disordered  motion 
{e.g.,  viscous  damping),  introduces  a  fluctuating  force. 
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Sometimes  this  noise  component  is  called  Brownian  noise;  this  can  lead  to  the  impression  that 
its  sole  source  is  the  collision  of  gas  or  liquid  molecules  with  the  moving  element.  Even  if  the 
element  were  operated  in  a  vacuum,  though,  there  would  still  be  an  equilibrium  thermal  noise 
associated  with  damping  in  the  structure.  Frequently,  "thermal  noise"  is  cited  as  a  component 
of  the  ambient  noise  (particularly  in  descriptions  of  underwater  ambient  noise).  This  component 
is  completely  accounted  by  associating  the  proper  fluctuation  force  with  the  radiation  resistance 
of  the  transducer.  This  component  should  not  be  assumed  to  contain  all  "thermal  noise" 
fluctuations;  it  only  accounts  for  those  fluctuations  associated  with  the  radiation  path. 

Equilibrium-thermal  noise  is  not  only  observed  in  miniature  sensors.  It  can  be  important  in 
any  system  designed  for  ultimate  detection  performance.  At  one  extreme  is  the  advanced  Laser 
Interferometric  Gravitational-Wave  Observatory  (LIGO),  with  masses  expected  to  be  10  000 
kilograms  on  suspensions  with  Q’s  from  10^  to  10’.  Because  of  the  extremely  small  signals 
anticipated,  molecular  agitation  of  those  large  masses  is  still  a  significant  source  of  noise.  At 
the  other  extreme,  the  50  picogram  "proof  mass"  in  the  geotactic  protozoan  Loxodes  is  just  large 
enough  to  permit  distinguishing  of  up  from  down  in  the  background  of  equilibrium  noise. 

Because  equilibrium  thermal  noise  is  a  consequence  of  classical  thermodynamics,  its 
calculation  does  not  depend  on  any  particular  model  of  the  physical  process.  The  noise  that 
results  from  molecular  bombardment  of  a  suspended  mass  in  thermal  equilibrium  with  a  fluid 
can  be  described  with  complete  accuracy  by  continuum  models  from  fluid  dynamics  (in  terms 
of  the  mechanical  damping  resulting  from  viscosity  in  the  fluid,  or  in  terms  of  the  continuum 
radiation  resistance  into  the  surrounding  fluid,  for  example).  There  is  no  need  to  accurately 
describe  the  microscopic  behavior  of  the  fluid.  In  contrast,  shot  noise  is  critically  dependent  on 
two  specific  aspects  of  a  particular  physical  model.  First,  the  carriers  (molecules,  electrons, 
photons)  must  be  discrete  objects  and,  second,  these  discrete  objects  must  act  independently:  the 
action  of  any  one  carrier  must  not  depend  on  the  presence  or  absence  of  any  other  carrier.  Low 
levels  of  electron  emission  from  the  cathode  of  a  vacuum  tube,  low  levels  of  current  flow  across 
a  reverse-biased  semiconductor  junction,  current  flows  in  nondegenerate  semiconductors, 
photoelectric  excitation  of  photodiodes,  and  tunneling  of  electrons  represent  instances  in  which 
the  carriers  can  be  considered  to  be  acting  independently.  Molecular  impacts  at  normal  gas 
pressures  (because  of  the  very  small  mean  free  path)  and  electron  flow  in  metals  (because  of  the 
interdependence  forced  by  the  exclusion  principle)  are  situations  in  which  there  is  a  very  high 
degree  of  dependence  between  carriers;  applying  simple  shot-noise  analyses  to  these  phenomena 
leads  to  substantial  overestimation  of  the  noise. 

Shot  noise  can  be  an  equilibrium  phenomenon  or  a  nonequilibrium  phenomenon.  In 
equilibrium  shot  noise,  the  calculated  noise  will  be  identical  to  that  obtained  by  an  equilibrium 
thermal  noise  analysis.  For  example,  a  piece  of  semiconductor  with  no  applied  voltage  (hence, 
no  measurable  average  current)  exhibits  a  noise  voltage  that  can  be  calculated  in  two  ways:  (1) 
by  considering  the  Johnson  noise  associated  with  the  semiconductor’s  resistance,  or  (2)  by 
considering  two  equal  (on  average)  but  oppositely  directed  random  currents  related  to  the 
independent  (thermally  excited)  motion  of  the  carriers  and  then  calculating  the  root-mean-square 
value  of  the  voltage  produced  by  these  two  noise  currents.  Often,  there  is  no  observable  average 
current  that  can  be  associated  with  equilibrium  shot  noise.  (An  important  exception  to  this  is 
the  case  of  pressure  fluctuations  in  the  free-molecular  regime;  here,  the  noise  is  directly  related 
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to  the  observable  pressure.)  In  the  equilibrium  case,  the  equilibrium-thermal  analysis  is 
fundamental;  equilibrium  shot  noise  is  a  special  case  and  must,  in  any  event,  lead  to  the  same 
answer,  not  to  an  additional  component. 

For  current  in  a  semiconductor,  application  of  an  external  voltage  forces  the  system  away 
from  equilibrium,  and  the  forward  current  (applied  plus  random)  dominates  over  the  reverse 
current  (random).  The  current  noise  expression  rapidly  approaches  the  standard  shot-noise 
expression  in  terms  of  the  measurable  current  for  applied  voltages  greater  than  ICgT/q  (about  25 
mV  at  room  temperature).  This  is  a  classic  example  of  nonequilibrium  shot  noise. 

Since  the  voltage  (25  Mv)  beyond  which  shot  noise  would  dominate  over  Johnson  noise  is 
relatively  small,  serious  errors  can  be  introduced  by  ascribing  a  shot-noise  component  to  a 
material  with  an  inherently  high  degree  of  dependence  in  the  carrier  flows.  Devices  such  as 
inductors,  capacitors,  resistors  (carbon,  carbon-film,  metal-film,  wirewound),  and  degenerate 
(very  highly  doped)  semiconductors  have  well-populated  conduction  bands.  Since  no  two 
electrons  can  occupy  the  same  spin-state  (the  exclusion  principle)  and  most  electrons  in  a  well- 
populated  band  will  be  surrounded  by  occupied  states,  only  those  few  electrons  near  the  band 
edge  are  capable  of  moving  to  vacant  states.  Therefore,  only  a  very  small  fraction  of  the 
conduction  electrons  exhibit  fluctuations.  The  resultant  noise  can  be  much  lower  than  that 
predicted  by  the  usual  shot-noise  expression. 

Currents  associated  with  potential  jumps  (currents  through  PN  junctions,  gate  leakage  currents 
in  FETs,  tunneling  currents)  or  currents  composed  of  carriers  that  are  thermally  excited  out  of 
their  "rest"  bands  into  sparsely  populated  conduction  bands  (currents  in  intrinsic  or  normally 
doped  semiconductors)  will  exhibit  full  shot  noise.  In  these  cases,  there  are  plenty  of 
unoccupied  states  near  the  occupied  ones  and  the  carriers  can  act  independently  even  if  they  are 
electrons  obeying  the  exclusion  principle. 

If  a  system  is  in  thermal  equilibrium,  then  its  noise  is  completely  and  accurately  described  by 
equilibrium  thermal  noise  (mechanical,  electrical,  or  otherwise).  Once  a  system  is  forced  away 
from  equilibrium,  the  noise  frequently  increases  over  the  equilibrium  value.  In  addition  to  non¬ 
equilibrium  shot  noise,  another  common  form  of  this  excess  noise  is  1/f  noise,  so  called  because 
its  power  spectrum  goes  at  least  roughly  f‘  (f  being  frequency).  There  is  no  satisfactory 
unifying  theory  for  1/f  noise  as  there  is  for  equilibrium  thermal  noise  or  shot  noise.  Besides  the 
spectral  dependence,  one  frequently  observed  characteristic  of  1/f  noise  is  that  the  power 
spectrum  of  that  noise  is  proportional  to  the  applied  power.  While  processes  are  observed  in 
which  a  1/f  behavior  is  observed  to  extremely  low  frequency,  if  the  noise  power  spectrum  were 
1/f  all  the  way  to  zero  frequency,  the  total  noise  power  would  be  infinite.  Consequently,  a 
universal  model  for  1/f  noise  must  not  only  account  for  the  1/f  spectral  shape,  it  must  also 
predict  a  very-low-frequency  rolloff.  Unfortunately,  since  the  power  is  concentrated  at  the  low 
frequencies,  small  errors  in  the  location  and  nature  of  the  rolloff  can  lead  to  large  errors  in  the 
predicted  magnitude  of  the  noise.  In  addition,  the  rolloff  itself  is  poorly  understood  because  of 
the  difficulty  of  making  measurements  at  extremely  low  frequencies. 

As  interesting  as  it  is,  noise  is  not  the  whole  story:  in  general,  the  sensor’s  response  to  signal 
must  be  determined  as  well.  Most  transducer  cdibrations  are  done  by  comparison  with  a 
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reference  transducer  having  a  known  response  but  it  is  particularly  useful  to  understand  some 
more  direct  methods  of  calibration.  (For  example,  how  are  the  reference  transducers 
calibrated?)  Crude  calibrations  can  sometimes  be  performed  by  using  the  equilibrium  thermal 
noise  of  a  sensor  (since  that  is  related  absolutely  to  temperature)  but  rarely  to  better  than  10 
percent  accuracy  and  then  only  when  the  relevant  part  of  the  noise  spectrum  is  dominated  by 
equilibrium  thermal  noise. 

Reciprocity  is  an  especially  powerful  technique  for  determining  the  response  of  a  transducer. 
While  often  considered  to  be  arcane,  reciprocity  is  actually  a  relatively  straightforward  method 
by  which  difficult-to-measure  quantities  such  as  forces  or  velocities  can  be  translated  into  easier- 
to-measure  quantities  such  as  masses  or  voltage  ratios.  Another  way  of  considering  reciprocity 
calibration  is  to  view  the  transducer  as  a  two-port  device,  one  port  of  which  is  an  electrical  input 
or  output,  the  other  port  of  which  is  a  mechanical  input  or  output.  Reciprocity  provides  the 
framework  for  sets  of  measurements  using  several  transducers  in  such  a  way  that  only  quantities 
at  the  electrical  ports  of  the  transducers  need  be  made. 

Although  many  arrangements  of  transducers  can  be  contrived  for  reciprocity  calibration,  the 
classic  arrangement  consists  of  three  transducers:  a  source,  a  receiver,  and  a  transducer  that  is 
reciprocal  (and  is  used  as  both  source  and  receiver).  Three  sets  of  measurements  of  drive 
current  and  received  voltage  are  made:  source  to  receiver,  source  to  reciprocal  transducer,  and 
reciprocal  transducer  to  receiver.  This  gives  the  necessary  data  to  set  up  three  equations  in  the 
four  unknowns  (the  receiving  responses  of  the  receiver  and  the  reciprocal  transducer,  and  the 
transmitting  responses  of  the  source  and  the  reciprocal  transducer).  The  fourth  equation  is 
obtained  by  applying  reciprocity  to  find  a  relationship  between  the  transmitting  and  receiving 
responses  of  the  reciprocal  transducer  (normally  in  terms  of  the  transfer  impedance  of  the 
medium  to  which  the  transducers  are  attached  or  in  which  the  transducers  are  immersed). 
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Abstract  A  miniature,  wideband,  horizontaI<omponent 
feedback  seismometer  has  been  developed  and  compared 
with  conventional  seismometers.  The  instrument  employs 
an  inverted  pendulum  of  mass  0  04  kg  supported  with  a 
natural  period  of  0-6  s  and  a  Q  factor  of  about  20. 
Displacements  of  the  mass  are  sensed  by  a  differential 
capacitive  transducer  and  feedback  is  applied  via  an 
electromagnetic  system  to  maintain  the  mass  stationary 
with  respect  to  its  supports.  The  instrument  has  a  response 
defined  by  feedback  from  dc  to  100  Hz  and  has  a  Brownian 
noise  level  of  5  x  10^^®  m  s-2.  Overall  dimensions,  including 
an  evacuated  jacket,  are  15  cm  x  10  cm  diameter  making  it 
suitable  for  borehole  applications.  The  instrument  has  been 
operated  for  several  weeks  with  conventional  long-period 
seismometers  and  has  been  found  to  compare  satisfactorily. 


1  Introduction 

The  spectrum  of  earth  motion  of  interest  in  seismology  covers 
the  range  from  about  0  0 1  to  10  Hz.  A  large  peak  known  as 
microseismic  noise  occurs  at  about  015  Hz.  It  is  due  to  effects 
on  the  earth’s  surface  and  seismometers  have  conventionally 
been  designed  to  avoid  it,  short-period  instruments  operating 
over  the  range  1-10  Hz  and  long-period  instruments  from 
01  to  0  01  Hz. 

Seismometers  measure  the  relative  displacement  Xt  between 
a  suitably  supported  mass  and  the  instrument  frame  (assumed 
to  follow  the  required  ground  motion).  The  equation  of  motion 
of  the  mass  M  when  excited  by  a  sinusoidal  ground  accelera¬ 
tion  Jci  is 


(I) 


where  R  represents  the  viscous  damping  resistance  and  C  is  the 
compliance  of  the  supporting  spring.  The  natural  angular 
frequency  is  aio^=l/AfC.  It  can  be  seen  that  for  excitation 
frequencies  a><  a>o  the  device  behaves  as  an  accelerometer  with 
jfr= Jfi/coo^,  whereas  for  high  excitation  frequencies  it  becomes 
a  displacement  meter  with  Conventional  seismometers 
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have  employed  suspensions  with  natural  periods  of  the  order 
of  1-3  s  for  short-period  instruments,  and  of  the  order  of  10- 
30  s  for  long-period  instruments  in  order  to  obtain  the 
maximum  response  from  the  mechanical  system.  Various 
types  of  ‘standard  responses*  have  been  adopted,  often  based 
on  existing  instruments,  obtained  by  feeding  the  output  to  a 
suitable  filter  or  by  adjusting  the  period  and  damping  of  the 
instrument. 

The  fundamental  limit  to  the  detection  of  ground  motion  by 
a  seismometer  is  set  by  the  Brownian  motion  of  the  mass.  It 
can  be  shown  (Usher  1973)  that  the  noise-equivalent  accelera¬ 
tion  (jri)ne  for  a  bandwidth  A/ is  given  by 


jv/2  M  Q 


(2) 


where  kT  is  the  equipartition  energy  and  Q  the  quality  factor 
of  the  suspension.  A  small  mass  may  be  used  provided  that  the 
damping  is  low,  though  seismometers  have  conventionally 
employed  large  masses  of  several  kilograms,  usually  nearly 
critically  damped.  A  mass  of  0  01  kg  with  a  natural  period  of 
1  s  and  a  G  of  100  has  (jci)ne^  3  x  10"‘o  m  s*2  in  a  bandwidth 
of  1  Hz  at  room  temperature,  which  is  of  the  order  required  in 
practice  (see  later). 

The  application  of  negative  force-feedback  to  a  seismo¬ 
meter  produces  a  number  of  advantages  and  is  in  fact  neces¬ 
sary  when  a  small  mass  is  suspended  with  a  high  Q,  in  order 
to  achieve  a  satisfactory  transient  response.  Feedback  may 
affect  any  of  the  three  terms  of  the  left-hand  side  of  equation 
(1).  The  most  useful  form  is  negative  displacement  feedback, 
which  tends  to  keep  the  mass  fixed  in  position  with  respect  to 
its  supports  and  affects  only  the  term  in  av,  making  the  sus¬ 
pension  appear  more  stiff  and  increasing  the  natural  frequency. 
A  general  block  diagram  of  such  a  seismometer  system  is 
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Figure  1  A  force-feedback  seismometer. 


shown  in  figure  1,  in  which  the  transfer  function  of  the  seismo¬ 
meter  itself  is  represented  as 

1 

Xi  cwo- 

where  s—ju)  is  the  Laplace  operator  and  f  is  the  damping 
ratio.  The  closed-loop  transfer  function  is 

IJ0_  A 

Xi  s^  +  2$wos  +  (wQr  +  Ap) 

where  ro  is  the  output  voltage,  A  is  the  gain  in  the  forward 
path  and  p  is  the  transfer  function  of  the  feedback  path,  and 
becomes  equal  to  l/jS  when  Ap  is  the  dominant  term. 

If  it  is  assumed  that  AP  is  independent  of  frequency,  the 
loop  gain  L  is  { !  /ajo^)>4j9  and  the  natural  frequency  is  increased 
by  a  factor  the  damping  being  reduced  by  the  same 
factor.  The  response  is  essentially  flat  (to  acceleration)  from 
DC  to  the  new  natural  frequency  and  the  transient  response 
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can  be  controlled  by  a  compensation  network  in  the  feedback 
path. 

A  small  mass  of,  say,  001  kg,  suspended  with  a  0  of  100 
and  employed  in  a  feedback  system  of  suitable  loop  gain  (say 
100),  can  thus  provide  a  flat  response  and  adequate  detectivity 
o\er  the  whole  range  of  interest  in  seismology.  In  addition, 
advantages  over  conventional  open-loop  instruments  are 
obtained  in  linearity,  dynamic  range  and  calibration. 

Mechanical  design  requirements  are  eased  and  the  desired 
wideband  response  is  simply  determined  by  the  feedback 
parameters.  The  signal-to-noise  ratio  is  unaffected  by  feed¬ 
back.  The  response  is  controlled  by  applying  forces  to  the 
mass:  this  does  not  affect  its  Brownian  motion,  whereas  adding 
damping  to  control  the  response  in  an  open-loop  system 
increases  the  dissipation  and  therefore  increases  the  Brownian 
motion. 

2  Review  of  developments  in  seismometry 

The  earliest  seismometers  employed  very  large  masses,  some¬ 
times  of  several  tonnes,  in  order  to  achieve  a  sufficient  momen¬ 
tum  of  the  mass  to  drive  the  recording  equipment.  Conven¬ 
tional  seismometers  typically  have  masses  of  10  kg  with 
periods  of  10-30s  (Geotech  SI 2  long-period  seismometer)  or 
1  kg  with  periods  of  1-3  s  (Willmore  Mk  III  short-period 
seismometer),  and  employ  an  electrodynamic  transducer  for 
sensing  the  position  of  the  mass  with  near-critical  damping. 

A  few  miniature  instruments  have  been  developed,  notably 
by  Block  and  Moore  (1970),  Block  and  Dratler  (1972)  and  by 
Jones  (1967).  Jones'  instrument  was  a  pendulum  tiltmeter 
employing  a  mass  of  about  0  02  kg  and  a  differential  capaci¬ 
tance  displacement  transducer.  It  was  operated  open-loop 
with  a  natural  period  of  about  0*3  s  and  had  relatively  high 
damping:  while  successful  for  recording  very  long-period 
(e.g.  tidal)  motions  it  was  not  designed  for  the  range  of  interest 
in  seismology  and  had  a  theoretical  Brownian  noise  of  about 
5  X'  10~^  m  s"-.  The  instruments  developed  by  Block  et  were 
miniature  wideband  seismometers  in  which  a  mass  of  0*01- 
0  02  kg  was  supported  by  a  quartz  fibre  in  torsion  with  a 
natural  period  of  about  1  s,  A  differential  capacitance  dis¬ 
placement  transducer  was  used  to  sense  the  mass  displacement. 
Although  an  electrostatic  feedback  system  was  proposed  the 
instrument  was  operated  open-loop  with  a  fairly  high  Q  (about 
20)  so  that  the  transient  response  was  not  satisfactory  and  the 
instrument  was  not  suitable  for  measurements  at  short  periods 
without  special  filtering.  The  temperature  coefficient  for 
torsion  of  the  quartz  suspension  resulted  in  a  very  high 
temperature  stability  requirement  and  the  instrument  was 
enclosed  in  two  evacuated  containers,  its  overall  size  being 
similar  to  that  of  conventional  instruments. 

A  number  of  seismometers  employing  feedback  have  been 
described  in  the  literature.  Tucker  (1958)  applied  force- 
feedback  to  a  pendulum  seismometer,  whose  natural  period 
was  about  1  s,  by  means  of  an  inductive  displacement  trans¬ 
ducer  and  electromagnetic  force  transducer.  The  loop  gain 
used  was  only  about  3  so  that  the  response  was  not  completely 
determined  by  feedback;  the  instrument  was  intended  for  the 
study  of  microseisms.  Instruments  described  by  de  Bremaeker 
er  al  (1962)  and  by  Sutton  and  Latham  (1964)  employed  feed¬ 
back  at  very  long  periods,  but  not  in  the  seismic  range.  Block 
and  Moore  (1966)  applied  feedback  to  a  conventional  La 
Coste- Romberg  instrument  via  a  capacitive  displacement 
transducer  and  electrostatic  force  transducer,  but  the  forces 
aiiable  with  this  transducer  are  very  small  and  the  response 

'  c  range  of  interest  was  not  controlled  by  feedback.  As 
^  'lied  above,  Dratler  (1971)  describes  an  electrostatic 
t*  k  system  for  a  miniature  seismometer,  but  the  system 
ircntly  not  used  in  practice.  Systems  have  been 


described  by  Willmore  (1959),  Russell  et  i//(1968)  and  Kolez- 
nokov  et  al  (1975,  private  communication)  in  which  short- 
period  Willmore  seismometers  have  been  modified  by  force- 
feedback,  using  the  existing  electrodynamic  transducer  for 
sensing  the  mass  motion.  In  these  instruments  feedback 
modifies  the  response  and  produces  advantages  in  linearity 
and  calibration,  but  the  detectivity  is  the  same  as  for  an  open- 
loop,  short-period  instrument.  Melton  (1976)  has  discussed 
force-feedback  seismometers  but  the  instruments  described 
employ  relatively  large  masses  (about  0*4  kg). 

It  can  thus  be  seen  that  a  miniature  wideband  feedback 
instrument  has  not  previously  been  developed.  The  miniature 
open-loop  instruments  described  above  either  are  long-period 
devices  with  inadequate  detectivity  in  the  seismic  range  or  have 
large  overall  size.  The  feedback  instruments  described  in  the  j 
literature  mostly  have  low  loop  gain  in  the  range  of  interest 
or  are  not  miniature  devices.  We  have  been  unable  to  find  a  | 
reference  reporting  the  use  of  substantial  feedback  over  the 
seismic  range  accurately  defining  the  instrument  response  and 
controlling  the  transient  behaviour,  with  its  attendant 
advantages  of  linearity,  dynamic  range  and  calibration. 

3  Design  philosophy  of  miniature  wideband  seismometers 
The  signal  levels  required  to  be  detected  can  be  deduced  from 
the  spectrum  of  background  seismic  noise.  This  has  been 
investigated  by  many  workers,  notably  Brune  and  Oliver 
(1959),  Fix  (1972)  and  Savino  et  a/ (1972).  Figure  2  is  based  on 
the  work  of  Fix,  and  shows  acceleration  power  densities  at  a 
very  quiet  site  (Queen  Creek).  The  minimum  observed 
acceleration  power  occurs  at  a  period  of  30-50  s  and  has  a 
value  of  10“^®  (m  s'2)2  Hz“L 

To  detect  a  signal  of  this  magnitude,  the  instrumental  noise, 
determined  by  Brownian  motion  of  the  mass  and  transducer/ 
amplifier  noise,  must  be  sufficiently  small.  The  Brownian 
motion  of  the  mass  sets  the  fundamental  limit  to  detection  of 
signals,  and  the  required  mass/damping  can  be  deduced  from 
equation  (2).  A  mass  of  0*04  kg  with  a  Q  factor  of  50  has  a 
Brownian  noise-equivalent  acceleration  very  close  to  this 
value,  and  is  shown  as  a  horizontal  line  in  figure  2  together 
with  the  Brownian  noise  levels  for  other  combinations  of  mass 
and  damping. 

The  transducer/amplifier  noise  should  be  designed  to  be  less 
than  the  Brownian  noise,  in  order  not  to  degrade  the  detection 
limit.  A  suitable  transducer  is  the  differential  capacitive  type, 
which  is  essentially  noiseless.  The  electronic  noise  is  largely 
determined  by  the  following  amplifier  and  can  be  represented 
by  a  series  noise-equivalent  generator  /?nv.  The  noise-equiva¬ 
lent  acceleration  can  be  shown  to  be 

(jfi)ne  =  +  (4  /J„,ArrA/)l/S  (3) 

=  ^  (4  Rn^kTA/yi^  for  a,<wo 

where  r  is  the  responsivity  of  the  transducer.  The  natural 
period  To  (=27r/a>o)  and  responsivity  r  must  be  chosen  such 
that  (Afi)^^g<  10"^®(m  s~2j2  with  the  practical  value  of 
Rnv- 

After  the  required  minimum  signal  level  has  been  chosen  and 
the  Brownian  noise  has  been  made  of  the  same  order  as,  and 
the  electronic  noise  made  less  than  this  level,  it  is  only  neces¬ 
sary  to  make  the  noise  from  other  sources  (such  as  the  phase- 
sensitive  defector  (psd),  filters,  etc)  negligible.  This  can  be 
done  by  ensuring  that  there  is  sufficient  gain  prior  to  each  t 
element.  ; 

Finally,  to  achieve  the  desired  wideband  response  of  defined  * 
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A  miniature  wideband  horizontal-component  feedback  seismometer 
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Figure  2  Spectrum  of  earth  noise  (after  Fix).  Acceleration 
power  densities  for  Queen  Creek  (USA)  and  Wolverton 
(UK)  are  compared  with  the  noise-equivalent  accelerations 
of  a  standard  seismometer  (curves  A  and  B)  and  with  the 
Brownian  and  electronic  noise  levels  of  a  miniature 
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instrument  (curves  C  and  D).  A.  10  kg  mass  with  standard 
amplifier;  B,  10  kg  mass  with  special  amplifier;  C,  Brownian 
noise  of  feedback  seismometer;  D,  electronic  noise  of 
feedback  seismometer. 


magnitude  and  controlled  damping,  negative  force-feedback  is 
applied  to  maintain  the  mass  position  fixed  with  respect  to  the 
instrument  frame. 

4  Description  of  the  instrument 
4.1  Mechanical  system 

The  basic  requirements  of  the  suspension  system  of  the  instru¬ 
ment  are  that  the  pendulum  be  constrained  to  move  with  a 
single  degree  of  freedom  and  with  a  suitable  fundamental 
period  and  Q  factor.  All  other  modes  must  be  far  removed 
from  the  frequencies  of  interest,  and  above  the  feedback  loop 
cut-ofT  frequency,  and  the  long-term  stability  must  be  satis¬ 
factory.  .  .  .  _ 

It  can  be  seen  from  equation  (3)  that  the  natural  period  To 
must  be  large  enough  to  make  the  amplifier  noise  negligible. 
A  natural  period  of  about  1  s  was  achieved  by  using  an  inverted 
pendulum  supported  by  simple  spring  strips.  These  produce  a 
smaller  restoring  torque  than  cross-spring  pivots  and  can 
easily  be  made  from  a  material  of  low  temperature  coefficient 
such  as  Ni-span  D.  Our  earlier  investigations  of  period¬ 
lengthening  devices  showed  that  these  become  very  critical 
when  used  with  small  masses,  and  the  arrangement  used  is 

much  more  compact  and  robust. 

The  transducer  must  have  high  responsivity  and  low  noiM, 
combined  with  adequate  long-term  stability.  A  differential 
capacitance  transducer  is  excellent  in  these  respects  (Jones  and 
Richards  1973),  providing  a  higher  responsivity  than  other 
available  transducers  such  as  linear  variable  differential  trans¬ 
formers  (lvdts),  and  a  high  detectivity.  The  ac  operation  of 
such  a  transducer  avoids  the  W  noise  region,  which  is  a 
major  problem  in  the  design  of  (dc)  amplifiers  for  con¬ 
ventional  seismometers. 

The  basic  instrument  is  shown  in  figures  3  and  4,  with  the 
heater  cylinder  and  outer  jacket  removed.  The  pendulum  has 
a  mass  of  about  0  04  kg  and  Is  supported  by  two  spring  strijw 
(of  Ni-span  D)  clamped  at  both  ends.  The  main  frame  is 
machined  from  a  single  piece  of  brass  and  supports  the  outer 
plates  of  the  differential  capacitor,  insulated  from  it  by  quartz 
spacers.  The  pendulum  itself  is  the  central  plate  of  the  differ¬ 
ential  capacitor,  insulated  by  quartz  spacers,  the  signal  to  the 


Figure  3  Diagram  of  seismometer  with  heater  and  cover 
removed. 


preamplifier  being  taken  via  the  tag  shown.  The  components 
in  the  main  frame  assembly  arc  kinematically  mounted,  per¬ 
mitting  easy  dismantling  and  assembly  and  improving  stability. 
A  high-stability  magnet  is  attached  to  the  centre  of  the 
pendulum  bob,  the  coils  of  the  force-feedback  transducer 
being  attached  to  the  outer  plates  of  the  capacitor:  this 
arrangement  was  found  to  be  necessary  to  avoid  a  high- 
frequency  instability  in  the  closed-loop  response  when  the 
feedback  force  did  not  coincide  with  the  centre  of  mass.  The 
thermal  enclosure  fits  over  the  main-frame  unit,  with  heater 
windings  on  the  outside,  and  supports  two  electronic  boxes 
containing  the  prcamplifier/cxcitation  and  thermal  control 
electronics,  as  shown  in  figure  5.  The  outer  jacket  fits  over  an 
O-ring  seal  and  can  be  evacuated  via  a  tap.  It  is  attached  to  ar 


Figure  4  Photograph  of  seismometer  with  heater  and 
cover  removed. 


Figure  6  Photograph  of  complete  instrument  and 
electronics. 
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Invar  base  plate  which  contains  a  precision  differential 
levelling  arrangement  and  the  socket  for  the  electronics  cable. 
The  complete  instrument  and  the  associated  electronics  are 
shown  in  figure  6. 

4.2  Electronic  system 

The  essential  requirement  of  the  servo-system  is  that  the 
response  of  the  instrument  be  independent  of  the  suspen¬ 
sion  and  be  defined  only  by  the  passive  feedback  elements  over 
the  whole  range  of  operation  from  dc  to  10  Hz.  The  loop  gain 
should  be  about  100  over  this  range,  and  the  response  should 
preferably  be  flat  to  input  acceleration  or  velocity  and  the 
damping  near  critical. 

A  block  diagram  of  the  complete  system  is  shown  in  figure 
7.  The  input  ground  acceleration  Xi  produces  a  relative  dis¬ 
placement  Xt  (between  the  mass  and  the  frame)  which  is 
converted  to  a  voltage  t^r  at  the  excitation  frequency  by  the 
transducer  and  preamplifier  and  further  amplified  by  the 
channel  amplifier.  This  signal  is  demodulated  by  the  psd,  and 
the  feedback  network  drives  the  feedback  coils  to  return  the 
mass  towards  its  original  position. 

The  method  outlined  above  (§1)  can  be  implemented 
directly,  but  it  is  advantageous  to  introduce  an  integration  into 
the  loop  to  provide  high  gain  at  low  frequencies.  Mass  dis¬ 
placements  due  to  large  tidal  forces  or  thermal  drift  are  thus 
reduced  and  the  linearity  of  the  transducer  is  improved.  In 
addition,  the  design  requirements  of  the  psd  are  eased,  the 
necessary  dynamic  range  is  reduced  and  a  greater  1//  noise 
level  can  be  tolerated.  If  the  time  constant  of  the  integration 
is  made  fairly  large  (e.g.  1  s)  the  behaviour  of  the  system  can 
be  very  similar  to  that  of  the  simple  proportional  system,  with 
a  closed-loop  resonance  frequency  of,  say,  10  Hz.  However, 
some  difficulties  were  encountered  with  system  stability  in 
such  an  arrangement,  due  to  poor  recovery  from  overload  and 
to  stray  mechanical  resonances  at  high  frequencies,  and  a 
modified  arrangement  was  used  in  practice.  The  integration 
time  constant  was  made  015  s  producing  a  break  in  the  res¬ 
ponse  at  0'35  Hz;  the  response  was  then  fiat  to  acceleration 
at  frequencies  below  0*35  Hz  and  flat  to  velocity  above  this 
frequency.  It  is  still  defined  by  feedback,  of  course,  and  has  the 
additional  advantages  that  high-frequency  ground  motion 
does  not  produce  an  excessive  output  and  that  filtering  to 
obtain  the  velocity  response  normally  required  is  easier  in 
some  cases. 
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A  miniature  wideband  horizontal-component  feedback  seismometer 


I  Channel 


Thermal  control 


Sensing  ur>tt 


I  Thermo!  control 


1  Electronics  unit 

1 


Figure  7  Block  diagram  of  complete  system.  The  input 
acceleration  produces  a  relative  displacement  between 
sensing  mass  and  instrument  frame,  which  is  detected  by  a 


displacement  transducer,  amplified  and  rectified,  and  fed 
back  to  maintain  the  mass  stationary  with  respect  to  the 
frame. 


4.2.1  Capacitive  transducer  and  preamplifier  The  responsivity 
of  a  linear  electrical  displacement  transducer  is  always  of  the 
form  excitation  voltage/range,  and  it  is  because  the  range  can 
be  made  small  that  a  high  value  of  responsivity  can  be 
obtained.  A  responsivity  of  10^  V  m"^  was  obtained  by 
applying  3  V  rms  to  the  outer  plates  with  a  plate  separation  of 
0*3  mm.  A  smaller  separation  leads  to  difficulty  in  levelling 
and  increases  the  electrostatic  forces  on  the  mass,  which  must 
be  kept  small  and  constant.  With  the  values  used  the  electro¬ 
static  force  has  a  value  of  2  x  10~^  N  when  the  centre  plate  is 
displaced  by  10  pm  (which  just  overloads  the  psd  on  open 
loop). 

The  transformer  arms  and  differential  capacitor  form  a 
Blumlein  bridge,  of  which  the  equivalent  circuit  is  shown  in 
figure  8.  The  scries  capacitance  Cx20pF  and  the  stray 
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Figure  8  The  Blumlein  bridge  and  its  equivalent  circuit. 


capacitance  Ci^lOpF,  It  can  be  seen  that  stray  capacitances 
do  not  affect  the  balance  point  of  the  bridge.  The  resistor  Ri 
is  mainly  determined  by  the  biasing  resistors  in  the  pre¬ 
amplifier,  and  has  a  value  of  about  10  MQ. 

The  charge  amplifier  configuration  has  the  advantages  that 
the  signal  level  is  not  affected  by  changes  in  stray  capacitance 
and  that  the  output  is  independent  of  frequency  over  a  wide 
range.  The  effective  series  noise-equivalent  resistance  referred 


to  the  signal  source  can  be  shown  to  be 

where  Rny  and  Rni  arc  the  noise-equivalent  resistances  of  the 
input  device,  which  was  a  low-noise  fet.  Using  the  values 
given  above  and  assuming  that  Rnv^SOOQ,^  i?ai%10MU, 
we  find  that  the  optimum  noise  performance  occurs  at  a 
frequency  of  100  kHz,  The  noise  referred  to  the  input  is  5  aV 
RMS  in  a  bandwidth  of  1  Hz,  corresponding  to  Rn-1'5  kQ. 
This  low  value  was  possible  because  of  the  low  value  of  Ci, 
due  to  the  quartz  spacers,  and  the  high  values  of  Ri  and  /?ni. 
The  value  was  confirmed  experimentally.  The  voltage  gain  was 
70. 

The  preamplifier  was  mounted  close  to  the  transducer  to 
reduce  cable  capacitance.  The  channel  amplifier  A2  is  of 
conventional  design,  and  was  placed  in  the  main  electronics 
block,  remote  from  the  seismometer,  together  with  the  psd 
feedback  electronics,  excitation  oscillator  and  thermal  control 
power  amplifier. 

4.2.2  Drive  oscillators  The  stability  of  the  excitation  oscil¬ 
lator  is  important  because  of  the  very  small  displacements  and 
forces  involved.  The  least  detectable  acceleration  of  3  x 
ms"2  is  equivalent  to  a  force  on  the  mass  of  about  N,  and 
a  high  amplitude  stability  is  therefore  required  to  maintain  the 
electrostatic  forces  sensibly  constant.  A  Wien  bridge  oscillator 
was  employed,  in  which  the  amplitude  was  controlled  by  a 
light-dependent  resistor  in  the  loop,  the  light  level  being 
derived  by  comparing  the  rectified  output  with  a  high-stability 
voltage  reference.  The  amplitude  stability  was  about  \0  p\ 
RMS  over  periods  of  up  to  1  min  and  was  found  to  be  satis¬ 
factory. 

4.2.3  Phase-sensitive  detector  The  large  dynamic  range  and 
low  frequency  of  seismic  signals  make  considerable  demands 
on  the  properties  of  the  psd  in  terms  of  linearity,  rejection  of 
unwanted  signals  and  noise  level.  The  design  employed  was  a 
complementary  current-switching  typ)e  similar  to  those 
developed  by  Faulkner  and  Grimbleby  (1967),  Danby  (1968) 
and  Grimbleby  and  Harding  (1971).  In  order  to  achieve  the 
necessary  dynamic  range  and  a  good  temperature  coefficient 
the  circuit  employs  a  current  mirror  to  produce  a  single-cndcd 
output  (Buckner  1975).  The  output  temperature  ct>efficicnt 
was  0  (X)l  %  (equivalent  to  1  ppm  C  ’)  and  the  noise  about 
10  /xV  RMS  in  a  frequency  band  from  0  01  to  1  Hz. 
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4.24  Proportional  plus  integral  control  unit  (pi)  The  Pi  unit 
comprises  a  high-quality  operational  amplifier  providing  an 
integration  at  frequencies  up  to  0*35  Hz  and  with  a  high- 
frequency  gain  of  unity.  Its  noise  and  drift  characteristics  are 
important,  since  the  wideband  output  voltage  is  taken  directly 
from  it,  but  are  eased  by  the  prior  gain. 

4.2.5  Feedback  compensator  and  feedback  coils  The  compen¬ 
sator  is  a  passive,  phase-lead  circuit  providing  velocity- 
dependent  feedback  to  stabilise  the  response.  At  medium 
frequencies  the  response  is  determined  by  a  series  resistor  Rt 
in  parallel  with  a  capacitor  Cf. 

The  feedback  actuator  comprises  a  high-stability  magnet 
attached  to  the  mass  and  small  coils  wound  on  formers  at¬ 
tached  to  the  centre  of  the  outer  capacitor  plates.  The 
acceleration  coefficient  was  determined  by  applying  a  known 
tilt  via  a  calibrated  tilt  table  and  measuring  the  current 
needed  to  reduce  the  output  to  zero  (on  open  loop).  The  value 
of  1*41  m  s"2  A'*^  was  constant  over  the  full  ±  10  V  range  of 
the  output  and  no  departure  from  linearity  could  be  measured. 
Since  mass  movement  on  closed  loop  is  negligible,  linearity  is 
required  only  between  force  and  current.  The  maximum 
acceleration  produced  before  overload  at  10  V  with  Rt— 
15  kQ  is  approximately  lO"^  m  s"^. 

The  stability  of  the  magnet  was  very  satisfactory,  and  no 
significant  drift  attributable  to  this  was  detected  in  six  months’ 
continuous  operation  of  the  instrument.  The  evacuated  jacket 
used  for  environmental  control  was  of  mild  steel  and  provided 
very  effective  magnetic  shielding. 

4.2.6  Environmental  control  The  basic  pendulum  is  enclosed 
in  a  temperature-controlled  oven,  which  also  encloses  the 
preamplifier,  transducer  excitation  transformer  and  tempera¬ 
ture-sensing  circuit:  the  whole  assembly  is  enclosed  in  an 
evacuated  case  at  a  pressure  of  about  10  Pa.  Evacuation  was 
necessary  to  eliminate  atmospheric  and  other  similar  effects, 
and  to  achieve  a  suitably  high  Q  factor  for  the  suspension. 

Although  the  instrument  was  designed  to  be  mechanically 
as  symmetrical  as  possible  to  reduce  the  effects  of  thermal 
gradients,  its  measured  temperature  coefficient  was  10“®g 
A  stability  of  10"“*  °C  would  be  required  to  achieve  a  DC 
resolution  of  10’^°  g  (the  requirement  in  Block  and  Dratler’s 
instrument  (1972)  was  a  stability  of  lO"®  X).  The  thermal 
control  system  employs  a  type  YSI  4001  thermistor  in  an  ac 
bridge  operated  at  1  kHz,  and  a  psd  similar  to  that  described 
above  feeds  a  modulator  and  ac  power  amplifier.  The  heater 
coil  consists  of  bifilar-wound  copper  wire  on  a  groove  in  the 
outside  of  the  brass  heater  cylinder;  ac  power  was  necessary 
to  avoid  magnetic  effects.  The  parameters  of  the  control  system 
were  adjusted  experimentally  to  give  a  satisfactory  response 
to  a  step  rise  in  temperature. 


4.2.7  Output  filters  The  wideband  output  from  the  instrument 
is  proportional  to  ground  acceleration  from  DC  to  0*35  Hz  and 
proportional  to  ground  velocity  from  0-35  to  100  Hz.  Outputs 
from  seismometers  are  usually  required  in  the  form  of  various 
agreed  ‘standard  responses’  and  the  wideband  output  was 
therefore  fed  to  a  filter  unit  outside  the  loop  to  achieve  what¬ 
ever  overall  response  was  required.  The  system  design  ensured 
that  noise  and  drift  due  to  the  filters  were  negligible. 


5  System  response,  calibration  and  noise  level 
With  reference  to  figure  7,  the  acceleration  xr  produced  by  the 
feedback  coil  on  open  loop  in  response  to  an  input  accelera¬ 
tion  Xi  is  given  by 


where 


Xr  jrq+^TsXi+jre) 

xrs(l  +57’i  +  52722)(1  -^sTzW  +  JT4) 


AiA2Azrp  T  — 


72^  = 


a>o^* 


r,  Ai,  A2  and  Az  are  the  gains  of  the  transducer,  preamplifier, 
channel  amplifier  and  psd  respectively,  cuo^  is  the  natural 
angular  frequency  on  open  loop,  is  the  feedback  force 
constant  and  Rt  the  series  feedback  resistor.  7i  and  Tg  are 
time  constants  associated  with  the  suspension,  Ts  is  the 
integration  time  constant,  Te  and  Ta  refer  to  the  phase-lead 
circuit  and  Tz  refers  to  the  psd.  Time  constants  associated  with 
the  transducer,  amplifier  and  feedback  coil  are  less  than  1  ms 
and  are  omitted.  jS  is  independent  of  frequency  over  the 
seismic  range. 

The  open-loop  and  closed-loop  responses  are  shown  in 
figure  9,  with  Ai  =  70,  42  —  5,  43  =  5,  r  =  lO'^  V  m"',  ^  =  T4  m 
s-2A-^  a>o=10rads-S  Rt=\5kQ,  Cf=30  fiF,  ri=0025  s, 
7'2  =  01  s,  73  =  0*001  s,  74  =  0  001  s,  75  =  015s,  76  =  0  45  s. 

The  open-loop  gain  has  a  value  of  over  40  dB  over  most  of 
the  range  of  interest  (dc  to  10  Hz)  so  that  the  response  is 
accurately  defined  by  feedback.  The  closed-loop  response  is 
flat  to  acceleration  (of  value  /?r/jS=  10^  V  (m  s~2)-i)  from  dc  to 
0*35  Hz,  and  is  flat  to  velocity  (of  value  l/j3C6  =  2'4x  10^ 
V  (m  s“^)“i)  from  0-35  Hz  to  the  unity  open-loop-gain  frequency 
of  100  Hz. 

The  dynamic  response  of  the  instrument  was  measured  by 
applying  square  or  sinusoidal  waveforms  to  one  of  the  feed¬ 
back  coils,  equivalent  to  an  input  acceleration,  and  the  curve 
obtained  agreed  very  closely  with  that  of  figure  9.  The  step 
response  had  a  rise  time  of  0*1  s  and  an  overshoot  of  about 
20%,  corresponding  to  f  =  0*7.  The  dc  responsivity  was 
measured  using  a  calibrated  tilt-table  and  agreed  with  the 
value  above. 

The  theoretical  noise-equivalent  acceleration  can  be  deduced 
from  equations  (2)  and  (3).  For  a  mass  of  0*04  kg  and  a  Q 
factor  of  50,  equation  (2)  gives  (xi)ne~  3  x  10~^®  m  s"^  Hz“^ 


Closed-iccp  acceleration  responsivity  (reference  1V(m 


Figure  9  Open-  and  closed-loop  responses  of  the 
feedback  seismometer.  The  open-loop  gain  is  greater 
than  40  dB  over  most  of  the  seismic  range  (0  01  to 
10  Hz).  The  closed-loop  response  is  flat  to  acceleration 
from  DC  to  0-35  Hz  (responsivity  10^  V  (m  s"2)-i)  and 
flat  to  velocity  from  0-35  to  100  Hz  (responsivity 
24xl05V(m  s-i)-i). 


A  miniature  wideband  horizontal-component  feedback  seismometer 

for  the  Brownian  contribution.  The  transducer/amplifier  con¬ 
tribution  with  /Jd=  1-5  kQ  and  a  natural  period  of  0  6  s  gives 

for  u><wo,  which  can  be 
ignored.  The  other  electronic  sources  of  noise  (PSD,  filters,  etc) 
have  sufficient  prior  gain  to  make  their  contributions  neglig¬ 
ible.  The  theoretical  noise-equivalent  acceleration  of  the 
instroment  is  plotted  in  figure  2  (lines  C  and  D). 

The  dynamic  range  of  a  wideband  seismometer  is  particu¬ 
larly  important,  since  seismic  signals  have  a  very  large  dynamic 
range.  According  to  figure  2,  the  peak  microseismic  noise 
occurs  at  a  period  of  about  8  s  and  has  an  acceleration  ampli¬ 
tude  of  about  3  X 10-*  m  s"*.  This  is  an  average  value  (Wolver- 
ton  in  summer)  and  short-term  values  may  be  an  order  of 
magnitude  greater.  The  12  h  tidal  component  has  a  similar 
value.  The  minimum  earth  noise  (and  the  designed  detection 
limit  of  the  instrument)  has  an  acceleration  amplitude  of 
3  X  10->®  m  s"*.  A  range  of  about  80  dB  is  therefore  required, 
excluding  any  additional  range  to  accommodate  excessive 
microseismic  activity  or  seismic  events.  The  maximum  feed¬ 
back  acceleration  is  10-*  m  s"*,  and  the  effective  dynamic 
range  of  the  instrument  is  therefore  about  130  dB,  allowing 
about  50  dB  for  events.  In  practice,  however,  the  recording 
systems  employed  have  a  range  of  only  60-80  dB,  so  that 
several  systems  of  different  gain,  bandwidth,  etc,  would  be 
required  to  record  the  output  of  the  instrument  satisfactorily. 

6  Testing  and  operation 

The  instrument  has  been  operated  over  a  period  of  several 
months  in  the  AWRE  vault  at  Wolverton,  and  compared  with 
a  Ceotech  SI  2  horizontal-component  long-period  seisino- 
meter.  This  instrument  has  a  mass  of  10  kg  suspended  with 
near-critical  damping  with  a  natural  period  of  about  20  s,  it 
employs  an  electrodynamic  transducer  and  low-noise  ampli¬ 
fier  (type  610)  and  has  overall  dimensions  of  70  cm  x  30  cm  x 
30  cm. 

The  temperature  variations  in  the  vault  are  about  3®C  per 
day  but  it  was  found  unnecessary  to  use  the  thermal  control 
system.  This  was  switched  off  while  investigating  the  source 
of  a  lack  of  coherence  at  long  periods,  and  was  not  used 
again  although  the  source  was  located  elsewhere.  The  feedback 
instrument  did  not  show  an  appreciable  long-term  drift  and 
the  results  suggest  that  a  period  of  six  months  without  adjust¬ 
ment  is  feasible.  The  drifts  observed  were,  however,  about  an 
order  of  magnitude  greater  than  the  earth  tides,  which  we  did 
not  attempt  to  observe.  The  Q  factor  of  the  instrument  was 
about  50  immediately  after  evacuation,  and  slowly  fell  to  a 
value  of  about  15  after  about  four  weeks. 

The  comparisons  were  carried  out  using  various  standard 
responses,  obtained  by  filtering  the  wideband  output  of  the 
feedback  instrument.  The  responses  used  were  a  short-period 
response  derived  from  a  long-period  instrument  (lpsp),  a 
broadband  response  (bb),  and  a  long-period  narrowband 
response  (lpnb).  The  outputs  were  teleinetered  to  Blacknest 
and  recorded  together  on  standard  ‘helicorders’  at  suitable 
magnifications. 

Good  coherence  was  obuined  with  the  lpsp  and  bb  r«- 
ponses,  as  expected  because  of  the  relatively  high  seismic  noise 
in  these  bands.  There  was  some  excess  high-frequency  noise 
in  the  feedback  instrument,  probably  due  to  its  wider  band¬ 
width.  The  outputs  from  the  two  instruments  initially  showed 
rather  low  coherence  when  using  the  lpnb  response  even 
though  their  responses  had  been  closely  matched.  This  was 
thought  to  be  due  to  thermal  fluctuations  in  the  base  plate  of 
the  frfdhafW  instrument.  The  improved  Invar  base  plate 
described  above  was  constructed  and  led  to  better  coherence. 
Figure  10  shows  an  event  recorded  at  low  magnification  and 
figure  11  shows  typical  long-period  noise  at  high  magnifica- 


Figure  10  Comparison  of  seismometers  (small  event).  A 
small  event  is  shown  at  a  magnification  of  8200  at  period 
20  s  using  a  long-period  narrow-band  (lpnb)  response. 
lpnbe/exp  is  from  the  feedback  seismometer  in  the  east- 
west  orientation  and  lpnbe/c  from  the  standard  Geotech 
instrument.  Two  broadband  records  are  also  shown.  (Event 
recorded  at  03.30.00,  1  October  1975;  scale.  8  s/division.) 


Figure  11  Comparison  of  seismometers  (long-period  noise). 
Long-period  noise  is  shown  at  a  magnification  of  200  000 
at  20  s  using  the  lpnb  response,  lpnbz/o  is  from  a  vertical- 
component  Geotech  instrument,  and  lpnhe/o  and  LPNBfixp 
are  from  the  horizontal-component  Gcotcch  and  feedback 
instruments.  (Recorded  at  22.55.00,  30  September  1975; 
scale.  4  s/division.) 
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tion.  In  the  latter  figure  both  recorded  traces  correspond  to 
about  10  nm  rms  at  a  period  of  20  s  (acceleration  10  » ms'^) 
in  the  lpnb  bandwidth  of  about  0*04  Hz.  The  theoretical 
Brownian  noise  of  the  feedback  instrument  (with  0=15)  in 
this  bandwidth  is  10  ^^ms'^and  the  theoretical  electronic 
noise  in  the  Geotech  instrument  has  a  similar  value.  Unfortu¬ 
nately  it  was  not  possible  to  compare  two  feedback  instru¬ 
ments  with  one  another  (since  only  one  was  constructed)  and 
two  similar  Geotech  instruments  were  not  available  at  the 


time. 

The  difference  between  the  Geotech  and  feedback  seismo¬ 
meter  traces  is  mostly  small  with  an  rms  value  of  about  2  nm, 
corresponding  to  an  rms  acceleration  of  2  x  10*^®  m  s“2  at  20  s, 
which  is  close  to  the  value  expected  theoretically  from  the 
Brownian  noise  value.  However,  occasional  long-period 
fluctuations  occur,  with  a  magnitude  of  about  10  nm,  prob¬ 
ably  due  to  mass  movements  caused  by  thermal  effects  or 
pressure  changes.  It  is  difficult  to  decide  from  the  records 
whether  the  efTect,  which  is  very  common  in  long-period 
instruments,  occurs  only  in  the  feedback  seismometer  or  the 
conventional  seismometer  or  both,  but  it  is  more  likely  to  be 
mainly  due  to  the  former. 

The  main  practical  problems  in  miniature  instruments  arise 
from  long-term  creep,  thermal  and  pressure  effects  in  the 
mechanical  system,  and  air  movements.  As  explained  above, 
long-term  creep  did  not  prove  to  be  a  serious  problem,  and 
although  thermal  variations  were  observed  their  period  was 
outside  the  seismic  range  of  interest.  (To  observe  longer- 
period  seismic  signals  the  thermal  control  system  would  have 
been  required.)  Pressure  effects  can  be  very  serious,  since  the 
mass  movements  to  be  detected  in  a  miniature  instrument  are 
smaller  than  in  a  conventional  instrument  in  the  ratio  of  the 
squares  of  the  periods  ((0-6)2 :  (20)2).  Similarly,  unwanted 
forces  due  to  air  currents  are  equivalent  to  accelerations  in  the 
ratio  of  the  masses  (0  04  kg:  10  kg).  An  evacuated  pressure 
chamber  is  thus  essential,  though  evacuation  is  required  in  any 
case  to  obtain  a  high  Q  factor.  It  is  likely  that  the  long-period 
fluctuations  observed  were  due  to  thermal  effects  in  the  base 
plate  of  the  instrument  (the  effect  was  much  reduced  by  using 
the  Invar  base  plate)  and  to  pressure  fluctuations  leading  to 
distortions  of  the  base  plate  or  instrument  frame.  In  Block  and 
Dratler's  instrument  the  temperature  was  controlled  to  10~®  °C 
and  the  pendulum  was  enclosed  in  a  highly  evacuated  container 
and  by  an  evacuated  outer  cover.  However,  it  appears  that  the 
symmetrical  design  of  the  present  instrument  and  the  use  of  a 
rigid  evacuated  jacket  and  special  base  plate  have  enabled 
the  above  problems  to  be  reduced  to  tolerable  levels. 

The  comparison  has  successfully  demonstrated  that  a 
miniature  wideband  feedback  instrument  can'compare  closely 
with  a  conventional  open-loop  instrument  of  much  greater 
size.  The  increased  electronic  complexity  is  more  than  com¬ 
pensated  by  the  reduced  mechanical  complexity,  size  and 
weight,  and  by  the  ease  of  operation  and  calibration.  The  cost, 
on  a  production  basis,  would  be  considerably  less. 

7  Conclusions 

It  has  been  demonstrated  that  it  is  feasible  to  build  a  truly 
miniature  wideband  seismometer  with  an  output  linearly 
proportional  to  ground  motion  and  well  defined  by  substantial 
negative  feedback  over  the  whole  of  the  seismic  range,  and 
with  a  noise  level  comparable  with  much  larger  conventional 
instruments.  The  development  depends  strongly  for  its  success 
on  the  use  of  a  capacitive  displacement  transducer  of  high 
.'Nnonsivity  and  low  noise,  and  on  the  application  of  negative 

.  Iback  to  maintain  the  mass  fixed  with  respect  to  its  supports 
^  the  attendant  advantages  of  controlled  wideband 

•I  use.  linearity  and  dynamic  range. 


•  '0 


A  difficulty  in  designing  a  miniature  seismometer  is  that, 
since  a  long  natural  period  cannot  easily  be  used,  the  dis¬ 
placements  to  be  detected  are  very  small  and  may  become 
comparable  with  unwanted  movements  due  to  creep,  air 
currents,  etc.  These  problems  were  overcome  by  a  carefully 
designed  suspension  system  in  which  effects  of  temperature 
gradients  were  minimised.  Although  an  evacuated  cover  and  a 
thermal  control  system  were  used,  the  requirements  of  these 
systems  were  not  stringent  and  the  overall  size  is  adequate  for 
borehole  applications. 

It  is,  of  course,  easier  to  design  a  horizontal-component 
instrument  than  a  vertical-component  instrument,  since  the 
steady  acceleration  of  gravity  must  be  cancelled  in  the  latter. 
However,  the  same  principles  can  still  be  applied  and  an 
apparently  satisfactory  vertical-component  instrument  of 
similar  overall  dimensions  is  at  present  being  tested. 
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Unconventional  reciprocity  calibration  of  transducers 
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pic  procedure  for  the  reaprocity  calibration  of  transducers  in  unconventional  acoustic  geometries  is 
described. 

PACS  numbers:  43.88.Ar,  43.30,Yj 


INTRODUCTION 

It  Is  customary  when  thinking  about  the  reciprocity 
calibration  of  transducers  to  have  in  mind  the  acoustic 
geometry  of  either  the  free  field  or  a  pressure  cham¬ 
ber.  The  theory  and  technique  of  obtaining  calibra¬ 
tions  for  such  cases  have  received  close  attention  and 
are  very  well  developed.  However,  there  are  situations 
in  the  experimental  laboratory  where  the  acoustic  ge¬ 
ometry  is  radically  different  and  where  the  constraints 
of  the  experiments  require  that  the  transducers  be  cali¬ 
brated  tn  stfu.  ' 

Perhaps  a  few  examples  drawn  from  our  own  experi¬ 
ence  will  make  the  problem  clear.  We  have  a  program 
of  investigating  the  superfluid  state  of  helium  in  which 
acoustic  techniques  are  heavily  used.  Our  usual  trans¬ 
ducer  is  electrostatic  and  consists  of  an  insulated  button 
electrode  which  may  be  part  of  the  wall  of  a  wave  guide 
or  resonantor,  and  a  plastic  diaphragm,  metallized  on 
one  side,  which  sits  on  the  high  points  of  the  button 
surface.  Liquid  helium  fills  the  space  (perhaps  1-10 
nm  in  thickness)  between  the  diaphragm  and  electrode 
where  they  do  not  touch.  They  are  used  both  as  ^eakers 
and  microphones  and  have  a  high  mechanical  impedance 
because  of  the  thinness  of  the  liquid  helium  layer.  Cali¬ 
brations  must  be  repeated  each  time  the  apparatus  is 
cooled  to  liquid  helium  temperatures  since  there  is  no 
assurance  that  the  transducer  sensitivities  remain  un¬ 
changed  in  a  thermal  cycle. 

Figure  1  shows  a  rigid  rectangular  waveguide  with  a 
nonreflecting  termination.  Three  identically  made 
transducers  are  shown.  The  waveguide  is  many  wave¬ 
lengths  long  and  is  operated  in  its  plane-wave  mode. 
There  is  negligible  change  in  amplitude  of  the  progres¬ 
sive  plane  wave  as  it  propagates  toward  the  termination. 
Our  problem  is  to  calibrate  all  three  transducers. 

In  Fig.  2  the  nonreflecting  termination  has  been  re¬ 
placed  by  a  rigid  reflector.  In  the  moat  common  ver¬ 
sion  of  this  geometry  the  rigid  terminations  are  two  end 

transducers  themselves. 

« 

In  another  example  shown  in  Fig.  3  two  identical 
volumes  are  connected  by  a  neck  resulting  in  a  double 
cavity  Helmholtz  Resonator.  Three  transducers  like 
those  in  Figs.  1  and  2  are  shown. 

Since,  in  our  examples,  all  three  transducers  are 
reversible  each  of  them  can  be  calibrated  as  a  micro¬ 
phone  and  a  speaker.  However,  the  procedure  requires 
only  one  reversible  transducer  (T),  a  microphone  (M), 
a  speaker  (S),  and  results  in  a  calibration  of  all  three. 


I.  RATIONALE  OF  RECIPROCITY  CALIBRATION  OF 
TRANSDUCERS 

A  very  brief  outline  of  the  basis  for  the  calibration 
procedure  is  in  order.  Consider  the  linear  passive 
four-pole  electrical  system  shown  in  Fig.  4.  We  write 

F,=aji+6t2,  (1) 

One  or  both  of  the  terminal  pairs  can  be  replaced  by 
mechanical  or  acoustic  connections  in  which  case  (volt¬ 
age,  current)  is  replaced  by  (force,  velocity)  or  (pres¬ 
sure,  volume  velocity).  The  system,  whether  it  is  elec¬ 
trical,  mechanical,  acoustic,  electromechanical,  or 
electroacoustic  is  said  to  obey  the  Reciprocity  Theorem 

ifl,8 

6=±c.  (2) 

Consider  two  electrical  transducers  1  and  2  in  Fig.  5 
connected  by  an  acoustic  link  (this  may  be  the  wave¬ 
guide  or  one  of  the  resonators  of  Figs.  1-3),  then 
choosing  the  positive  sign  in  Eq.  (2)  we  can  write 

F,=aii  +  W2, 

F2  =  6t,+ctj.  (3) 

Following  MacLean’  we  let 

A/,  s microphone  sensitivity  in  open  circuit  volts 
divided  by  the  pressure  at  the  microphone, 

Af,  =  microphone  sensitivity  in  short  circuit  amps 
divided  by  the  pressure  at  the  microphone, 

S,  =  speaker  ou^ut  in  pressure  produced  at  the 
microphone  divided  by  amps  into  the  speaker, 
and 

S,  =  speaker  output  in  pressure  produced  at  the  mi¬ 
crophone  divided  by  volts  across  the  speaker. 


FIG.  1.  Rigid  wall  rectangular  wave  guide  with  nonreflecting 
termination  W  at  one  end  and  a  rigid  termination  at  the  other. 
IT),  (S),  and  (M)  are  identically  made  electrostatic  trans¬ 
ducers  whose  sensitivities  are  not  identical.  The  cross-sec¬ 
tional  dimensions  of  the  waveguide  and  transducer  dimensions 
are  very  much  less  than  X  (the  acoustic  wavelength),  and  the 
waveguide  is  long  compared  to  X.  Transducers  (T)  and  (S)  are 
right  at  the  rigid  termination. 
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FIG.  3.  A  double  cavity  Helmholtz  Resonator  with  three  trans¬ 
ducers,  (T),  (M),  and  (S).  The  volume  of  each  cavity  is  K. 

The  length  of  the  neck  is  I  and  Its  cross-sectional  area  is  A, 

Its  angular  resonant  frequency  a?  is  given  by  oj- 

where  C  is  the  sound  velocity.  ’ 


FIG.  2.  Same  as  Fig.  1  except  that  the  nonreflecting  termina¬ 
tion  is  replaced  by  a  rigid  termination.  All  transducers  are 
ri^t  at  the  rigid  terminations. 


Now  if  we  drive  transducer  1  as  a  speaker  and  get  the 
response  of  transducer  2  in  both  open  circuit  volts  and 
short  circuit  amps  and  then  make  the  same  measure¬ 
ments  but  reverse  the  roles  of  the  transducers  we  find^ 
that 

^  -  ^22  _  .§21  „  ^  ^7  /-V 

'  A/,1  ■  A/,2 

We  have  yet  to  determine  Z  which  clearly  is  related 
to  the  acoustic  geometry.  But  before  doing  this  we  point 
out  that,  when  Z  is  known,  the  reciprocity  calibration 
of  identical  transducers  immediately  follows  since,  if 
transducers  1  and  2  are  identical,  then 

iiS,Ma=V^ 

and 

A/o  =  (V*i^)^'*^10-"'S  (5) 

(The  factor  of  is  necessary  if  electrical  quan¬ 

tities  are  in  volts  and  amps  and  mechanical  quantities 
are  in  cgs. ) 

We  now  determine  Z^  We  choose  as  our  reversible 
transducer  an  '‘ideal  microphone"— it  is  small  com¬ 
pared  to  the  wavelength  of  sound  and  is  so  noncompliant 
that  its  introduction  at  a  point  in  the  sound  field  never 
alters  the  sound  pressure  at  that  point.  By  the  same 
token,  when  used  as  a  speaker,  its  volume  velocity  is 
independent  of  the  acoustic  load.  In  Fig.  5  both  trans¬ 
ducers  are  identical  and  of  this  type.  Thus  when  trans¬ 
ducer  1  is  used  as  a  speaker  driven  by  a  voltage  Vi  and 
a  current  I'l,  a  volume  velocity  f/,  is  produced  at  the 
speaker  and 

0  =  bil+cU^.  (g) 

Zero  appears  at  the  left  of  the  second  equation  in  (6) 
because  there  is  no  impressed  pressure  and  the  trans¬ 
ducer  does  not  feel  the  pressure  it,  itself,  generates. 


FIG.  4.  A  linear  passive  four  pole  network. 


For  the  transducer  (2)  being  used  as  a  short  circuited 
microphone  we  can  write 

0=aii  +  bU2, 

Pt~bii+cU^^.  (7) 

where  is  the  pressure  and  is  the  volume  velocity 
at  the  microphone.  Now  S,  =/>  ^/Vu  ^h/Pt  and  pz/iz 
^VjU^=b^ac/b, 


(S) 

We  see  that  Z  is  just  the  transfer  impedance  relating  the 
acoustic  pressure  at  the  microphone  to  the  volume  veloc¬ 
ity  at  the  speaker.  * 

It.  THE  CALIBRATION 

We  now  describe  the  procedure  for  calibrating  trans¬ 
ducer  T(and  subsequently  S  arid  M)  in  the  configurations 
of  Figs.  1-3.  We  send  a  current  tV  through  T  and  mea¬ 
sure  the  c^en  circuit  voltage  at  M. 

If  M  and  T  were  identical  transducers,  of  T  would 
be  given  by  But  they^re  not  identi¬ 

cal  and  we  need  to  know  what  voltage  T  would  have  read 
if  it  were  at  the  position  of  M.  We  get  this  by  arranging 
to  have  a  sound  field  generated  by  S  which  produces 
identical  pressures  at  M  and  T.  *  Then  if  we  drive  S 
with  an  arbitrary  current  t,  open  circuit  voltages 
and  will  be  read  at  M  and  T  and  the  microphone  and 
speaker  sensitivity  of  T  is  given,  respectively,  by 


where  Af„  for  transducer  M  is  the  product  of  and 

the  value  of  M,  above,  and  S.  for  transducer  S  is  the 
product  of  ir/is  and  the  value  of  S.  above.  Using  M  as  a 
speaker  and  S  as  a  microphone  will  yield  their  sensitiv¬ 
ities  in  these  roles  and  the  calibrations  are  complete. 

In  Fig.  1  the  acoustic  pressures  at  M  and  T  are 
necessarily  the  same  when  S  is  driven  at  an  arbitrary 
frequency,  hi  Fig.  2  the  pressures  will  be  equal  when 
the  resonator  is  driven  by  S  at  any  of  its  resonant  fre- 


FIG,  5.  Transducers  1  and  2  are  coupled  by  an  acoustic 
field. 
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quencies  if  the  Q’s  are  very  high.  In  Fig.  3  the  pres¬ 
sures  will  be  equal  when  the  resonator  is  driven  by  A 
at  its  resonant  frequency  if  the  Q  is  very  high. 

The  transfer  impedances  to  be  used  in  Eq.  (10)  for 
the  three  cases  are 

Fig.  1:  Z  ^pC/A ,  (11) 

Fig.  2:  Z^lpCQjAwn ,  (12) 

where  Q,  is  the  quality  factor  of  the  «th  resonant  har- 
monic: 

Fig.  3:  Z^qC^Q/2Vu),  (13) 

where  U)^C{2A/IV)^^^  is  the  resonant  frequency  of  the 
resonator  and  Q  the  quality  factor  of  the  mode. 

The  speaker  S  is  only  needed  to  generate  a  sound 
field  by  which  the  relative  microphone  sensitivity  of  M 
and  T  is  determined.  In  the  experimental  arrangement 
of  Figs.  2  and  3  the  speaker  S  can  be  dispensed  with  in 
the  following  way.  T  is  used  as  a  source  to  establish 
a  natural  resonance  of  the  system  and  then  it  is  switched 


to  its  microphone  mode.  A  comparison  of  its  output 
with  that  of  M,  as  the  resonance  decays,  provides  the 
relative  sensitivity  of  the  two. 
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^'extbook  treatments  of  reciprocity  calibration  of  transducers 
would  be  easier  to  understand  if  the  transducer  which  is  an 
‘ideal  microphone,”  namely,  the  small,  noncompliant  trans¬ 
ducer,  is  explicitly  Introduced.  This  seems  to  be  essential 
to  obtain  the  second  equation  of  (6)  and  the  result,  Eq.  (8). 

A  minor  mystery  is  why  the  fact  that  the  ratio  in  Eq.  (4)  is 
the  transfer  impedance,  relating  the  pressure  at  a  micro- 
^  phone  to  the  volume  velocity  at  a  speaker,  is  not  emphasized. 
It  is  unnecessary  that  the  pressures  be  identical.  It  is  only 
necessary  that  their  ratio  is  known. 
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Aijstract 

Gcriach  investigated  the  rotatdrial  Brownian  motion  of  a  small  mirror  sus¬ 
pended  nn  n  fine  wire.  It  follows  from  the  theorem  of  ctpiipartition  that  the  average 
square  deviation  of  the  mirror  will  depend  on  the  temperature  alone  of  the  surrounding 
gas,  Gerlach  verified  this  for  a  large  range  of  pressures  (I  to  IQ**  atm).  The  analogy 
which  we  found  that  exists  between  this  problem  and  the  well-known  treatment  of  the 
shot  clTcct  by  Schottky  enables  us  to  give  a  more  detailed  theory  of  this  phenomenon. 
If  the  displacement,  registered  during  a  time,  long  compared  with  the  characteristic 
period  of  the  mirror,  is  developed  into  a  Fourier  series,  we  find  the  square  of  the  ampli¬ 
tude  of  each  Fourier  component  to  be  a  function  of  the  pressure  and  molecular  weight 
of  the  surrounding  gas  as  well  as  of  its  temperature,  (formula  18).  The  sum  of  the 
squares,  however,  is  a  function  of  the  temperature  alone  (proved  in  section  4).  This 
explains  why  the  curves  registered  by  Gerlach  at  diflerent  pressures,  though  all 
giving  the  same  mean  square  deviation,  are  quite  dilTcrent  in  appearance.  To  get 
the  lluctuating  torque  on  the  mirror,  the  expression; 

—  ^16  1 

ir  n  cMAo 

is  obtained  for  the  fluctuation  in  time  of  the  pressure  of  a  gas  on  the  wall  (section  5). 
In  this  n  represents  the  number  of  molecules  per  cc,  c  is  tlie  mean  velocity  and  Ao  is 
the  surface  of  the  wall. 


1.  Introduction 

TNTERESTING  e.xpcrimcnts  on  Brownian  motion  around  a  position  of 

equilibrium  have  been  performed  by  Zeeman  and  Houdyk^  in  Amsterdam 
and  by  Gerlach-  in  Tubingen.  The  former  registered  the  motion  of  the  loose 
end  of  a  suspended  wire,  the  latter  photographed  by  means  of  reflected  light 
the  rotational  Brownian  movement  of  a  little  mirror  fi.xed  on  a  very  fine 
wire.  The  first  e.vperiment  is  theoretically  more  complicated,  because  one 
has  to  consider  the  many  natural  frequencies  of  the  observed  body.  In  the 
experiment  of  Gerlach  on  the  other  hand  the  observed  system  has  only  oue 
characteristic  frequency.  We  will  restrict  ourselves  therefore  in  the  following 
treatment  to  the  latter  case. 

In  both  cases  one  can  immediately  predict  by  means  of  the  equipartition 
theorem  what  the  average  square  of  the  deflection  will  be.  This  will  depend 
on  the  properties  of  the  observed  system  and  on  ihe  lemperature  Oftly  of  the 
surrounding  gas,  not  for  instance  on  its  pressure  or  molecular  weight.  The 
experiments  however  give  more  than  merely  the  average  square  deviation; 
the  registered  curves  show  to  some  extend  at  least  the  time-dependence  of 

*  P.  Zeeman  and  A,  Houdyk,  Proc.  Acad.  Amsterdam,  28,  52  (1925). 

*  W.  Gerlach,  Naturwiss.  15,  15  (1927). 
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the  irregular  Hrownian  motion.  A.s  Professor  Gcriach  kindly  communicated 
to  us,  the  general  appearance  of  these  curves  is  quite  dilTcrent  at  dilTerent 
pressures  of  the  surrounding  gas,  though  the  average  square  deviation  re¬ 
mains  the  same  for  any  given  temperature.  The  problem  is  therefore  to 
give  a  more  detailed  theory  of  these  curves. 

It  has  occurred  to  us  that  this  problem  may  be  treated  in  a  manner  quite 
analogous  to  the  method  employed  by  Schottky,’  to  describe  the  well-known 
shot-effect.  In  the  c.\perimcnts  of  Hull  and  Williams,^  the  fluctuating  vol¬ 
tage  in  the  shot-circuit  is  coupled  inductively  with  the  amplification-circuit, 
which  possesses  only  one  characteristic  frequency.  In  the  e.\periments  of 
Gerlach  the  fluctuating  moment  of  momentum  around  the  mirror-axis  of 
the  gas-molecules,  is  coui)led,  by  means  of  collisions,  with  the  “amplifying” 
mirror,  which  has  also  only  one  characteristic  frequency. 

The  analogy  is  complete  only  when  the  surrounding  gas  is  much  rarefied, 
because  only  then  are  the  moments  of  momentum  given  by  the  gas-mole¬ 
cules  to  the  mirror  in  successive  time-elements  independent  of  each  other.* 
By  applying  the  method  of  Schottky,  we  will  show  in  Sections  II  and  III 
that  for  this  case  the  amplitudes  of  the  Fourier  components  of  the  motion  de¬ 
pend  on  the  pressure  and  the  molecular  weight  of  the  surrounding  gas.  This 
will  explain  the  different  forms  of  the  observed  curves  under  v’arious  cir¬ 
cumstances. 

II.  Tiiit  Fourihr-An.m.ysis  of  tiii;  Browni.vn'  Motion 
The  equation  of  motion  of  the  mirror  is  given  by: 

=  (1) 

where:  I  is  the  moment  of  inertia  around  the  mirror-axis;  <f>  is  the  angle 
of  deflection ;/ the  friction-coefficient;  Z)  the  directional  force;  and  il/(/)  the 
fluctuating  torque,  caused  by  the  collisions  of  the  gas  molecules.  When  we 
introduce  the  frequency  in  2ir  sec: 


«=(/;//)'/- 

(2) 

and  the  angular  acceleration : 

nt)=Mit)/i 

(3) 

and  put: 

r=/// 

(4) 

Eq.  (1)  becomes: 

^•hr'<p-{-u-4>=  T{l). 

(5) 

For  our  further  purposes  it  is  essential  to  give  now  a  more  detailed  discussion 
of  the  meaning  of  ik/f/)  or  T{t). 


*  \V.  Schottky,  Ann.  dcr  Phys.  57,  541  (1918);  68,  157  (1922).  Comp,  also:  J.  Tinbergen, 
Physica,  5,  361  (1925). 

*  A.  W.  Hull  and  N.  H.  Williams,  Phys.  Rev.  25,  147  (1925).  Comp,  also  N.  H.  Williams 
and  H.  B.  Vincent,  Phys.  Rev.  28,  1250  (1926). 

‘  For  higher  pressures,  the  problem  becomes  analogous  to  the  problem  of  the  shot  cfTcct 
for  high  current  densities.  Because  of  the  space  charge  the  numbers  of  electrons  hitting  the 
anode  in  successive  time  elements  are  then  not  more  independent  of  each  other,  and  the 
fluctuations  decrease.  Comp.  N.  H.  Williams  and  H.  B.  Vincent,  ref.*  p.  1262  and  N.  11. 
Williams  and  W.  S.  Huxford,  Phys.  Rev.  33,  773  (1929). 
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The  actual  nucroscoi)ic  M*{t)  consists  of  a  large  number  of  sharp  peaks, 
each  corresponding  to  the  impulse  moment  transferred  to  the  mirror  by 
the  collision  of  one  (or  a  few)  molecules.  We  introduce  now  a  “physically 
infinitely  small”  time-element  A/,*  very  small  compared  with  the  character¬ 
istic  period  lir/oi  of  the  mirror  but  within  which  many  collisions  occur.^ 
Our  function  M{t)  consists  of  the  averages  of  all  M*{1)  values  included  in 
each  time-element  A/.  The  actual  value  of  M{ti)  for  the  time-element  A/,-  is 
of  course  unknown  a  priori,  but  we  can  tell  some  of  its  properties: 

(a)  M{li)  will  have  equal  chance  of  bei  sg  positive  or  negative,  so  that 
the  average  over  all  the  time-elements  is  zero. 

{b)  In  our  case,  when  the  surrounding  gas  is  rarefied,  the  M{1^  in  the 
time-element  A/,-  will  be  independent  of  the  value  M{tj)  in  the  time-element 

(c)  In  Section  V  we  will  show  that  the  mean  of  ilf*(/,)  over  all  the  time- 
elements  is  given  by: 


=  \mcpl  [pLl  (6) 

where:  m  is  the  mass  of  the  gas  molecules;  £  their  mean  velocity;  p  the 
pressure  of  the  surrounding  gas,  and  p  the  mass  of  the  mirror  per  square  cm. 

Let  T  be  the  time  of  observation,  which  must  be  long  compared  with  the 
period  of  the  mirror,  so  that: 

A/«27r/w«7.  (7) 

Develop  T{1)  within  the  interval  (0,r)  in  a  Fourier  series: 


where: 


T{1)  =  *  cos  Wkl+Bk  sin  «<./) 

Uk  —  2TrklT 
2  f 

Ak  =  —  I  Til)  cos  Ukl- (II 

T  Jo 
2 


Bk=^—  f^TiOsinukl' 

T  Jo 


dl 


We  can  now  replace  these  integrals  by  the  following  sums: 

2  * 

Ak=—  2  T(/,)  cos  ukti  •  A/,- 

L.  r  1 

2  * 

Bk=—  2'(/i)  sin  (jJkti  •  A/,- 

T  1 


(8) 


(9) 


(10) 


where  A/,-  are  the  successive,  equal  time-elements,  and  7'(/,),  cos 
sin  (t)kt{  are  evaluated  at  a  time  /,•  included  within  the  i‘*  element  A/,-.  Z 


*  We  suppose  them  all  equal. 

^  The  introduction  of  such  an  "physically  infinitely  small”  time  element  is  characteristic 
in  the  kinetic  theory  of  gases.  Comp,  e.g,,  P.  and  T.  Ehrenfest,  Enc.  dcr  Math.  Wiss.  Vol.  IV, 
Art.  32,  p.  39. 
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is  the  total  number  of  time-elements.  The  motion  of  the  mirror  is  then  e.\ 
pressed  by: 


<#>(/)=  E  — — 


1  { .1  tfw-  - «*■)  —  Jhrut  ]  cos  Ukt 


.  .  .  1 

+  { wt*) }  sin  w*/ ] 

which  is  the  solution  of  (5)  under  the  conditions  ^  =  0  =  0  for  /  =  0.  These 
conditions  mean  that  we  start  our  observations  only  when  all  e.xternal  dis¬ 
turbances  have  been  damped  out,  and  the  remaining  motion  is  due  only  to 
collisions  with  the  gas  molecules,  or  in  other  words,  w’c  observe  the  Brownian 
motion  around  the  position  of  equilibrium  and  not  around  an  already  ex¬ 
isting  vibration. 

From  this,  we  find  for  the  time-average  of 


— __L  _ 

2  (w^-wr)=-fr-cot- 


(12) 


In  the  case  of  very  lo7i’  pressure  it  is  now  possible  to  predict  from  the  three 
properties  {a),  {b)  and  (c)  of  j\/(/)  (or  7  (0)  the  value  of  Ar  and  Br.  From 
(10)  we  have 

=  —  E  E7'(/.)n//)  cosw*./,  cosw*./yA/.A/y.  (13) 

T*  /»I 

Consider  first  in  this  double  sum  the  terms  with  tVj.  As  a  consequence  of 
property  (b),  in  the  case  of  low  pressure  T(ti)  and  7'(l0  are  completely  in¬ 
dependent:  hence  these  terms  will  have  equal  chances  of  being  positive  or 
negative  and  for  large  Z  their  sum  will  vanish.  Consider  next  the  terms  with 
which  are  all  positive.  Due  to  our  choice  of  A/,-,  for  all  frequencies 
of  the  order  of  magnitude  of  w  (and  only  those  give  according  to  (12)  an  ap¬ 
preciable  ^,)  2T/wtwilI  be  very  large  with  respect  to  A/,-,  so  that  cos  -oji/ 
changes  very  little  over  many  time-elements  A/,-.  We  may  therefore  replace 
7'^(/,)  by  its  average  value  and  obtain: 

/lr=4™  Z  cos2  w*/,•(A/,)^  (14) 

T-  ,-I 


Finally,  replacing  the  sum  once  more  by  an  integral,  we  have: 

/h.*  =  2A  f^)  •  A/  (15) 

Obviously  the  value  of  B*-  is  the  same. 


III.  Discussion  of  the  Final  Formula 
Formula  (6),  which  will  be  developed  in  §5,  together  with  equation  (3)  gives: 

PW  =  4/«c/»//pA/.  (16) 

In  §6  we  will  prove,  that  for  the  case  of  low  pressure,  the  friction-coefificient 
is  given  by: 


f=2m£ppI/kT. 


(17) 
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Substituting  (15),  (16),  (17)  in  (12),  we  get  the  final  formula: 

0,2  = - - i - L - (18) 

p/t  7rA'7'(w*“  wt*)*+32/>*p‘wt* 

in  which  the  well-known  relation  is  used  that: 

C={UT/Trmy>‘. 

From  the  analysis  in  Section  II  it  is  clear  that  this  formula  may  be  interpreted 
in  the  two  following  ways: 

1.  If  we  resolve  into  Fourier  series  a  great  number  of  curves,  each  observed 
over  a  relatively  short  time  t  (which  however  must  still  fulfill  the  fundamental 
inequality  (7)),  the  mean  square  of  the  amplitudes  of  the  components 
will  be  given  by  (18). 

2.  If  we  analyse  one  curve,  observed  over  a  very  long  lime  r,  then  the  square 
of  the  amplitudes  of  the  k*’'  component  will  also  be  given  by  (18). 

The  formula  (18)  shows  the  noteworthy  result,  that  0**  depends  not  only 
on  the  temperature,  but  also  e.xplicitly  on  the  pressure  znd  the  molecular 
weight  of  the  surrounding  gas.  As  a  test  we  must  of  course  show,  as  we  will 
do  in  §4,  that  by  summing  over  all  values  of  k,  we  obtain  for  the  mean  potential 
energy  the  equipartition  value  which  is  independent  of  the  pressure 
and  the  molecular  weight  of  the  surrounding  gas. 

The  dependence  on  the  pressure  is  rather  complicated.  For  frequencies 
Uk  very  near  to  «,  the  (py  becomes  inversely  proportional  to  p,  and  for  «* 
very  large  compared  with  oi,  the  becomes  almost  directly  proportional 
to  p.  These  latter  terms  of  course  contribute  very  little  to  the  total  motion, 
the  denominator  being  so  large.  When  we  plot  therefore  <py  against  k,  the 
resulting  curve  has  a  maximum  in  the  neighborhood  of  w,  which  rapidly 
becomes  very  sharp  as  the  pressure  decreases.  The  motion  of  the  mirror  than 
becomes  more  and  more  “monochromatic.” 


ArPESDix 

IV.  Pkoof  of  the  Equipartition  Theorem. 

Tlic  average  potential  energy  of  the  vibrating  mirror  is  equal  to: 

(19) 

because  the  difTercnt  Fourier  components  arc  independent  of  each  other.  Though  we  re¬ 
stricted  ourselves  to  values  of  w*  small  with  respect  to  it  is  permissible  to  extend  the 

summation  to  infinity,  because  the  components  with  wjt  large  compared  to  w  contribute  very 
little  to  the  sum. 

Equation  (15)  shows,  that  Ai?  and  Bi?  arc  independent  of  k;  hence  from  (12)  and  (15): 

M  t,  n — .  ■,  •  (20) 

The  last  sum  we  now  replace  by  an  integral,  substituting: 

if*  =*  w*/w  =  2  TrJt/rw 

which  gives:  _  ^  . 

^  1  ^  ^  C  ^ 

i^o  +  0  (1  -A-»)»+(rV«*)A*i 


0  (l-A-*)»+(rVu^*).v^ 
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with  very  good  approximation.  The  value  of  the  integral  is  rtiillr  *  so  tliat  we  oijtain: 

0>=P(/)*-.A//2a)V.  (21) 

Introducing  the  relations  (16)  and  (17),  and  substituting  from  (2)  and  (4)  the  values  of  u* 
and  r,  we  obtain  immediately: 

(22) 


V.  Pkoof  ok  the  Fluctuation  Foumula  (6)  ok  (16). 

This  relation  follows  from  a  consideration  of  the  fluctuations  in  tune  of  tlie  pressure  exerted 
upon  a  wall  by  a  rarefied  jjas.  Using  Maxwell’s  distribution  law  one  c»Tsily  derives  an  expression 
for  the  probability  that  a  molecule  of  a  gas  within  a  volume  V  at  the  temperature  T  gives  to 
a  portion  Ao  of  tiie  wall  a  momentum  normal  to  the  wall  lying  between  G  and  C+AC7  during  the 
time  It  is:® 

— - - -  .  (2a) 

2  V 

Let  ffi;  be  the  number  of  molecules,  which  in  the  time-element  A/,*  give  a  momentum  lying 
between  C,*  and  Gi+AGj  to  the  portion  Ao  of  the  wall.  Then  the  total  momentum  given  to 
Ao  during  At{  becomes; 

GUi)= 

;-0 

Using  the  bar  to  denote  the  average  over  all  time-elements,  we  find  easily: 

cW  -  ^)  =  (::,C7, «<,)"»- (s, (;,»».•,)  • = -  (’"•-)  ’)  (2-1) 

because  the  cross-terms  cancel,  and  the  average  over  the  time-elements  A/»  extends  only  ovc  the 
tiii.  In  general  the  fluctuation  formula  holds:  ^ 

Mi/*— («,/)’  =  «, 7  (25) 

and  nii  follows  immediately  from  (23),  after  multiplying  by  the  total  number  of  molecules 
N.  Substituting  then  (25)  in  (24),  and  replacing  the  sum  by  an  integral,  we  obtain : 

cW-Wi)’ f  C*cxp(-6’V‘’"*n<fC  =  2«/7/>;ieA/  (26) 

for: 

p^NkT/V. 

•  See  W.  Schottky,  Ann.  der  Phys.  68,  157  (1922). 

•  Integrating  over  G  from  0  to  «,  we  get  for  the  probability  that  a  molecule  hits  in  the 
time  At  the  surface  element  Ao: 

loAtAo  =  cAtAo/  4  V 

corresponding  to  the  well-known  result  for  the  mean  number  n  striking  1  cm’  of  the  wall  per 
second: 

7i^N7/AV. 

In  the  same  way  we  find  for  the  mean  momentum  given  to  the  wall  taken  over  all  the  mole¬ 
cules  striking  it: 

Cr-(2jrmibr)*^* 


and  for  the  mean  square: 


G^=^SmkT 
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This,  divided  by  A/*,  expresses  the  fluctuation  in  time  of  the  pressure  on  the  portion  Lo  of  the 
wall.*®  From  this  it  follows  obviously  that  for  u  di.se  of  surface  o  inside  the  ^as,  the  mean  of 
tijc  s(iuarc  of  the  force  K{ti)  taken  over  all  the  time-elements  Mi  is  given  by: 

W^lJii^^mcpo/M  (27) 

as  for  such  a  disc  K{ti)  =0,  and  the  fluctuations  on  the  right  and  leftside  are  independent  of 
each  other. 

For  a  ease  like  the  experiment  of  Gcrlach  we  must  consider  the  moment  of  momentum 
around  the  mirror  axis  instead  of  the  momentum.  The  analogous  formula  for  the  torque  is  then : 

- 4mcp  PC  AificpI 

where  x  denotes  the  distance  from  the  axis.  This  is  e(|uation  (6). 

VI.  Proof  of  Formula  (17)  for  the  Friction  Coefficient,** 

Consider  a  portion  Ao  of  the  mirror,  which  moves,  say  to  the  right  in  the  direction  of  the 
x-axis  with  the  velocity  w.  The  number  of  molecules  per  second,  which  strike  this  from  the 
left,  and  which  He  within  a  certain  velocity-range  d^drjd^  is: 

_  /  N  . _ 


/  m  JV 


where  we  have  used  Maxwell's  distribution  law,  because  in  our  case  of  very  low  pressure,  the 
mean  free  path  is  large  with  respect  to  the  dimensions  of  the  mirror,  so  that  the  motion  of  the 
mirror  docs  not  disturb  the  velocity  distribution  of  the  molecules.  If  x  is  the  distance  from  M 
to  the  axis  of  the  mirror,  then  the  moment  of  momentum  imparted  per  second  by  these  mole¬ 
cules  is: 

({-«)»•  A-  .  (29) 

\2rrkT  /  V 

Neglecting  the  term  witli  and  integrating  over  rj  and  f  from  ~  «o  to  +  «o,  and  over  {  from  0 
to  +  « I  we  get : 

Ml  *»  px:^o^  vtcXuxAoV^^ .  (^0) 

In  the  same  way,  we  find  for  the  moment  of  momentum  given  to  Ao  per  second  by  mole¬ 
cules  striking  from  the  right: 

Mi  s=  —  pxAo — nicN'uxAo  V“  *  (^  1 ) 

so  that  the  total  moment  of  momentum  given  to  Ao  per -second  is: 

Mi-^-Mi^  ^2tticpuxAo/kT,  (^2) 

Now  «  =  so  that  we  find  for  the  friction  coefficient: 

^  kT  J  J  pkT 

which  is  formula  (17). 

••  This  can  be  written  in  the  form: 

?»-(?)«_  .-16  1  1 
(?)*  **  «■  n  cAl^o 

when  n  is  the  number  of  molecules  per  cc.  It  has  then  the  same  form  as  the  expression  for  the 
fluctuation  in  pressure  of  a  gas  inside  a  volume  element  At>  (see  R.  Furth,  Die  Schwankungser- 
scheinungen  in  dcr  Physik,  Vieweg,  Braunschweig,  1920,  p.  58): 

_  C,  1  1 

4*=^ - 

C.  ff  Ar 

but  it  cannot  be  derived  from  it.  ,  •  • 

Comp.  H.  A.  Lorentz,  Les  theories  statistiques  en  thermodynamique,  Leipzig,  1916, 

p.  53. 
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Thermoacoustic  engines  and  refrigerators 
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Abstract 

We  usually  think  of  a  sound  wave  as  consisting  of  coupled  pressure  and  dis¬ 
placement  oscillations,  but  temperature  oscillations  also  occur.  Near  a  solid  surface, 
the  combination  of  these  temperature  oscillations  with  the  pressure  and  displacement 
oscillations  produces  a  rich  variety  of  “thermoacoustic”  effects.  These  effects  can 
be  harnessed  to  produce  powerful  heat  engines,  heat  pumps,  and  refrigerators  using 
intense  sound  waves  in  suitable  geometries. 

To  introduce  the  subject  of  thermoacoustics,  we  discuss  relevant  length  scales, 
and  present  ordinary  thermoviscous  dissipation  of  sound  in  quantitative  detail.  To 
provide  intuitive  appreciation  of  thermoacoustic  processes,  we  describe  the  time- 
dependent  motion,  pressure,  temperature,  and  density  of  typical  parcels  of  gas.  The 
emphasis  is  on  standing-wave  systems,  but  some  discussion  of  Stirling  engines  and 
refrigerators  as  traveling-wave  thermoacoustic  systems  is  included.  Current  quantita¬ 
tive  design  and  analysis  methods  are  summarized,  and  relevant  dimensionless  groups 
eire  presented  to  enable  analysis  of  systems  operating  beyond  the  rzinge  of  current 


methods. 
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I.  Introduction 

We  usually  think  of  a  sound  wave  in  a  fluid  (gas  or  liquid)  as  consisting  of  coupled 
pressure  and  displacement  oscillations,  but  temperature  oscillations  edso  occur.  Near 
a  solid  surface,  the  combination  of  these  temperature  oscillations  with  the  pressure 
and  displzuiement  oscillations  produces  a  rich  variety  of  “thermoacoustic”  effects. 

Although  thermoacoustic  effects  axe  too  small  to  be  readily  noticed  in  every¬ 
day  life,  they  can  be  harnessed  to  produce  powerful  refrigerators  (including  heat 
pumps)  and  heat  engines,  using  intense  acoustic  standing  waves  in  suitable  geome¬ 
tries.  Whereas  typical  engines  and  refrigerators  have  crankshaft-coupled  pistons  or 
rotating  turbines,  standing-wave  thermoacoustic  engines  and  refrigerators  have  no 
moving  parts,  or  at  most  a  single  flexing  moving  part  (as  in  a  loudspeaker)  with  no 
gliHing  seals.  Such  thermoacoustic  systems  appear  attractive  because  of  their  ele¬ 
gance,  reliability,  and  low  cost,  in  spite  of  only  modest  efficiency. 

While  standing-wave  thermoacoustic  systems  have  developed  only  recently,  Stir¬ 
ling  engines  and  refrigerators  have  a  long,  rich  history.  Recently,  new  insights  have 
resulted  from  applying  a  thermoacoustics  viewpoint  to  Stirling  systems,  treating  them 
as  traveling-wave  thermoacoustic  systems.  Althou^  Stirling  systems  are  iKually  re¬ 
garded  as  a  separate  subject,  we  will  include  some  discussion  of  thermoacoustic  as¬ 
pects  of  Stirling  systems  here. 

To  be  consistent  with  the  article  “Heat  engines  and  refrigerators”  elsewhere  in 
thig  encyclopedia,  we  will  eidopt  the  convention  that  “heat  engines”  (sometimes  called 
prime  movers)  are  thermodynamic  devices  that  convert  heat  to  work,  and  that  “re¬ 
frigerators”  (including  heat  pumps)  are  devices  that  use  work  to  transfer  heat  from 
low  temperature  to  high  temperature. 

A.  Simple  examples 

The  Sondhauss  tube,  shown  in  Fig.  1(a),  is  the  earliest  reported  thermoacoustic 
engine:  Over  100  years  ago,  glassblowers  noticed  that  when  a  small,  hot  glass  bulb 
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was  being  blown  on  a  <x>ol  glass  tubular  stem,  the  stem  tip  sometimes  radiated  sound; 
early  investigators  understood  that  the  sound  was  generated  by  oscillatory  thermal 
expansion  and  contraction  of  the  air  in  the  tube,  which  in  turn  was  due  to  acoustic 
motion  of  the  air  toward  and  away  from  the  hot  end  of  the  tube.  The  Sondhauss 
tube  was  a  heat  engine,  converting  heat  into  mechanical  work  in  the  form  of  sound. 
It  utilized  a  predominantly  standing  acoustic  wave,  with  the  bulb  and  stem  forming 
a  resonator. 

In  the  1960 ’s  it  was  realized*'''^®  that  the  performance  of  such  devices  could  be 
greatly  enhanced  by  inclusion  of  proper  heat  exchange  components,  especially  what  is 
now  known  eis  the  “stack.”  The  heat-driven  thermoacoustic  refrigerator  shown  in  Fig. 
1(b)  illustrates  these  components,  as  well  as  the  heat  pumping/refrigerating  function 
in  thermoacoustics.  The  refrigerator’s  resonator  consists  of  a  cylindrical  tube,  closed 
at  the  top  and  opening  at  the  bottom  into  a  spherical  bulb.  Near  the  top  is  the 
heat-engine  stack,  which  is  an  array  of  thin,  uniformly  spaced  solid  plates  aligned 
parallel  to  the  tube  axis.  Above  the  stack  is  the  hot  heat  exchanger,  consisting 
of  well  spaced  conducting  strips;  below  the  stack,  a  similar  set  of  strips  forms  a 
room-temp>erature  heat  exchanger,  cooled  by  circulating  water.  This  is  the  heat- 
engine  assembly,  producing  acoustic  work  from  heat:  When  enough  heat  is  supplied 
to  the  hot  heat  exchanger  by  an  external  heat  source,  the  gas  oscillates  spontaneously, 
maintaining  a  high-amplitude  acoustic  standing  wave  in  the  gas. 

Just  below  the  heat  engine  in  Fig.  lb,  another  stack  and  pair  of  heat  exchangers 
function  as  a  refrigerator,  which  is  driven  by  the  acoustic  work  generated  in  the  heat- 
engine  stack.  The  refrigerator  stack  is  identical  to  the  engine  stack,  and  its  upper, 
room-temperature  heat  exchanger  and  lower,  cold  heat  exchanger  are  made  from 
copper  strips.  When  the  hot  heat-excheinger  temperature  is  high  enough  that  the  gas 
oscillates,  the  cold  heat  exchanger  cools  and  absorbs  an  external  heat  load,  as  heat  is 
pumped  thermoacousticedly  from  the  cold  heat  exchanger  to  the  room-temperatime 
heat  exchanger.  Hence,  the  whole  system  functions  as  a  refrigerator,  with  no  moving 
parts,  powered  by  heat  delivered  to  the  hot  heat  exchanger  at  high  temperature. 
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has  discussed  thermoacoustic  engin^  and  refrigerators  using 
traveling  waves.  One  example  of  such  a  refrigerator  is  the  orifice  pulse-tube  refrig¬ 
erator^®"  shown  in  Fig.  1(c).  In  this  refrigerator,  an  oscillating  piston  functions 
as  a  source  of  acoustic  work  at  one  end  of  the  refrigerator,  and  an  orifice  and  tank 
act  as  a  sink  of  acoustic  work  at  the  other  end.  Between  them,  a  regenerator,  heat 
exchangers,  and  an  open  tube  are  filled  with  gas.  The  regenerator  and  adjacent  heat 
exchangers  function  just  like  those  of  a  Stirling-cycle  refrigerator,  and  are  the  heart 
of  this  refrigerator.  The  gas  is  carried  through  four  steps:  compression,  displacement 
downward,  expansion,  and  displacement  upward.  The  expansion  of  the  gas  at  the 
cold  end  of  the  pulse  tube  cools  the  gas  adiabatically,  so  that  it  can  absorb  heat  in 
the  cold  heat  exchanger  when  it  is  displaced  upward.  The  oscillatory  motion  of  the 
piston  at  the  top,  and  the  orifice  and  tank  at  the  right,  cause  the  gas  to  experience 
pressure  oscillations  and  to  move  with  the  correct  amplitude  and  phase  relative  to 
the  pressure  oscillations.  The  so-called  “pulse  tube”  itself  functions  as  a  tempera¬ 
ture  buffer  space  between  the  cold  heat  exchanger  and  the  warm  orifice;  its  length  is 
smaller  than  the  gas  displacement,  so  that  the  part  of  the  gas  which  stays  in  the  pulse 
tube  throughout  the  cycle  acts  as  a  thermally  insulating,  compressible  piston.  With 
the  hot  heat  exchangers  anchored  at  room  temperature,  the  cold  heat  exchanger  of 
a  pulse  tube  refrigerator  reaches  typically  50  K,  and  refrigeration  is  produced  with  a 
coefficient  of  performance  of  typically  1/4  of  Carnot’s. 

B.  Important  length  scales 

In  most  thermoacoustic  engines  and  refrigerators,  the  acoustic  oscillation  is  es¬ 
sentially  a  pure  tone,  so  that  velocity,  pressure,  and  temperature  essentially  vary 
sinusoidally  with  time,  at  the  oscillation  frequency  /.  The  wavelength  A  =  o//, 
where  a  is  the  sound  speed,  is  an  important  length  scale,  especially  in  the  direction 
of  the  gas  displacement  oscillations.  For  example,  in  the  heat-driven  refrigerator  of 
Fig.  lb  above,  the  distance  from  the  hot  end  cap  at  the  top  of  the  tube  to  the 
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tube-bulb  junction  is  approximately  A/4,  so  that  the  tube  is  essentially  a  quarter- 
wave  acoustic  resonator,  with  pressure  maximum  and  velocity  node  at  the  top,  and 
pressure  node  and  velocity  maximum  at  the  entrance  to  the  bulb.  In  thermoacoustic 
systems  designed  to  date,  10  cm  ^  A  ^  10  m.  The  lengths  of  stacks  are  much  less 
than  A. 

The  amplitude  Xi  of  the  gas  displacement  oscillations  is  a  second  important 
length  scale.  Typically,  Xi  is  everywhere  much  smaller  than  both  the  wavelength  and 
the  overall  length  of  the  system.  Within  the  stack  Xi  is  typically  smaller  than  the 
length  of  the  stack,  and  in  the  heat  exchangers  Xi  is  typically  comparable  to  the 
length  of  the  exchangers. 

In  the  directions  perpendicular  to  the  displacement  oscillations,  the  key  length 
scale  is  the  thermal  penetration  depth  6^  =  ^/KfirfpCp,  where  k  is  the  thermal  con¬ 
ductivity  of  the  gas,  p  is  its  density,  zind  Cp  is  its  isobaric  heat  capacity  per  unit  mass. 
The  thermal  penetration  depth  is  approximately  the  distance  that  heat  can  diffuse 
through  the  gas  in  a  time  I/tt/.  Gas  much  farther  than  this  from  the  nearest  solid 
surface  experiences  adiabatic  oscillations,  and  hence  does  not  participate  in  thermoa¬ 
coustic  effects.  Thus,  the  spacing  in  stacks  and  heat  exchangers  is  of  the  order  of 
In  typical  thermoaeoustic  systems,  5,^  is  a  fraction  of  a  millimeter.  In  standing-wave 
thermoacoustic  devices,  a  key  geometrical  requirement  is  that  the  smallest  transverse 
dimension  in  the  stack  be  roughly  1  to  3  times  <5^;  in  traveling  wave  systems,  the 
smallest  transverse  dimension  must  be  much  smaller  them  6^- 

Closely  related  to  the  thermal  penetration  depth  is  the  viscous  penetration  depth 
Su  =  y/p/'^fp  =  1  which  is  approximately  the  distance  over  which  momentum 

can  diffuse  in  a  time  I/tt/.  (Here  p.  is  viscosity  and  u  is  kinematic  viscosity.)  Thus, 
within  of  solid  surfaces,  viscous  shear  causes  gradients  in  the  oscillatory  velocity  and 
displacement.  The  ratio  =  y/pCp/n  is  the  square  root  of  the  Prandtl  number, 

and  is  of  order  1  for  ideal  gases.  Hence,  in  general,  viscous  effects  are  important 
whenever  thermoacoustic  effects  are  important.  In  some  of  our  heuristic  discussion 
below,  we  will  neglect  viscosity;  but  it  must  be  included  when  quantitatively  accurate 
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II.  Dissipative  acoustic  processes 

To  introduce  the  concepts  and  notation  of  thermoacoustics,  we  begin  with  a 
review  of  ordinary  acoustic  dissipation  at  solid  boundaries,  which  arises  from  viscous 
and  thermal  contact.  We  consider  sound  propagating  in  the  x  direction  in  a  duct 
with  constant  cross  section.  We  adopt  the  usual  complex  notation  for  time-oscillatory 
quantities  (pressure  p,  temperature  T,  velocity  components  u,  v,  and  w,  density  p, 
entropy  per  unit  mass  s)  : 


p 

=  p,„  +  R^[pi(a;)e*"*]  , 

(1) 

u 

=  Re[ui(a;,y,2)e‘^‘] , 

(2) 

T,  p,  s,  etc. 

=  similar  to  p, 

(3) 

V,  w 

=  similar  to  u, 

(4) 

p,  K,  etc. 

=  constant. 

(5) 

All  the  time  dependence  appears  in  the  factor  e"*,  with  oj  —  27r/.  The  mean  values 
(subscript  m)  are  real,  but  the  small  amplitudes  (subscript  1)  are  in  general  complex 
to  account  for  the  time  phasing  of  the  oscillating  quantities.  We  will  assume  that  this 
expansion  to  lowest  order  in  the  acoustic  amplitude  suffices  for  all  variables. 

To  develop  quantitative  understanding  of  viscous  effects,  we  begin  by  finding  the 
y  and  z  dependence  of  the  gas  velocity,  using  the  a;-comp>onent  of  the  momentum 
(Navier-Stokes)  equation,  for  which  the  first-order  approximation  is 

iup^ui  =  -dpi/dx  +  .  (6) 

With  boundary  condition  wi  =  0  at  the  solid  surface,  its  solution  is 
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where  h„{y,z)  depends  on  the  specific  geometry  under  consideration.  Below,  we  will 
need  the  spatial  average,  (over  y  and  z)  of  Elq.  (7): 


<wi)  = 

(jjp  ax 


(8) 


where  is  the  spatial  average  of  h^.  Table  1  displays  the  functional  forms^®^^  of 
and  and  Fig.  2  shows  /„. 

These  functions  describe  how  viscosity  reduces  the  magnitude  of  the  oscillatory 
velocity  and  shifts  its  phase.  Gas  which  is  much  closer  than  6^  to  the  nearest  solid 
surface  is  nearly  at  rest.  Gas  which  is  much  farther  than  6^  from  the  nearest  solid 
surfaee  experiences  essentially  no  viscous  shear;  it  moves  with  a  velocity  that  is  in¬ 
dependent  of  y  and  z.  Gas  which  is  roughly  from  the  nearest  solid  siurface  moves 
with  a  reduced  velocity  and  significant  phase  shift.  The  acoustic  power  dissipation 
per  unit  volume,  which  is  proportional  to  the  square  of  is  in  genereil  greatest 

at  the  solid  surface  where  the  velocity  gradients  are  highest. 

Similarly,  to  find  the  dependence  of  the  oscillatory  temperature  on  y  and  z,  we 
begin  with  the  general  equation  of  heat  trzinsfer,  for  which  the  first-order  approxima¬ 
tion  is 

icjp^Cp  Ti  -  iwTmP Pi  =  «  Vj  .jT! ,  (9) 


where  is  the  th^mal  expansion  coefficient.  In  general,  the  solid  has  sufficient  heat 
capacity  and  thamal  conductivity  to  enforce  Ti  =  0  on  the  gas  at  the  solid  surface. 
Equation  (9)  is  a  first-order  ordinary  differential  equation  for  Ti(x,  y),  similar  in  form 
and  boundary  condition  to  Eq.  (6)  for  Ui{x,  y).  Exploiting  the  similarity,  the  solution 
can  be  written 

r.  =  — (10) 

Pm^ 

and  its  spatial  average  can  be  written 

(r,)  =  ^(i-A)p,,  (11) 

Pm^p 

where  /«  and  are  the  same  as  /„  and  but  with  6^  replaced  by  the  thermal 
penetration  depth  6^. 
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Similar  to  the  effect  of  viscosity  discussed  above,  thermal  contact  with  the  solid 
surface  reduces  the  magnitude  and  shifts  the  phase  of  the  oscillatory  temperature.  Gas 
which  is  much  closer  than  <5„  to  the  nearest  solid  surface  is  nearly  isothermal.  Gas 
which  is  much  farther  than  6^  from  the  nearest  solid  surface  is  essentially  adiabatic, 
experiencing  adiabatic  temperature  oscillations  7i  =  {TmP/Pm^)Pi  ^  phase  with 
the  pressure  oscillations.  At  approximately  6^.  from  the  nearest  solid  surface,  these 
oscillations  are  reduced  in  magnitude  and  shifted  in  phase. 

To  find  the  time-averaged  acoustic  power  dw  dissipated  in  a  length  dx  of  the 
duct,  we  write 

(12) 

dx  J  dx 


where  the  overbar  denotes  time  averaging  and  the  integral  is  over  the  cross  sectional 
area  A  of  the  duct.  Rewriting  Eq.  (12)  in  complex  notation  and  expanding  the 
derivative  gives 


(13) 


We  can  obtain  dpi/dx  from  Eq.  (8)  above.  To  find  d  (ui)  /dx,  we  will  use  our 
expression  for  (Ti)  in  the  continuity  equation  dp/dt  -f-  V  •  (pv)  =  0,  which  can  be 
averaged  with  respect  to  y  and  z  to  obtain  to  first  order 


^  (pi)  +Pmd'  (wi)  /dx  =  0.  (14) 


Using  dp  =  -pPdT  -I-  (7/a^)  dp  (where  7  is  the  ratio  of  isobaric  to  isochoric  specific 
heats),  we  can  express  the  spatially  averaged  density  as  (pj)  =  —PmP  (Ti)  +  {l/(^)P\ 
to  lowest  order.  Substituting  this  into  Eq.  (14)  and  using  Eq.  (11)  for  (Ti)  yields 


iuj[\  -I-  (7  -  l)//JPi  +  Pm^^  d,  (ui)  /dx  =  0 


(15) 


as  a  first-order  expression  of  the  continuity  equation  which  can  be  solved  for  d  («i)  /dx. 
Finally,  substituting  Eqs.  (15)  and  (8)  into  Eq.  (13),  we  obtain 


dw2  Au) 
dx  2 


(-/.)  +  Im (-A) 


|1  - 


Pm®* 


(16) 
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The  first  term  gives  the  viscous  damping  of  sound  and  the  second  term  gives  the 
less  intuitively  obvious  thermal  damping.  The  work  thus  lost  from  the  sound  wave 
app>ears  as  heat,  at  the  temj>erature  Tm-  In  the  boundsuy-layer  approximation,  in 
which  all  dimensions  of  the  duct  are  much  larger  than  the  penetration  depths,  Eq. 
(16)  reduces  to 

§  =  +  (17) 

where  S  is  surface  area  of  the  duct.  This  expression  is  readily  interpreted  in  terms  of 
the  acoustic  energy  density: 


•  The  mean  kinetic  energy  per  unit  volume  p\{u\)^  j A  times  6^  is  roughly  the 
kinetic  energy  in  the  gas  within  a  viscous  penetration  depth  of  the  solid  surface, 
par  unit  area  of  the  surface;  the  viscous  dissipation  term  shows  that  this  energy 
is  dissipated  by  viscous  shear  at  an  average  rate  uj.  Intuitively,  we  imagine  layers 
of  gas  sliding  relative  to  one  another,  with  viscous  “friction”  between  the  layers 
turning  mechanical  energy  into  heat. 

•  Similarly,  the  thermal  dissipation  term  shows  that  the  mean  adiabatic  compres¬ 
sive  energy  density  |pi|^/4/9„,a^  stored  in  unit  volume  of  the  gas  is  dissipated 
at  an  average  rate  (7  —  l)a;  within  a  region  of  thickness  6^,  near  the  solid  sur¬ 
face.  The  extra  factor  (7  —  1)  appears  because  this  thermal  dissipation  is 
proportional  to  the  difference  between  the  isothermal  and  adiabatic  compress¬ 
ibilities,  which  is  proportional  to  (7  —  1) .  Here,  the  intuitive  picture  is  more 
subtle  than  for  viscous  dissipation.  Gas  immediately  adjacent  to  the  surface 
experiences  isothermal  density  and  pressure  oscillations,  which  are  reversible; 
gas  fax  from  the  surface  experiences  adiabatic  density  and  pressure  oscillations, 
which  are  also  reversible.  We  imagine  the  gas  approximately  6k,  from  the  surface 
experiencing  a  complex  cycle  of  density  changes  in  response  to  the  pressure  os¬ 
cillations:  first  an  increeise  in  density  due  to  quasi-adiabatic  compression  by  the 
sound  wave,  then  a  further  increase  in  density  as  thermal  contact  with  the  sur¬ 
face  removes  heat  from  the  gas,  then  a  decrease  in  density  due  to  quasi-adiabatic 


expansion  by  the  sound  wave,  and  finally  a  further  decrease  in  density  as  ther¬ 
mal  contact  with  the  surface  delivers  heat  to  the  gas.  Since  this  gas  experiences 
thermal  expansion  at  low  pressure  and  thermal  contraction  at  high  pressure,  it 
absorbs  work  from  the  sound  wave.  This  gas,  approximately  6,^  from  the  sur- 
face^  is  the  most  effective  at  absorbing  work  from  the  sound  wave,  whereas  in 
the  case  of  viscous  dissipation  the  gas  at  the  surface  is  most  effective. 

III.  Lagrangian  view  of  thermoacoustic  processes 

In  the  derivation  of  acoustic  dissipation  above,  we  adopted  the  usual  Eulerian 
point  of  view  of  fluid  mechanics,  focusing  attention  on  what  happens  at  a  given  point 
in  space  as  the  gas  moves  by.  Qualitative  insight  into  thermoacoustic  processes  will 
be  gained  in  this  section  by  considering  the  alternative,  Lagrangian  point  of  view, 
focusing  attention  on  the  position,  pressure,  volume,  and  temperature  of  a  given 
parcel  of  gas  eis  it  moves.  It  is  simplest  here  to  imagine  square-wave  motion  and 
pressure  in  the  gas,  with  pressure  and  displacement  in  phase  for  standing  waves,  and 
pressure  and  velocity  in  phase  for  traveling  waves.  However,  real  thermoacoustic 
S3^tems  operate  sinusoidally,  with  a  variety  of  phases  between  motion  and  pressure. 
Viscosity  is  ignored  in  this  section,  even  though  it  has  a  significant,  harmful  effect  on 
thermoacoustic  efficiency.  With  these  conceptual  simplifications,  the  thermodynamic 
cycle  for  standing  waves  becomes  identical  to  the  Brayton  cycle,  with  two  reversible 
adiabats  and  two  irreversible  constant- pressure  heat  transfers,  while  the  cycle  for 
traveling  waves  becomes  two  isotherms  and  two  reversible  polytropic  processes. 

Time  phasing  is  an  important  factor  in  the  operation  of  traxiitional  heat  engines 
and  rejfrigerators:  Pistons,  valves,  and  sparks  must  have  the  correct  relative  timing 
in  order  to  produce  the  desired  thermodynamic  cycle  in  the  working  gas.  Thermoa¬ 
coustic  systems  often  contain  no  obvious  moving  parts  to  perform  these  functions, 
yet  the  acoustic  transport  of  heat  and  the  generation  (or  absorption)  of  acoustic  work 
point  to  some  type  of  timed  phasing  of  thermodynamic  processes,  here  achieved  in  a 


337 


remarkably  simple  way. 

One  source  of  phasing  in  thermoacoustic  systems  is  the  presence  of  two  thermo¬ 
dynamic  media:  gas  and  solid.  As  the  gas  oscillates  along  the  solid  at  the  acoustic 
frequency,  it  experiences  oscillations  in  temperature.  Part  of  the  temperatiure  oscil¬ 
lations  comes  from  compression  and  expansion  of  the  gas  by  sound  pressure,  and  the 
rest  is  a  consequence  of  the  local  temperature  of  the  solid  itself.  In  Section  II  above, 
the  local  solid  temperature  was  constant.  In  this  section,  the  temperature  gradient 
along  the  stack  ensures  that  each  moving  parcel  of  gas  “sees”  a  time-dependent  local 
solid  temperature  because  of  its  motion  along  the  temperature  gradient. 

In  keeping  with  the  square-wave  assumption  of  this  section,  we  need  not  retain 
complex  notation  to  account  for  the  phase  of  time-dependent  variables.  Hence,  in 
this  section  only,  all  variables  with  subscript  1  are  real  and  positive. 

A.  Standing-wave  refrigerator 

The  standing-wave  thermoacoustic  refrigerator  can  be  understood  with  reference 
to  Fig.  3a,  where  the  four  steps  of  its  cycle  are  displayed  for  one  typical  parcel  of  gas. 
In  response  to  the  standing  wave,  the  gas  parcel  is  pressurized  and  moves  up  along  the 
adjacent  solid  in  step  1,  and  is  depressxirized  and  moves  down  along  the  adjacent  solid 
in  step  3,  absorbing  and  doing  work  dW" .  In  this  picture,  the  pressure  changes  in  steps 
1  and  3  are  adiabatic,  so  the  gas  parcel  experiences  adiabatic  temperature  changes 
proportional  to  the  pressure  changes.  Steps  2  and  4  allow  thermal  equilibration 
between  the  gas  parcel  and  the  adjacent  solid.  In  these  two  steps,  net  work  dW-dW 
is  absorbed  from  the  sound  wave  by  the  gas  parcel,  as  it  thermally  contracts  at  high 
pressure  in  step  2  and  thermally  expands  at  low  pressure  in  step  4.  If  the  sign  of 
dTmjdx  is  as  shown  (with  higher  Tm  toward  the  nearest  pressure  antinode),  the  net 
thermal  effect  of  the  parcel  of  gas  is  to  move  heat  dQ  ~  dQ'  a  short  distance  along 
the  solid,  from  slightly  lower  temperature  to  slightly  higher  temperature,  during  each 
cycle  of  the  sound  wave.  Hence  the  system  functions  as  a  refrigerator,  with  acoustic 


work  being  absorbed  to  pump  heat  from  a  lower  temperature  to  a  higher  temperature. 

lldT^/dx  =  0,  the  situation  is  identical  to  that  described  quantitatively  in  the 
section  above  (but  with  /r  =  0  here).  In  this  case,  dW  -  dW  represents  the  thermal 
damping  of  sound,  given  by  the  second  term  in  Eq.  (16)  or  (17). 

There  is  a  so-called  critical  temperature  gradient  VTcrit  =  {dTm/dx)crit  =  TmPpi/p^ 
at  which  no  heat  is  trzinsferred  in  steps  2  and  4.  This  occurs  when  the  temperature 
rise  due  to  adiabatic  compression  in  step  1,  ZTmPPi  / Pm^pi  exactly  matches  the  rise 
in  adjacent  solid  temperature  that  the  gas  sees  because  of  its  motion  along  the  solid, 
2xi^Tcrit-  For  3'U  temperature  gradients  less  than  ^Tcrit,  heat  transfer  between  gas 
and  solid  has  the  signs  shown  in  Fig.  3,  with  heat  flow  dQ  from  gas  to  solid  in  step  2, 
at  the  higher  temperature  and  position,  zuid  heat  flow  dQ'  from  solid  to  gas  in  step  4, 
at  the  lower  temperature  and  position.  For  such  low  temperature  gradients  it  is  also 
true  that  dW  >  dW,  so  that  the  gas  absorbs  work  from  the  standing  wave.  Hence, 
a  standing-wave  system  acts  as  a  refrigerator  only  if  dTm/dx  <  VTcrtt. 

In  Fig.  3a,  we  label  the  parcel’s  distance  from  the  solid  as  ~  5^  because  im¬ 
perfect  thermal  contact  between  gas  eind  solid  is  required  for  the  cycle  to  operate 
eis  described.  If  thermal  contact  between  gas  and  solid  were  perfect,  the  gas  would 
arrive  at  its  uppermost  position  at  the  end  of  step  1  already  equilibrated  at  the  local 
solid  temperatmre,  so  that  no  heat  would  be  transferred  during  step  2;  and  similarly 
for  steps  3  and  4.  At  the  other  extreme,  if  thermal  contact  were  nonexistent,  no 
heat  could  be  transferred  in  steps  2  and  4.  Thus,  intermediate,  imperfect  thermal 
contact  between  gas  and  solid  is  required  for  the  cycle  to  operate  as  described.  For 
the  sinusoidal  motion  and  pressure  of  real  systems,  this  imperfect  thermal  contact 
is  achieved  for  gas  neither  much  closer  nor  much  farther  than  6^  from  the  nearest 
solid.  As  suggested  by  the  thermal  dissipation  term  in  Eq.  (16),  the  quantitative 
measure  of  the  correct  geometry  is  Im(-/K).  Thus,  effective  thermoacoustic  systems 
contain  stacks  which  fill  the  entire  cross-section  of  the  resonator,  with  spacings  of  a 
few  thermal  penetration  depths,  as  shown  in  Fig.  1(b);  and  with  Im(-/«)as  large  as 
possible,  suggesting  (c.f.  Fig.  2)  that  parallel-plates  and  pin  arrays  are  the  best  stack 


;Cp^l 


339 


geometries. 

B.  Standing- wave  engine 

To  understand  the  conversion  of  heat  to  acoustic  work  in  a  standing-wave  ther¬ 
moacoustic  engine,  consider  the  magnified  view  of  part  of  the  stack  shown  in  Fig. 
3b,  which  shows  a  typical  pEircel  of  gas  at  four  instants  of  time  during  one  cycle  of 
the  acoustic  wave.  The  standing  wave  carries  the  parcel  up  and  down,  compressing 
and  expanding  it,  with  phasing  such  that  it  is  at  its  most  compressed  state  when  at 
its  upper  position,  and  its  most  expanded  state  at  its  lower  position.  Here,  the  solid 
temperature  gradient  is  greater  than  so  the  directions  of  heat  transfer  in  steps 

2  and  4  are  reversed  relative  to  the  standing-wave  refirigerator.  Thus,  the  net  thermal 
effect  of  the  parcel  of  gas  shown  is  to  move  a  little  heat  down  the  solid,  from  higher  to 
lower  temperature;  again,  all  parcels  have  a  similar  effect,  so  that  overall  a  substantial 
amount  of  heat  is  carried  down  along  the  solid  firom  the  hot  heat  exchanger  to  the 
cold  heat  exchanger. 

Since  heat  flows  into  the  gas  in  step  2,  and  out  of  it  in  step  4,  the  gas  expands 
at  high  pressure  in  step  2  and  contracts  at  low  pressure  in  step  4.  Thus,  the  net 
effect  in  the  thermoacoustic  heat  engine  is  the  production  of  work,  at  the  acoustic 
frequency,  by  this  and  all  other  gas  parcels.  One  can  imagine  all  the  gas  in  the  stack 
region  of  a  thermoacoustic  engine  thermally  expanding  and  contracting  because  of 
its  displacement  along  the  temperature  gradient,  with  the  correct  phasing  relative 
to  the  oscillatory  standing-wave  pressure  to  do  net  work.  In  the  Sondhauss  tube, 
for  example,  this  net  work  maintains  the  standing  wave  against  viscous  and  thermal 
dissipation  in  the  resonator,  and  provides  p>ower  to  radiate  into  the  room. 

C.  TVaveling-wave  systems 

Ceperley^®P^®’^®P*^  introduced  the  idea  that  Stirling  engines  and  refrigerators,  and 
related  devices  such  as  pulse-tube  refrigerators,  may  be  regarded  as  traveling-wave 


thermoacoustic  systems.  This  point  of  view  is  possible  because  the  phasing  between 
displacement  and  pressure  in  such  engines  and  refrigerators  is  substantially  that  in 
traveling  waves,  with  displacement  aind  pressure  approximately  90°  out  of  phase.  A 
second  difference  between  standing-  and  traveUng-wave  systems  is  the  typical  spacing 
between  solid  elements:  In  traveling-wave  systems,  this  distance  is  typically  6^  , 
ensuring  excellent  thermal  contact  between  gas  and  solid  at  all  times. 

These  features  are  illustrated  for  the  traveling-wave  refrigerator  in  Fig.  4.  Isother¬ 
mal  compression  in  step  2  transfers  heat  from  the  gas  parcel  to  the  solid  at  a  higher 
temperature,  and  isothermal  expansion  at  step  4  transfers  heat  from  solid  to  gas  at 
a  lower  temperature.  The  other  two  steps  serve  to  preheat  and  precool  the  gas,  re¬ 
versibly  storing  and  recovering  heat  in  the  solid.  The  net  effect  of  one  parcel  over 
an  entire  cycle  is,  again,  to  move  a  little  heat  a  short  distance  up  the  solid,  up  the 
temperatru-e  gradient.  Excellent  thermal  contact  between  gas  and  solid  is  required  in 
steps  1  and  3  for  effective  preheating  and  precooling  respectively;  in  realistic,  sinu- 
soideil  traveling- wave  ^sterns,  this  is  achieved  by  maintaining  transverse  dimensions 
much  smaller  them  a  thermal  penetration  depth. 

IVaveling  wave  engines  eire  also  possible  in  principle;  from  the  persp>ective  of 
thermoacoustics,  all  Stirhng  engines  can  be  considered  as  such  in  the  low-amplitude 
limit. 


IV.  Components 

The  first  efficient  thermoacoustic  refrigerator,”®®*  designed,  built,  and  studied 
by  Tom  Hofler,  is  shown  in  Fig.  5a.  It  illustrates  several  featmres  of  many  of  today’s 
standing-wave  thermoacoustic  devices.  Figure  5b  shows  some  of  the  data  obtained 
with  this  refirigerator,  which  had  a  cooling  power  of  several  watts  with  acoustic  pres- 
siure  amplitudes  of  3%  of  the  mean  pressure. 
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A.  Stacks  and  regenerators 

The  heart  of  a  therrnoacoustic  system  is  its  stack  (or,  in  the  case  of  a  traveling- 
wave  system,  its  regenerator).  For  standing- wave  systems,  Fig.  2  indicates  that 
parallel  plates  and  pin  arrays  are  the  best  stacks  known,  because  they  have  the  largest 
values  of  Im(-A) .  As  yet  there  have  been  no  experimental  studies  using  pin  arrays, 
so  the  parallel  plates  are  a  preferred  geometry.  Figure  2  suggests  that  the  spacing 
should  be  about  2.25«,  although  viscous  and  system-wide  effects  often  modify  the 
optimum  significantly. 

For  ease  of  construction  eind  structural  rigidity,  parallel  plate  stacks  have  usually 
been  spirally  wound.  The  stack  in  Fig.  5  was  a  plastic  spiral  wound  around  a  small 
plastic  rod,  with  numerous  tiny,  parallel  plastic  rods  serving  as  spacers  between  layers 
of  the  spiral.  Hence  the  stack  channels  were  not  ideal  parallel-plate;  they  were  essen¬ 
tially  rectangular  channels  with  13:1  aspect  ratio,  and  with  slight  curvature.  Spiral 
stacks  have  also  been  built  with  spacing  determined  by  internal  bumps  throughout 
the  stack  or  by  radial  ribs  at  the  ends  of  the  stack. 

Typically  stack  materials  are  thin  enough  to  block  only  10-20%  of  the  total  cross- 
sectional  area  of  the  stack.  Generally  any  stack  material  rigid  enough  to  support  its 
own  weight  and  survive  routine  handling  has  sufficient  heat  capacity  to  enforce  the 
Ti  =  0  boundary  condition  at  the  surface.  (Liquid-metal  thermoacoustics^^®  is  a 
rare  exception.)  Hence  the  key  requirement  on  the  stack  material  is  a  low  thermal 
conductivity,  lest  heat  be  wastefiilly  conducted  along  the  stack  from  hot  to  cold. 
Near  and  below  room  temperature,  plastics  have  generally  been  used;  above  room 
temperature,  stainless  steel,  nickel  alloys,  and  ceramics  have  been  used. 

Other  stack  geometries  which  have  been  tested  include  metal  honeycomb  with 
hexagonal  cells  and  ceramic  honeycomb  with  square  cells  (from  automotive  catalytic 
converters). 

In  traveling-wave  systems,  for  which  the  “stack”  is  known  as  a  regenerator,  the 
requirement  that  the  spacing  be  <  (5«  makes  it  difficult  to  construct  parallel-plates 


with  uniform  spacing.  Hence,  enhanced  heat-transfer  surfaces  such  as  screen  beds  or 
intricately  etched  foils^^®"^^®  are  generally  used.  These  geometries  are  not  discussed 
here,  but  they  can  be  treated  by  thermoacoustic  methods."'^^^ 

B.  Resonators 

A  resonator  is  required  for  standing-wave  thermoacoustic  systems.  It  should 
satisfy  many  requirements,  which  we  illustrate  with  Fig.  5.  Most  fundamentally,  it 
should  have  the  desired  resonance  frequency,  and  permit  location  of  the  stack  at  a 
location  with  the  desired  ratio  of  |pi|  /  |(wi)| .  The  resonator  of  Fig.  5  is  essentially 
a  quarter- wavelength  resonator  (even  though  is  not  exactly  a  cosine),  with  the 

pressure  antinode  at  the  driver  piston  and  the  pressure  node  near  the  sphere.  The 
stack  is  located  close  to  the  pressure  antinode,  where  |pi|  is  nearly  equal  to  its  value 
at  the  pressure  antinode  and  |(mi)|  is  significantly  smaller  than  it  is  at  the  pressure 
node.  (In  the  next  section  we  will  discuss  this  choice  of  location  in  terms  of  efficiency.) 

A  conceptually  simpler  quarter-wavelength  resonator  would  comprise  a  uniform- 
diameter  tube  A/4  long  connected  to  an  essentially  infinite  sphere.  The  resonator  of 
Fig.  5  differs  from  this  in  important,  advantageous  ways.  First,  the  tube  consists 
of  two  sections  of  different  diameters.  The  small-diameter  section  near  the  pressure 
node  allows  the  tube  to  be  significantly  shorter  than  A/4,  reducing  the  overall  size  and 
weight.  More  subtly,  this  configuration  also  reduces  the  dissipation  of  acoustic  power 
in  the  resonator,  which  is  governed  by  Eq.  (17).  Basically,  as  the  diameter  of  the 
lower  section  of  the  tube  is  reduced,  its  siurface  area  decreases  while  |(ui)|  increases 
and  |pi|  remains  about  the  same.  For  a  modest  reduction  in  diameter,  as  in  Fig.  5, 
the  net  effect  is  a  reduction  in  the  total  dissipation,  by  as  much  as  a  factor  of  2. 

The  resonator  of  Fig.  5  also  suppresses  harmonic  content  in  the  standing  wave. 
In  this  regard,  a  uniform-diameter  resonator  is  extremely  undesirable,  because  its 
higher  resonant  modes  occur  at  frequencies  that  are  exact  integer  multiples  of  the 
fundamental.  In  this  situation,  nonlinear  effects  drive  resonances,  and  hence  the  har- 
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monic  content  of  the  wave  is  high.  These  nonlinear  effects,  such  as  the  (v  •  V)  v  term 
in  the  momentum  equation  (neglected  elsewhere  in  this  article),  generate  oscillations 
at  integer  multiples  of  the  operating  frequency.  The  resonance  frequencies  of  the  first 
few  modes  of  the  resonator  of  Fig.  5  are  not  integer  multiples,  and  so  higher-mode 
resonances  are  avoided. 

Choice  of  sphere  diameter  in  Fig.  5  was  a  compromise  between  size/ weight  and 
dissipation:  A  smaller  sphere  experiences  larger  pressure  oscillations  and  requires  a 
longer  tube  to  maintain  the  desired  resonance  frequency.  The  tapered  connection 
between  the  sphere  and  the  small-diameter  section  reduces  the  Reynolds  number  at 
the  sphere  opening,  in  order  to  minimize  dissipation  due  to  turbulence. 

Another  typical  standing-wave  thermoacoustic  geometry  is  essentially  half-wavelength, 
with  mirror-image  stacks  near  the  pressure  antinodes  at  each  end  of  the  resonator. 

The  central  portion  of  such  a  resonator  generally  has  a  reduced  diameter,  to  exploit 
the  reduced  size,  dissipation,  and  harmonic  content  described  above.  Half-wavelength 
resonators  are  sometimes  bent  or  coiled  to  reduce  overall  size. 

With  the  requirement  that  <5«  >  spacing,  traveling-wave  systems  typically  oper¬ 
ate  at  lower  frequencies  than  standing  wave  systems,  pushing  conventional  acoustic 
resonators  to  impracticcd  lengths.  Hence,  traveling-wave  systems  often  incorporate  a 
mechanical  element  into  the  resonator,  providing  resonance  with  solid  mass  bounc¬ 
ing  on  a  gas  spring.  Such  “free-piston”  Stirling  machines  are  fully  described  else- 

where.”««" 

C.  Electroacoustic  power  transducers 

To  date,  thermoacoustic  systems  have  often  used  loudspeaker-like  transducers, 
with  permanent  magnets  and  coils  of  wire  in  relative  oscillatory  motion.  Piezoelectric 
and  magnetohydrodynamic  transducers  are  also  candidates. 

In  Fig.  5,  the  loudspeaker-like  driver  was  located  at  a  pressure  antinode  of  the 
standing  wave,  so  that  the  acoustic  power  was  delivered  with  high  force  and  small 
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displacement,  easing  engineering  difficulties  associated  with  the  flexing  portion  of  the 
driver.  This  location  also  placed  it  at  room  temperature,  where  Joule  heat  generated 
in  the  driver  could  be  removed  most  efficiently. 

Commercial  loudspeakers  are  often  poorly  matched  to  thermoacoustic  applica¬ 
tions,  because  they  are  designed  to  drive  a  comparatively  low  acoustic  impedance 
with  large  bandwidth.  For  better  impedance  matching,  the  loudspeaker  in  Fig.  5  was 
modified,  with  the  addition  of  an  aluminum  cone  and  associated  flexing  seal  to  exert 
the  speaker’s  force  over  a  small  area.  With  this  modification,  it  converted  electric 
power  to  acoustic  power  with  approximately  20%  efficiency.  BVurther  modifications 
to  commercied  loudspeakers  can  achieve  efficiencies  of  at  least  50%.  In  the  field  of 
Stirling  machines,  linear  motors  and  linear  alternators  of  90%  efficiency  have  been 
demonstrated,^^®^  indicative  of  the  performance  to  be  expected  when  loudspeaker¬ 
like  transducers  are  designed  specifically  for  efficient  conversion  of  power  at  a  single 
frequency. 

D.  Heat  exchangers 

Heat  exchangers  are  required  in  thermoacoustic  engines  and  refrigerators  to  suj)- 
ply  and  extract  heat  at  the  two  ends  of  the  stack  or  regenerator.  The  length  of  each 
along  the  direction  of  the  acoustic  oscillation  is  of  the  order  of  the  local  displacement 
amplitude  Xi\  transverse  dimensions  are  roughly  of  the  order  of  those  of  the  adjacent 
stack  or  regenerator.  Equation  (16)  can  be  used  to  estimate  the  acoustic  power 
dissipation  in  the  heat  exchangers,  although  entrance  effects  prevent  quantitatively 
accmate  predictions. 

In  Fig.  5  and  other  small  thermoacoustic  systems,  the  heat  exchangers  can  simply 
consist  of  multiple  copper  strips  spanning  the  resonator  at  the  stack  ends.  Larger- 
diameter,  high-power  systems  require  integral  pumped-fiuid  channels,  heat  pipes,  or 
electric  resistance  heaters  imbedded  in  the  heat  exchangers  to  deliver  or  extract  heat 
uniformly  from  the  stack  ends.  In  this  case,  the  typical  geometry  is  like  a  car  radiator. 
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with  a  set  of  high-conductivity  fins  extending  from  pipes;  the  assembly  typically  has 
50-75%  of  the  cross-sectional  area  open  to  gas  flow. 

V.  Power  and  efficiency 

A  thermoacoustic  engine  converts  heat  into  acoustic  work.  More  specifically,  it 
absorbs  heat  Qh  fi’om  a  heat  source  at  high  temperature  Th,  rejects  heat  Qc  to  a  heat 
sink  at  low  temperature  Tc,  and  produces  work  W .  The  first  law  of  thermodynamics 
determines  that  W  +  Qc  =  Qh'^  the  second  law  shows  that  the  efficiency  WfQn  is 
bounded  above  by  the  Carnot  efficiency  1  —  Tc/Th- 

Similarly,  a  thermoacoustic  refirigerator  uses  acoustic  work  W  to  absorb  heat 
Qc  firom  at  a  low  temperature  Tc,  rejecting  waste  heat  Q//  to  a  heat  sink  at  higher 
temperature  Th-  The  first  law  of  thermodynamics  determines  that  W +Qc  =  Qh  \  the 
second  law  shows  that  the  relevant  efficiency,  known  as  the  coefficient  of  performance 
COP  =  Qd^i  is  bounded  above  by  COPcamot  =  Tc/^J'h  ~  Tc)- 

The  power  (here,  heat  per  unit  time)  of  standing-wave  thermoacoustic  devices 
can  be  estimated  roughly  by  PmO-A  IPi/Pml^  /20,  with  A  the  cross  sectional  area  of  the 
stack.  Thus,  high  amplitude  (as  a  fraction  of  mean  pressure),  high  mean  pressure, 
and  high  sormd  speed  increase  power  density.  Heat  flux  densities  of  the  order  of 
1  MW/m^  are  easily  achievable  in  high-pressure  helium  gas,  which  has  the  highest 
sound  speed  of  the  inert  gases,  so  it  is  often  used,  typically  at  a  pressure  above  10  bar. 
Helium’s  high  thermal  conductivity,  the  largest  of  the  inert  gases’,  is  an  additional 
advantage,  allowing  spacings  within  the  stack  and  heat  exchangers  to  be  conveniently 
large.  In  today’s  thermoacoustic  systems,  [pi/pm!  ranges  fi:om  0.03  to  0.10,  chosen 
as  a  compromise  between  the  high  power  density  achieved  at  high  amplitude  and  the 
high  confidence  in  the  quantitative  accuraey  of  calculations  (described  in  the  next 
Section)  for  systems  operating  at  low  amplitude. 

Calculations  show  that  standing-wave  thermoacoustic  systems  have  second-law 
efficiencies  (i.e.,  efficiencies  normalized  by  the  Carnot  efficiency)  as  high  as  0.5,  con- 


sidering  effects  in  the  stack  only.  Including  resonator,  heat  exchanger,  and  transducer 
losses  reduces  this  efficiency  to  between  0.15  and  0.35  for  large-cross-section  systems, 
for  which  resonator  losses  are  not  a  significant  fraction  of  the  total  power.  Small- 
diameter  systems  can  have  even  lower  efficiencies,  due  to  resonator  losses,  auxiliary 
equipment  (such  as  circulating  liquid  loops  for  heat  transfer  to  air  streams)  and  heat 
losses  through  insulation  to  ambient  temperature.  Traveling- wave  thermoacoustic 
systems  can  have  higher  efficiencies. 

To  date,  the  most  efficient  laboratory  standing-wave  engine  and  refrigerator  have 
had  second-law  efficiencies  of  0.2.  This  is  impressive  for  devices  with  no  moving  parts, 
and  is  comparable  to  the  efficiencies  of  small,  inexpensive  commercial  equipment. 
It  falls  far  short  of  the  efficiencies  of  well  engineered,  expensive  steam  turbines  or 
large-scale  vapor-compression  refrigeration  equipment,  for  which  over  80%  of  Carnot 
has  been  achieved.  If  futiure  inventions  and  improvements  to  basic  understanding 
can  improve  the  efficiency  or  raise  the  power  density  of  thermoacoustic  engines  and 
refrigerators,  without  sacrificing  their  simplicity,  they  will  find  more  widespread  use. 

The  efficiency  of  standing-wave  thermoacoustic  devices  falls  below  Carnot  s  effi¬ 
ciency  because  of  five  major  sources  of  irreversibility,  which  we  call  “inherent  loss, 
viscous  loss,  conduction  loss,  auxiliary  losses,  and  transduction  loss: 

•  First,  inherent  loss  arises  from  the  heat  transfer  to  and  from  each  parcel  of  gas  in 
the  stack  as  described  in  Figs.  3  and  4:  W^henever  heat  dq  is  transferred  across 
a  nonzero  temperature  difference  (5T,  the  entropy  of  the  universe  increases®®^®^ 
by  dqST/T"^.  This  irreversibility  is  unavoidable  in  the  standing- wave  thermoa¬ 
coustic  process,  relying  as  it  does  on  iTnperfcct  thermal  contact  for  the  correct 
phasing  between  pressure  oscillations  and  thermal  expansion/ contraction. 

•  Second,  viscous  loss  in  the  stack  occurs  because  work  must  be  expended  over¬ 
coming  viscous  shear  forces  as  the  gas  oscillates  between  the  plates.  The  viscous 
penetration  depth  is  nearly  as  large  as  the  thermal  penetration  depth,  so  most 
of  the  gas  in  the  stack  experiences  significant  viscous  shear  (with  the  parcels  in 


347 


Figs.  3  and  4  actually  experiencing  significant  shape  distortions). 

•  Third,  simple  conduction  of  heat  from  the  hot  heat  exchanger  to  the  cold  heat 
exchanger  through  the  stack  material  and  the  gas  reduces  system  efficiency. 

•  Fourth,  the  first  three  losses  occur  in  auxiliary  parts  of  a  thermoacoustic  sys¬ 
tem:  Viscous  and  inherent  losses  in  the  heat  exchangers,  and  conduction  loss 
in  the  portion  of  the  resonator  case  surrounding  the  stack,  are  usually  the  most 
important  auxiliary  losses  in  large  systems,  while  viscous  and  inherent  losses  on 
other  surface  area  in  the  resonator  are  important  in  small  systenos. 

•  Fifth,  with  rare  exceptions  such  as  shown  in  Fig.  lb,  electric  power  not 
acoustic  power — is  the  usual  interface  to  external  systems,  so  electroacoustic 
transducers  are  needed.  In  principle,  these  can  be  100%  efficient;  in  practice, 
90%  appears  possible,  while  50%  has  been  achieved  to  date  in  laboratory  ther¬ 
moacoustic  systems. 

For  many  designs  with  high  power  density,  the  first  four  sources  of  irreversibility 
contribute  roughly  equjilly  to  the  inefficiency  of  thermoacoustic  devices.  Some  reasons 
for  this  balance  are  easy  to  understand.  First,  thermoacoustic  systems  have  inherent 
trade-offs  between  power  density  and  efficiency,  due  to  the  inherent  losses  in  the  stack. 
In  the  inviscid  picture,  at  the  critical  temperature  gradient  there  are  no  inherent 
losses,  but  there  is  no  work  done  or  dissipated,  and  no  heat  transported;  the  difference 
between  dTm/dx  and  VTcrit  controls  both  power  and  inherent  loss.  Thus,  for  a  given 
temperature  difference  across  which  the  engine  or  refirigerator  must  operate,  the  choice 
of  the  length  of  the  stack  is  essentially  a  compromise  between  power  density  and 
efficiency.  Often  dTfn/dx  ~  2!^Tcrit  for  engines  and  ~  VTcrtt/S  for  refirigerators. 
Second,  stack  location  in  the  standing  wave  controls  the  trade-off  between  viscous 
losses,  which  are  highest  when  the  stack  is  near  the  pressure  node,  and  conduction 
losses,  which  are  highest  near  the  pressure  antinode  where  VTcrit  is  steepest.  Usually 
this  trade-off  leads  to  a  staxdc  position  much  closer  to  the  pressure  antinode  than  to 


the  node;  the  proportions  shown  in  Fig.  5  are  typical. 

One  way  to  increase  efficiency  is  to  use  a  mixture  of  helium  and  a  heavier  inert  gas 
as  the  working  substance.  The  Prandtl  number  cr=/iCp//c  =  is  a  dimensionless 

measure  of  the  ratio  of  viscous  to  thermal  effects  in  fluids;  lower  Prandtl  numbers 
give  higher  efficiencies  in  thermoacoustics.  Kinetic  theory  predicts  c  =  2/3  for  hard- 
sphere  monatomic  gases,  and  indeed  real  monatomic  gases  have  values  very  close  to 
this  (e.g.,  a  =  0.68  for  helium  at  room  temperature).  Fortunately,  mixtures  of  a  heavy 
and  a  light  monatomic  gas  have  Prandtl  numbers  significantly  lower  than  2/3.  The 
most  efficient  thermoacoustic  refrigerator  mentioned  above^^*^®^  used  89%  helium, 
11%  xenon,  with  a  =  0.27,  to  achieve  its  highest  efficiency  of  20%  of  Carnot  (cf.  17% 
of  Carnot  in  Fig.  5,  for  a  similar  apparatus  optimized  for  pure  helium  gas).  However, 
with  a  sound  speed  less  than  half  that  of  pure  helium,  the  power  density  using  this 
gas  mixture  was  reduced. 


VI.  Methods  of  computation 

Although  attempts  at  theoretical  understanding  of  these  phenomena  began  with 
Lord  Rayleigh  120  years  ago,  a  quantitatively  accurate  theory  of  thermoacoustics  was 
not  developed  until  the  1970s,  through  the  efforts  of  Nicholas  Rott  and  coworkers. 

It  is  remarkable  that  such  qualitatively  simple  classical  phenomena  went  without  a 
quantitatively  accurate  explanation  until  late  in  this  century. 

A.  Rott’s  approach 

Quantitative  thermoacoustics  analysis  is  based  on  Rott’s  wave  equation  and 
energy-flux  equation.  These  equations  result  from  the  momentum,  continuity,  and 
energy  equations  in  the  acoustic  approximation.  The  results  are  valid  for  arbitrary 
phasing  between  pi  and  (ui) ,  in  particular  for  both  standing- wave  and  traveling- wave 
systems. 
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As  with  simpler  one-dimensional  acoustic  wave  equations,  Rott  s  wave  equation 
may  be  written  as  two  coupled  first-order  differential  equations  in  the  oscillatory  pres¬ 
sure  pi{x)  and  the  spatially  averaged  oscillatory  velocity  {ui{x)) .  Rott’s  energy-flux 
equation  may  be  regaurded  as  a  first  order  differential  equation  in  mean  temperature 
Tm{x),  coupled  to  the  pressure  and  velocity  equations.  In  this  form,  displayed  in 
Table  2,  Rott’s  equations  are  suitable  for  numerical  integration  along  x. 

The  equations  are  based  on  the  assumption  that  the  relevant  variables  can  be 
written 


p 

(18) 

u 

=  Re  [ui(x,y,z)e‘“’*]  , 

(19) 

V,  w 

=  similar  to  u. 

(20) 

T 

=  7’„(i)  +  Re[T,(a:,y,2)e‘“‘], 

(21) 

p,  s 

=  similar  to  T  , 

(22) 

P 

=  P{x), 

(23) 

K,  a,  Cp,  etc. 

=  similar  to  p 

(24) 

We  are  most  interested  in  Tm,  Pi,  and  (ui) . 

For  clarity,  we  consider  here  only  the  case  of  large  solid  heat  capacity  (cs  =  0 
in  Swift  1988),  so  that  the  temperature  of  the  solid  material  in  the  stack  is  simply 
Tmix),  independent  of  time,  y,  and  z. 

The  expression  for  dpi/dx  shown  in  Table  2  is  identical  to  Eq.  (8)  derived  in 
Section  II;  the  presence  of  nonzero  dTm/dx  has  no  effect  on  the  first-order  momentum 
equation.  In  effect,  we  regard  this  approximation  to  the  momentum  equation  as  the 
origin  of  pressure  gradient  in  thermoacoustics:  The  moving  gas  causes  the  pressmre 
gradient.  If  /v  =  0,  the  pressure  gradient  is  entirely  “inertial”,  but  when  fu  ^ 
the  presence  of  viscosity  and  the  stationary  boundaries  adds  a  resistive  component  to 
the  pressure  gradient  and  also  effectively  changes  the  magnitude  of  the  gas’  inertial 
contribution  to  dpifdx. 


In  both  the  continuity  and  energy  equations  an  expression  for  the  spatial  average 
over  y  and  z  of  the  oscillatory  temperature,  (Ti> ,  is  required.  As  in  Section  II, 
it  is  derived  from  the  general  equation  of  heat  transfer,  for  which  the  first-order 
approximation  is 

(fa;Ti  -b  dTjdx)  -  iuTmPpi  =  (25) 

when  dTfn/dx  ^  0.  Following  the  same  procedure  as  in  Section  II,  we  find 


rp  TmP  t  \  ^ 

PmCp  (1  -  /«') 


1  —  a 


/rp  V  /,  /•  n  I  * 

(7’  )  =  - _  f^)pi  H - -  — 

PmCp  (1  “  /*') 


/<c  -  <yfv 

1  —  <7 


[c.f.  Eqs.  (10)  and  (11)  ].  Using  Eq.  (27)  in  the  first-order  continuity  equation  yields 


d{ui) 


iu;  ,  ,  ,  \  r  1  ,  (/k  /*')  d^rn  I  \ 

=  -—11  +  h  -  i)Mpi  +  ' 


which  is  also  shown  in  Table  2. 

This  expression  finds  easy  physical  interpretation  as  a  first-order  approximation 
to  the  continuity  equation,  expressing  the  fact  that  d  (ui)  fdx  is  nonzero  if  and  only 
if  there  is  a  density  oscillation  in  the  gas  between  x  and  x-^dx.  The  two  terms  in  Eq. 
(28)  show  that  such  density  change  can  be  caused  either  by  pressure  or  by  velocity 
the  temperature  gradient.  Consider  the  pressure  term  first.  If  /«  =  0,  there  is 
no  thermal  contact  between  gas  and  solid,  so  the  density  oscillations  are  adiabatic;  in 
this  case,  pa^  is  the  correct  compressibility.  If  /«  =  1,  the  thermal  contact  between 
gas  and  solid  is  perfect,  so  the  gas  is  anchored  at  the  local  solid  temperature.  In 
this  case,  pa^/7,  the  isothermal  compressibility,  is  appropriate.  For  intermediate 
thermal  contact,  an  effective  compressibility  /9„,a^/[l  +  (7  ~  !)/«]>  intermediate  in 
magnitude  and  with  nontrivial  phase,  describes  the  density  oscillations  in  response 
to  pressure  oscillations.  Next  consider  the  velocity  term,  in  the  easily  interpreted 
inviscid  limit,  with  /„  =  0  and  cr  =  0.  If  /«  =  0,  there  is  no  thermal  contact  between 
gas  and  solid,  the  velocity  term  is  zero,  and  the  gas  density  does  not  respond  to  the 
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temperature  gradient.  In  the  other  extreme,  if  /«  =  1,  the  gas  is  always  at  the  local 
solid  temperature,  so  that  as  it  flows  toward  higher  Tm  its  density  decreases  and  its 
velocity  increases.  In  the  more  interesting,  intermediate  regime,  oscillatory  motion  of 
the  gas  along  the  temperature  gradient  leads  to  complex  density  oscillations. 

At  this  point,  we  could  combine  Ekjs.  (8)  and  (28),  eliminating  {ui) ,  to  obtain  a 
second-order  differential  equation  in  pi ,  Rott’s  wave  equation: 


[H-  (7  -  1)/k]  Pi  + 


d 

dx 


n-Udpi\ 
\  Pm 


/k  -  UdTmdpi 
1  —  a  dx  dx 


(29) 


However,  for  numerical  computations,  it  is  easiest  to  use  Elqs.  (8)  and  (28)  separately. 

Finally,  the  energy  equation  yields  an  expression  for  dTm/dx.  To  lowest  order, 
the  total  energy  is 


•'^gas  {Pm^'i^i)  (-^as^  “h  -^olid^solid)  dT^^/dx  (^fl) 

AgisPm^  (TjUi)  -f-  24ga8(l  “■  Tm0)Pl  (^l)  “  (-^as^  d"  Asolid^olid)  dTm/dx  , 


where  w  is  the  enthalpy  per  unit  mass  of  the  gas  and  the  overbar  denotes  time  average. 
Using  Eqs.  (7)  and  (27)  for  ui  and  Ti  respectively,  and  taking  the  spatial  averages  of 
the  products  as  indicated  in  Eq.  (30),  we  find 


•Agas  2 


^l)l^  T  f  f  I  7\ 


2uj{l  —  a^)  |1  --  /i/|  ^  ^ 

(1  —  T  0)  ^ 

~l”^gas - ^ [Pl  (-^gas^  -^^olid  ^olid  ) 


The  time-averaged  energy  flux  H2  along  the  stack  must  be  independent  of  x,  because 
the  case  siuxounding  the  stack  is  assumed  to  be  rigid  and  thermally  insulated  and 
the  system  is  in  time-averaged  steady  state.  With  H2  constant,  we  solve  Eq.  (31)  for 
dTm/dx  as  shown  in  Table  2,  using  it  to  predict  the  evolution  of  Tm- 

Because  the  first  two  equations  in  Table  2  are  complex,  these  3  coupled  equations 
represent  5  real  coupled  equations  in  the  5  variables  Re[pi],  Im[pi],  Re[(ui)],  Im[(ui)], 
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and  Tm,  and  as  such  are  easily  integrated  numerically  using,  for  example,  a  Runge- 
Kutta  method.  These  results  are  the  basis  of  all  present  quantitative  analyses  of 
standing-wave  systems,  and  are  equally  valid  for  traveling-wave  systems. 

The  curves  in  Fig.  5b,  in  reasonable  agreement  with  the  data,  were  calculated 
nsiTig  publicly  available  software'''^®'*  based  on  this  theory.  The  software  combines  the 
thermoacoustic  computations  with  similar  acoustic  solutions  for  the  other  portions  of 
the  resonator,  using  continuity  of  Tm,  Pi,  and  complex  volumetric  velocity  A{ui)  at 
the  junctions  between  ducts  and  thermoacoustic  components.  The  calculations  have 
no  adjustable  parameters;  they  simply  use  the  geometry  of  the  apparatus  and  the 
properties  of  helium  gas. 

B.  Approximate  methods 

The  thermoacoustic  calculation  method  summarized  in  the  previous  subsection 
is  suitable  for  numerical  integration.  In  this  subsection  we  present  approximate  meth¬ 
ods,  suitable  for  making  estimates  of  standing- wave  system  performance  on  the  black¬ 
board,  with  a  hand  calculator,  or  in  a  spreadsheet.  An  assumption  common  to  all  such 
approximate  methods®'^'**^‘^^  is  that  the  stack  is  short  enough  and  the  temperature 
spanned  is  small  enough  that  all  x-  and  -dependent  variables  can  be  regarded  as 
constant,  including  itself.  For  example,  with  this  approximation  the  pressure 

drop  across  the  stack  would  be  estimated  by  Api  =  —iupm  {ui)  Ax/  (1  —  /,/) ,  where 
Ax  is  the  stack  length,  with  p^,  {ui) ,  and  evaluated  at  the  stack  midpoint.  For 
further  simplification,  the  boundary-layer  limit  can  be  used  for  f„  and  A  with  little 
additional  loss  in  accuracy. 

An  approximate  expression  for  the  work  absorbed  or  produced  in  the  stack  can 
be  obtained  by  following  the  same  procedure  as  was  used  to  derive  Elq.  (16),  but 
including  the  (ui)  term  in  Elq.  (28).  The  result  is 

A _ Ik  —  fu  dTm/dx 

(1  -  cr)  (1  -  U)  VT„u 

(32) 


Am,  = 


i)bi 


I1-/.I 


Im 
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where  VTcrit  =  Tm^uJ'pxlipm^kux)  •  This  equation  shows  that  a  modest  value  of 
dTjn/dx  reduces  the  power  dissipated  in  the  stack,  and  that  a  large  enough  value  of 
dTm/dx  changes  the  sign  of  Aw2,  so  that  the  stack  produces  work.  For  pL  —  0,  the 
crossover  would  occur  at  dTm/dx  =  VTcrit- 

Equations  (31)  and  (32)  can  be  further  simplified  by  any  of  the  following  as¬ 
sumptions:  the  boundjuy-layer  limit  expressions  for  and  exact  standing-wave 
phasing,  or  idesJ-gas  equation  of  state.  With  all  those  assumptions  simultaneously, 
simple  approximate  expressions  result: 


H2  = 
Aw2  = 
where 
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These  expressions  are  easily  used  in  spreadsheets  or  for  hand  calculations. 
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VTcrit 
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{dTm/dx)  /  VTcrit  ^ 
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C.  Similitude 

The  most  promising  route  to  higher  power  densities  is  by  increasing  |pi/pm|* , 
but  doing  so  takes  us  farther  from  the  range  of  applicability  of  Rott  theory,  which  is 
based  on  small  oscillatory  amplitude.  Rott’s  assumptions  include:  gas  displacement 
amplitude  much  smaller  than  the  length  of  the  stack  and  other  components,  Reynolds 
number  of  the  oscillations  small  enough  to  avoid  turbulence,  and  |pi|  Pm-  Exten¬ 
sion  of  thermoacoustics  theory  beyond  these  assumptions  will  be  challenging.  In  the 
meantime,  application  of  similitude  to  thermoacoustics®®®"*  hzis  shown  how  to  organize 
and  correlate  experimental  data  outside  the  range  of  our  current  quantitative  under- 


standing,  and  allows  meaningful  experimental  study  of  scale  models  of  thermoacoustic 
apparatus  reminiscent  of  wind-tunnel  models  of  aircraft. 

The  similitude  analysis  shows  that  the  dimensionless  variable  groups  in  Table  3 
provide  a  complete  description  of  the  gas  in  a  thermoacoustic  system.  (Additional 
variables  can  be  added  to  include  transducers  or  solid  properties  if  needed.)  The 
analysis  is  powerful  because  it  is  true  even  when  the  thermoacoustic  system  is  oper¬ 
ating  beyond  the  assumptions  inherent  in  Rott’s  method.  For  example,  it  “includes” 
turbulence,  even  though  the  Reynold’s  number  is  not  explicitly  present  in  the  table. 

Figure  6,  from  the  similitude  study illustrates  both  the  power  of  similitude 
analysis  and  the  amplitude  dependence  of  the  accuracy  of  our  current  understanding 
of  thermoacoustic  phenomena.  The  data  shown  as  points  were  taken  with  the  appa¬ 
ratus  sketched  in  the  inset,  a  thermoacoustic  engine  driving  no  load.  The  plots  can 
be  interpreted  as  displaying  what  heater  power  Qh  and  hot  temperature  Th  were 
required  at  the  hot  heat  exchanger  to  maintain  steady  oscillations  at  a  given  pressure 
amplitude  pi. 

The  lines  are  the  results  of  calculations'^^'*  based  on  Rott’s  theory,  the  geometry 
of  the  apparatus,  and  the  properties  of  the  gases.  The  calculations  agree  well  with  the 
measurements  in  the  limit  of  small  pi,  as  expected  from  the  assumptions  in  the  theory. 
However,  at  pi/pm  ~  0.1  measurements  deviate  from  calculations  significantly.  The 
deviations  are  not  surprising,  in  that  they  axe  of  the  same  order  as  pi/pmi  but  they 
are  disturbing  from  a  practical  point  of  view,  because  both  Qn  and  Tn  deviate  from 
Rott  theory  in  directions  which  decrease  the  efficiency. 

Three  monatomic  gases  were  used  in  the  measurements,  with  different  average 
pressures  selected  to  make  6^  the  same  for  all  three  cases,  ensuring  similarity.  The 
crux  of  the  similitude  analysis  is  that  the  only  relevant  thermophysical  length  scales 
are  A,  (5«,  and  6^,  so  that  if  these  are  held  fixed  all  other  dimensionless  groups  will 
also  stay  fixed.  The  data  for  all  three  gases  do  indeed  fall  along  the  same  curves, 
demonstrating  similarity.  Although  the  similitude  analysis  does  not  indicate  the  cause 
of  the  deviations  of  the  measurements  from  Rott-style  calculations,  it  does  allow 
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elimination  of  some  potential  suspects,  such  as  gravity-driven  convection,  resonator 
vibration,  and  stack  flutter,  which  are  not  included  in  the  similitude  analysis  and 
would  not  be  expected  to  scale  from  gas  to  gas. 

Similitude  also  permits  the  building  of  meaningful  thermoacoustic  scale  models. 
For  example,  to  model  a  full-size  helium  thermoacoustic  sysLern  at  mean  pressure 
we  can  use  a  half-scale  model  with  argon  at  0.79pm,  the  pressure  which  ensures  that 
Sk  in  the  argon  is  exactly  half  its  value  in  the  full-size  helium  system.  Experiments 
with  the  scale  model  can  be  easier  than  those  with  the  full-size  system  because  of  its 
smaller  size  and  because  powers  are  reduced  by  (pmaA)^^^  /  “  1/16. 


VII.  Glossary 

Ed.:  I  hope  the  editors  or  reviewers  will  suggest  what  terms  should  be  included 
in  the  glossary.  I  will  then  provide  definitions. 
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Table  1.  Complex  function  h  and  its  spatial  average  /  for  several  geometries.  In 
the  second  column,  the  origin  is  at  the  center  of  symmetry  of  the  geometry,  except 
in  the  boundary-layer  limit  where  it  is  at  the  surface.  In  cases  with  a  sort  of  circular 
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Table  2.  Ebcpressions  used  for  numerical  integrations  in  thermoacoustics.  Com¬ 
pare  to  Eqs.  (8)  and  (15),  which  are  appropriate  when  dTm/dx  =  0. 
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Table  3.  Dimensionless  groups  relevant  to  thermoacoustics.  The  reference  loca¬ 
tion,  indicated  by  the  subscript  re /,  is  usually  taken  to  be  the  room-temperatiure  end 
of  the  stack.  Dimensions:  Of  the  many  dimensions  Xj  of  the  apparatus,  three  are 
singled  out  for  special  attention:  the  overall  length  T,  the  stack  area  at  the  ref¬ 
erence  location,  and  its  hydraulic  radius  Vh  at  the  reference  location.  Gas  properties: 


and  account  for  the  temperature  dependences  of  /x  and  k. 


Dimensions 

^ref  ! 

rh/L,  Xj/L 

Gas  properties 

7?  ^re/j 

Thermophysical  lengths 

f  Ljaref  j 

^kI^H 

Powers 

Power/pm 

aA 

Spatially  dependent  variables 

T{-X,t)/Tref,  p{y.,t)/Pm,  v(x,  OKe/ 
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Figure  captions: 

Fig.  1.  Examples  of  thermoacoustic  engines  and  refrigerators,  (a)  Sondhauss 
tube,  the  earliest  thermoacoustic  engine,  (b)  A  heat-driven  refrigerator,  comprising 
a  thermoacoustic  engine  and  a  thermoacoustic  refrigerator  sharing  the  same  standing 
wave,  (c)  Orifice  pulse-tube  refrigerator,  a  traveling-wave  system. 

Fig.  2.  Spatial-average  function  f  for  several  geometries.  The  rectangle  here 
has  6:1  aspect  ratio,  and  the  pin  array  has  r^/rj  =  6.  The  boundary-layer  limit  is 
approached  at  large  for  all  geometries. 

Fig.  3.  (a)  A  typical  gas  parcel  executing  the  four  steps  of  the  cycle  of  a  standing- 
wave  thermoacoustic  refrigerator,  assuming  an  inviscid  gas  and  square-wave  acoustic 
motion  and  pressure.  In  each  step,  the  dashed  and  solid  ellipses  show  respectively 
the  initizd  and  final  positions  and  volumes  of  the  parcel,  while  labels  show  the  initial 
and  final  temperatures  and  pressures  of  that  step;  and  broad  arrows  show  directions 
of  attendant  heat  flows  (between  parcel  and  solid)  and  work  flows  (into  or  out  of 
the  parcel).  The  solid  temperature  at  the  average  location  of  the  gas  parcel  is  Tm- 
Averaged  over  one  cycle,  the  parcel  absorbs  work  dW  —  dW  from  the  sound  wave.  In 
Figs.  3  and  4,  we  have  dropped  our  usual  complex  notation,  so  that  all  variables  here 
are  positive  real  numbers,  (b)  A  typical  gas  parcel  executing  the  foin:  steps  of  the 
cycle  of  a  standing-wave  thermoacoustic  engine,  assuming  an  inviscid  gas  and  square- 
wave  acoustic  motion  and  pressure.  Averaged  over  one  cycle,  the  parcel  delivers  work 
dW  —  dW'  to  the  sound  wave. 

Fig.  4.  A  typical  gas  parcel  executing  the  four  steps  of  the  cycle  of  a  traveling- 
wave  thermoeicoustic  refrigerator,  assuming  an  inviscid  gas  and  square-wave  acoustic 
motion  and  pressure.  Symbols  have  the  same  meaning  as  in  Fig.  3. 

Fig.  5.  (a)  An  early  thermoacoustic  refrigerator,  and  (b)  some  of  its  measured 
and  calculated  performance,  with  500  Hz  pressure  oscillations  in  10  bar  helium  gas, 
and  with  Th  =  300  K.  Data  from  Hofler,  1988:  circles,  \pi\/pm  =  0.015;  squares, 


|Pi|  /Pm  =  0.03.  Lines  calculated  using  Ward  and  Swift,  1994.  The  gross  cooling  power 
Qtot  includes  the  deliberately  applied  load  plus  some  small  parasitic  loads  such  as 
heat  leeik  from  room  temperature  (see  Hofler  1988  for  details).  COP  =  QtotI^> 
with  W  the  aeoustic  power  delivered  to  the  resonator. 

Fig.  6.  A  recent  example  of  thermoacoustic  measurements  and  calculations,  (a) 
Schematic  of  apparatus,  a  standing- wave  engine  driving  no  load.  Small  circles  indicate 
locations  of  sensors,  (b)  Heater  power  Qh  and  hot  temperature  T//  as  functions  of 
|pi| ,  all  normalized.  Points  are  measurements;  lines  are  calculations.  Triangles  and 
solid  lines:  helium,  0.96  MPa.  Circles  and  dotted  lines:  neon,  0.70  MPa.  Squares  and 
dashed  lines:  argon,  0.36  MPa. 
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Thermo  ACOUSTIC  Engines 
AND  Refrigerators 


e  ordinarily  think  of  a 
sound  wave  in  a  gas  as 
consisting  of  coupled  pres¬ 
sure  and  displacement  oscil¬ 
lations.  However,  tempera¬ 
ture  oscillations  always 
accompany  the  pressure 
changes.  The  combination  of 
all  these  oscillations,  and 
their  interaction  with  solid 
boimdaries,  produces  a.  rich 
variety  of  “thermoacoustic” 
effects.  Although  these  ef¬ 
fects  as  they  occur  in  every¬ 
day  life  are  too  small  to  be  noticed,  one  can  harness 
extremely  loud  soimd  waves  in  acoustically  sealed  cham¬ 
bers  to  produce  powerful  heat  engines,  heat  pumps  and 
refrigerators.  Whereas  typical  engines  and  refrigerators 
have  crankshaft-coupled  pistons  or  rotating  turbines,  ther¬ 
moacoustic  engines  and  refrigerators  have  at  most  a  single 
flexing  moving  part  (as  in  a  loudspeaker)  with  no  sliding 
seals.  Thermoacoustic  devices  may  be  of  practical  use 
where  simplicity,  reliability  or  low  cost  is  more  important 
than  the  highest  efficiency  (although  one  ceinnot  say  much 
more  about  their  cost-competitiveness  at  this  early  stage). 

The  basics:  Thermoacoustic  engines 

A  thermoacoustic  engine  converts  some  heat  from  a  high- 
temperature  heat  source  into  acoustic  power,  rejecting 
waste  heat  to  a  low-temperature  heat  sink.  The  heat- 
driven  electrical  generator  shown  in  figure  1  illustrates 
the  basic  principle  of  operation.  The  overall  view,  shown 
at  the  top  of  figure  la,  is  reminiscent  of  the  appearance 
of  a  heat  engine  in  many  introductory  thermodynamics 
texts:  The  apparatus  absorbs  heat  per  unit  time  from 
a  heat  source  at  high  temperature  Th,  rejects  heat  per 
unit  time  Qc  to  ^  sink  at  low  temperature  and 
produces  acoustic  power  W.  The  first  law  of  thermody¬ 
namics  tells  us  that  W-\-Qc-  QhJ  the  second  law  shows 
that  the  efficiency  W/Q^  is  bounded  above  by  the  Carnot 
efficiency  {T^  -  (I  will  use  Q  and  W  for  heat  power 

and  acoustic  power,  and  q  and  w  for  the  corresponding 
energies.) 

One  of  the  most  important  scales  in  a  thermoacoustic 
device  is  the  length  of  its  resonator,  which  (together  with 
the  gas  soimd  speed)  determines  the  operating  frequency, 
just  as  the  len^h  of  an  organ  pipe  determines  its  pitch. 
This  length  typically  falls  between  10  cm  and  10  m.  In 
figure  la,  with  both  ends  of  the  resonator  closed,  the 
lowest  resonant  mode  is  that  which  fits  a  half-wavelength 
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standing  wave  in  the  resona¬ 
tor,  with  displacement  nodes 
and  pressure  antinodes  at  the 
ends,  as  shown  in  the  lower 
portion  of  figure  1.  The  heat- 
exchange  elements — a  hot 
heat  exchanger,  a  cold  heat 
exchanger  and  a  “stack”  be¬ 
tween  them — are  located 
where  both  oscillating  pres¬ 
sure  and  oscillating  gas  dis¬ 
placement  are  nonzero.  Each 
of  the  two  heat  exchangers  is 
typically  a  set  of  copper  fins, 
as  open  to  gas  flow  as  possible  (hke  a  car  radiator),  and 
is  thermally  anchored  to  its  reservoir  by  metallic  heat 
conduction  or  circulating  fluids.  The  stack  is  simply  a 
well-spaced  stack  of  solid  plates  with  high  heat  capacity, 
also  quite  open  to  gas  flow,  supporting  the  smooth  tem¬ 
perature  profile  between  the  two  heat  exchangers  as 
shown  at  the  bottom  of  figure  la.  Most  of  the  “parallel 
plate”  stacks  constructed  so  far  have  in  fact  been  spirally 
wound,  a  low-cost  configuration. 

To  understand  in  some  detail  the  conversion  of  heat 
to  acoustic  power  by  this  simple  structure,  consider  the 
magnified  view  of  part  of  the  stack  in  figure  lb,  which 
shows  a  typical  parcel  of  gas  at  four  instants  of  time 
during  one  cycle  of  the  acoustic  wave.  The  standing  wave 
carries  the  parcel  left  and  right,  compressing  and  expand¬ 
ing  it,  with  phasing  such  that  it  is  at  its  most  compressed 
state  when  at  its  farthest  left  position,  and  its  most 
expanded  state  at  its  farthest  right  position.  In  typical 
thermoacoustic  engines  and  refrigerators  the  amplitude  of 
the  pressure  oscillation  is  3-10%  of  the  mean  pressure, 
and  the  displacement  amplitude  is  a  similar  percentage 
of  the  length  of  a  plate  in  the  stack. 

The  presence  of  an  externally  imposed  temperature 
gradient  in  the  stack  adds  a  new  featme  to  what  would 
otherwise  be  a  simple  acoustic  oscillation:  oscillatory  heat 
transfer  between  the  parcel  of  gas  and  the  stack.  (To 
simplify  this  discussion,  I  will  neglect  the  adiabatic  tem¬ 
perature  oscillations  that  accompany  the  pressure  oscilla¬ 
tions.)  When  the  parcel  is  at  its  leftmost  position,  heat 
flows  from  the  relatively  hot  stack  plate  to  the  parcel, 
expanding  it;  when  the  parcel  is  at  its  rightmost  position, 
heat  flows  from  it  to  the  relatively  cool  stack  plate, 
contracting  the  parcel.  The  parcel  does  net  work  on  its 
surroxmdings,  because  the  expansion  takes  place  at  the 
high-pressure  phase  of  the  cycle  and  the  contraction  at 
the  low-pressure  phase,  as  shown  in  figure  Ic. 

(Readers  with  Internet  access  are  encouraged  to  view 
our  computer  animations  of  this  process  and  of  thennoacous- 
tic  refrigeration  as  described  below.  The  thermoacoustics 
home  page  is  at  httpy/rott.esa.lanl.gov/;  select  “educational 


On  the  heels  of  basic  research,  commercial 
developers  are  harnessing  acoustic 
processes  in  gases  to  make  reliable, 
inexpensive  engines  and  cooling  devices 
with  no  moving  parts  and  a  significant 
fraction  of  Carnot’s  efficiency. 

Gregory  W.  Swift 
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DISPLACEMENT 


c 


Absorbing  heat  from 
hotter  part  of  plate 


Moving  left  as  sound 
wave  compresses  it 


Moving  right  as  sound 
wave  expands  it 


Rejecting  heat  to 
cooler  part  of  plate 


VOLUME  OF  PARCEL 


SIMPLE  THERMO  ACOUSTIC  ENGINE,  a:  Heat  exchangers  and  a  stack  in  a  half-wavelength  acoustic  resonator  convert  some  of 
the  heat  power  Qh  froni  a  thermal  reservoir  at  temperature  7^  into  acoustic  power  IF,  rejecting  waste  heat  power  to  another 
reservoir  at  The  acoustic  power  is  delivered  to  an  elearoacoustic  transducer,  which  converts  it  to  electricity.  Plots  below 
show  gas  pressure,  gas  displacement  in  the  horizontal  direction  and  average  temperature  as  functions  of  location  in  the  resonator. 
Pressure  and  displacement  are  each  shown  when  the  gas  is  at  the  leftmost  extreme  of  its  displacement  (red),  with  density  and 
pressure  highest  at  the  left  end  of  the  resonator  and  lowest  at  the  right  end,  and  180®  later  in  the  cycle  (blue),  b:  Magnified  view 
of  part  of  the  stack  shows  a  typical  parcel  of  gas  (greatly  exaggerated  in  size)  as  it  oscillates  in  position,  pressure  and  temperature, 
exchanging  heat  iq  with  the  nearby  plates  of  the  stack.  Plates  are  separated  by  about  four  thermal  penetration  depths  5^. 
c:  Pressure-volume  {p-V)  diagram  for  the  parcel  of  gas  shows  how  it  does  net  work  dw-j^pdV on  its  surroundings.  FIGURE  1 


demonstrations.”  For  DOS-based  computers,  the  executable 
file  FANCY.EXE  and  text  file  FANCY.TXT  can  be  downloaded.) 

The  net  work  that  the  parcel  does  on  its  surroundings 
is  delivered  in  each  cycle  of  the  acoustic  oscillation.  The 
parcel  and  all  others  like  it  within  the  stack  deliver 
acoiostic  power  W  to  the  standing  wave;  the  standing  wave 
delivers  it  in  turn  to  the  electroacoustic  transducer.  Each 
parcel  absorbs  a  little  heat  from  one  location  in  the  stack 
and  deposits  a  little  heat  farther  to  the  right,  at  a  cooler 
location  in  the  stack.  With  respect  to  heat,  all  the  parcels 
act  like  members  of  a  bucket  brigade,  with  the  overall 
effect  being  absorption  of  Qh  at  the  hot  heat  exchanger 
and  rejection  of  Qc  at  the  cold  heat  exchanger. 

A  second  important  scale  in  a  thermoacoustic  engine 
is  the  separation  between  plates  in  the  stack,  which 
determines  the  nature  of  thermal  contact  between  the 
plate  and  the  typical  parcel  of  gas.  Imperfect  thermal 
contact  is  needed  to  accomplish  the  cycle  shown  in  figure 
1,  because  it  is  desirable  to  have  good  thermal  contact 
when  the  parcel  is  stationary  or  nearly  so,  but  poor 
thermal  contact  while  it  is  moving.  Detailed  analysis 
shows  that  a  spacing  between  plates  of  about  four  thermal 
penetration  depths  8^  =  ^KlTrfpc^  is  best,  where  k  is  the 
thermal  conductivity  of  the  gas,  p  is  its  density,  Cp  its 
isobaric  specific  heat  per  unit  mass  and  f  the  frequency 
of  the  acoustic  oscillation;  8^  is  roughly  the  distance  heat 
can  diffuse  through  the  gas  during  a  time  Uirf.  In  today’s 


thermoacoustic  systems,  8^  is  t3q)ically  a  fraction  of  a 
millimeter. 

Heat-driven  acoustic  osdllators  such  as  that  shown  in 
figure  1  have  been  known  for  over  a  century.  The  earfiest 
and  simplest,  known  as  the  Sondhaiass  tube,  was  discovered 
accidentally  by  European  glassblowers;  a  later  example,  the 
Taconis  oscQlator,  is  weU  known  today  to  users  of  liquid 
helium.  In  each  of  these  early  thermoacoustic  engines,  the 
resonator  itself  was  only  several  5,,  in  diameter,  and  its  walls 
also  served  the  functions  of  stack  and  heat  exchangers.  The 
use  of  an  explicit  stack  (with  multiple  parallel  passages)  and 
heat  exchangers  in  larger-diameter  resonators  to  increase 
overall  power  began  with  Robert  L.  Carter  in  the  1960s.^ 

Although  progress  toward  a  theoretical  understanding 
of  these  phenomena  began  with  Lord  Rayleigh  120  years 
ago,  a  quantitatively  accurate  theory  of  thermoacoustics 
was  not  developed  until  the  1970s,  through  the  efforts  of 
Nicholas  Rott  and  coworkers. ^  This  theory  is  based  on  a 
low-amplitude  linearization  of  the  Navier-Stokes,  conti¬ 
nuity  and  energy  equations  with  sinusoidal  oscillations  of 
all  variables.  It  is  remarkable  that  such  qualitatively 
simple  classical  phenomena  went  without  a  quantitatively 
accurate  explanation  until  late  in  this  century. 

The  basics:  Thermoacoustic  refrigerators 

Another  chapter  in  the  development  of  thennoacoustics 
began  at  Los  Alamos  National  Laboratory  in  the  early 
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SIMPLE  THERMO  ACOUSTIC  REFRIGERATOR,  a:  Electroacoustic  transducer  at  the  left  end  delivers  acoustic  power  \V  to  the 
resonator,  producing  refrigeration  Qc  at  low  temperature  and  rejecting  waste  heat  power  Qh  to  a  heat  sink  at  As  in  figure 
1,  this  is  a  half-wavelength  device  with  a  pressure  node  at  the  midpoint  of  the  resonator.  The  temperature  gradient  in  the 
refrigerator’s  stack  is  much  less  steep  than  that  in  the  stack  for  the  engine  shown  in  figure  1.  b:  Magnified  view  of  part  of  the 
stack  shows  a  typical  parcel  of  gas  as  it  moves  heat  dq  up  the  temperature  gradient.  Here  j>p  dV<  0,  so  the  pressure-volume  cycle 
analogous  to  figure  Ic  goes  counterclockwise,  and  the  parcel  absorbs  work  from  its  surroundings.  FIGURE  2 


1980s  with  the  invention  of  thermoacoustic  refrigeration.^ 
The  basic  principle  of  operation,  illustrated  in  figure  2,  is 
very  similar  to  that  of  .thermoacoustic  engines,  but  here 
the  temperature  gradient  in  the  stack  is  much  lower.  As 
the  gas  oscillates  along  the  stack,  it  experiences  changes 
in  temperature.  Much  of  the  gas’s  temperature  change 
comes  from  adiabatic  compression  and  expansion  of  the 
gas  by  the  acoustic  pressure,  and  the  rest  is  a  consequence 
of  heat  transfer  with  the  stack.  At  the  leftmost  position 
of  the  parcel  of  gas  shown  in  figure  2b,  it  rejects  heat  to 
the  stack,  because  its  temperature  was  raised  above  the 
local  stack  temperature  by  adiabatic  compression  caused 
by  the  standing  wave.  Similarly,  at  its  rightmost  position, 
the  parcel  absorbs  heat  from  the  stack,  because  adiabatic 
expansion  has  brought  its  temperature  below  the  local 
stack  temperature.  Thus  the  parcel  of  gas  moves  a  little 
heat  from  right  to  left  along  the  stack,  up  the  temperatoe 
gradient,  during  each  cycle  of  the  acoustic  wave. 

All  the  other  parcels  in  the  stack  behave  similarly, 
so  that  the  overall  effect,  again  as  in  a  bucket  brigade,  is 
the  net  transport  of  heat  from  the  cold  heat  exchanger  to 
the  hot  heat  exchanger,  with  absorbed  at  and  Qh 
rejected  at  Th.  The  parcel  absorbs  acoustic  work  from  the 
standing  wave,  because  the  thermal  expansion  of  the 
parcel  of  gas  occurs  during  the  low-pressure  phase  of  the 
acoustic  wave  and  the  thermal  contraction  during  the 
high-pressure  phase.  The  resulting  acoustic  power  W 
absorbed  by  all  the  parcels  in  the  stack  can  be  supplied 
by  a  loudspeaker,  a  thermoacoustic  engine  or  other  means. 
The  first  law  of  thermodynamics  once  again  determines 
that  W  +Qc  =  Qh;  the  second  law  shows  that  the  relevant 
efficiency,  known  as  the  coefficient  of  performance,  is 
bounded  above  by  the  Carnot  coefficient 

The  steepness  of  the  temperature  gradient  in  the 
stack  determines  whether  a  thermoacoustic  device  is  a 
refrigerator  (which  has  work  done  on  it)  or  an  engine 
(which  does  work).  In  an  engine,  with  a  steep  temperature 
gradient  as  shown  in  figure  1,  the  gas  parcel  finds  itself 
cooler  than  the  local  stack  temperature  after  its  adiabatic 
compression  during  displacement  to  the  left,  so  it  absorbs 
heat  from  the  stack  at  high  pressure  and  expands.  In 
contrast,  in  a  refrigerator,  with  a  shallow  gradient,  the 
gas  parcel  finds  itself  warmer  than  the  local  stack  tem¬ 
perature  after  its  adiabatic  compression  during  displace¬ 
ment  to  the  left,  so  it  rejects  heat  to  the  higher-tempera¬ 
ture  part  of  the  stack  and  contracts. 


Figure  3a  shows  schematically  the  first  efficient  ther¬ 
moacoustic  refrigerator,^  designed,  built  and  studied  by 
Tom  Hofler.  It  illustrates  several  features  of  many  of 
todays  thermoacoustic  devices.  The  resonator  had  a 
slightly  complicated  geometry,  which  maintained  the  de¬ 
sired  frequency,  pressure  amplitude  and  displacement 
amplitude  at  the  stack  while  reducing  the  total  length  to 
much  less  than  half  the  wavelength.  This  geometry  also 
reduced  viscous  and  thermal  losses  on  the  resonator  walls 
and  suppressed  the  harmonic  content  so  that  the  sound 
wave  remained  purely  sinusoidal  in  time.  The  pressure 
antinode  is  at  the  driver  piston,  and  the  pressure  node  is 
at  the  widening  neck  near  the  sphere,  so  this  is  essentially 
a  quarter-wavelength  apparatus,  even  though  the  spatial 
dependence  of  the  pressure  is  not  exactly  a  cosine.  High- 
pressme  helium  gas  was  used:  High  pressure  increases 
the  power  per  unit  volume  of  apparatus,  and  helium, 
having  the  highest  sound  speed  and  thermal  conductivity 
of  the  inert  gases,  further  increases  the  power  density  and 
allows  spacings  within  the  stack  and  heat  exchangers  to 
be  as  large  as  possible,  for  ease  of  fabrication.  The 
loudspeaker-like  driver  was  located  at  a  pressure  antinode 
of  the  standing  wave,  so  that  the  acoustic  power  was 
delivered  with  high  force  and  small  displacement,  easing 
engineering  difficulties  associated  with  the  flexing  portion 
of  the  driver.  This  location  also  placed  it  next  to  the  hot 
heat  exchanger,  where  heat  generated  in  the  driver  could 
be  removed  most  efficiently. 

Figure  3b  shows  some  of  the  data  obtained  with  this 
refrigerator,  which  reached  a  of  -70  °C  and  had  a 
cooling  power  of  several  watts  with  acoustic  pressure 
amplitudes  of  3%  of  the  mean  pressure.  The  curves  in 
the  figure  were  calculated  using  publicly  available  soft¬ 
ware^  based  on  the  theory  developed  by  Rott  and  are  in 
reasonable  agreement  with  the  data.  The  calculations 
have  no  adjustable  parameters;  they  simply  use  the  ge¬ 
ometry  of  the  apparatus  and  the  properties  of  helium  gas. 

Commercial  developments 

Attempts  to  develop  practical  devices  based  on  thermo¬ 
acoustics  began  just  a  few  years  ago,  throughout  the  US 
and  on  four  other  continents.  This  surge  of  interest  was 
due  to  the  interaction  of  several  factors:  the  new  “tech 
transfer”  emphasis  at  government  laboratories;  the  engi¬ 
neering  development  of  some  thermoacoustic  refrigerators 
at  the  Naval  Postgraduate  School  in  Monterey,  California, 
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under  the  enthusiastic  leadership  of  Steve  Garrett;  the 
crisis  in  the  refrigeration  industry  caused  by  the  destruc¬ 
tion  of  stratospheric  ozone  by  chlorotiuorocarbons;  and  the 
marriage  of  thermoacoustic  engines  with  orifice  pulse-tube 
refrigerators  (discussed  below).  To  illustrate  the  breadth 
of  applications  under  way,  I  have  chosen  four  examples 
from  among  the  corporate-sponsored  thermoacoustics  pro¬ 
jects  that  I  know  of. 

The  thermoacoustic  refrigerator  shown  in  figure  4a  is 
a  prototype  for  a  food  refiigerator.  Built  at  CSIR  (formerly 
called  the  Coimcil  for  Scientific  and  Industrial  Research) 
in  the  Republic  of  South  AfHca  with  corporate  support,  it 
is  a  direct  descendant  of  a  thermoacoustic  refrigerator® 
that  was  originally  intended  for  preserving  blood  and  urine 
samples  on  the  space  shuttle.  It  is  a  symmetrical,  essen¬ 
tially  half-wavelength  device  driven  by  modified  loud¬ 
speakers  on  both  ends,  with  two  stacks,  each  with  two 
heat  exchangers.  The  pressure  node  is  at  the  center  of 
the  bottom  section.  Use  of  two  stacks  maximizes  cooling 
power  for  a  given  resonator  size,  all  other  things  being 
equal.  For  compactness,  the  fiberglass  resonator  is  formed 
in  a  “U”  shape,  with  little  effect  on  the  acoustics.  Cooling 
power  (typic^ly  100  W)  and  temperatures  are  appropriate 
for  residential  food  refrigeration  in  most  of  the  world. 
(American  refrigerators  are  larger  than  most  and  hence 
require  about  twice  as  much  cooling  power.) 

Scientists  at  Ford  Motor  Company  built  the  thermo¬ 
acoustic  refrigerator  depicted  on  the  cover  of  this  issue. 
The  driver  is  at  the  displacement  maximum  of  the  quar¬ 
ter-wavelength  standing  wave  (instead  of  at  the  pressure 
maximum  as  in  the  refrigerators  of  figures  3a  and  4a). 
Thus  in  this  refngerator  acoustic  power  is  delivered  with 
small  pressure  and  large  volumetric  displacement,  accom¬ 


plished  by  using  a  large  area  in  the  driver.  The  drivers 
losses  flow  to  the  cold  heat  exchanger,  but  this  is  a  minor 
problem  if  the  driver  is  efficient  and  is  not  too  far  below 
Th.  Water  inlet  and  outlet  tubes  (gray  in  the  diagram), 
essentially  serving  as  the  hot  and  cold  thermal  reservoirs, 
are  clearly  visible  at  the  heat  exchangers.  This  device 
operates  at  10  bars  v^th  either  helium  driven  at  430  Hz  or 
a  mixture  of  80%  helium— 20%  argon  driven  at  260  Hz. 

At  Tektronix  Corporation  in  Beaverton,  Oregon,  re¬ 
searchers  are  developing  a  system  for  cooling  electronics 
to  cryogenic  temperatures.  A  thermoacoustic  engine 
drives  an  orifice  pulse-tube  refrigerator,’^  which  is  related 
to  both  Stirling  and  thermoacoustic  refrigerators.  The 
system  thus  constitutes  a  heat-driven  cryogenic  refrigera¬ 
tor  having  no  moving  parts;  it  has  cooled  to  150  K.  It 
has  a  half-wavelength  resonator  vdth  resistively  heated 
thermoacoustic  engines  near  both  ends.  In  a  sidebranch, 
500  W  of  acoustic  power  from  these  engines  is  deKvered  to 
the  pulse-tube  refiigerator. 

The  largest  thermoacoustic  engine  to  date,  under 
construction  at  Cryenco  Inc  in  Denver,  Colorado,  will  also 
drive  a  pulse-tube  refiigerator.  The  heat  source  for  the 
engine  will  be  natural  gas  combustion.  Intended  for 
industrial  and  commercial  liquefaction  of  natural  gas  it 
will  measure  12  meters  long,  and  will  use  two  ^4-nieter- 
diameter  spiral  stacks  (figure  4b)  to  produce  40  kW  of 
acoustic  power  at  40  Hz  in  30-bar  helium  gas.  The  device 
should  be  completed  this  year. 

Power  and  efficiency 

The  power  of  thermoacoustic  devices  is  roughly  propor¬ 
tional  to  Pavg-Aa(Posc/Pavg)^»  where  p^^g  is  the  average  pres¬ 
sure,  A  the  cross-sectional  area  of  the  stack,  a  the  sound 


FIRST  EFFICIENT 
THERMOACOUSTIC 
REFRIGERATOR  (a) 
and  some  of  its 
performance  parameters 
(b)  as  measured"^  (data 
points)  and  calculated^ 
(curves)  for  operation 
with  500-Hz  pressure 
oscillations  in  10-bar 
helium  gas,  and  with 
7h  =  300  K,  Blue  circles 
are  data  for  1.5% 
pressure  oscillations;  red 
circles,  3%.  The  gross 
cooling  power  Qtot 
includes  the  deliberately 
applied  load  plus  some 
small  parasitic  loads  such 
as  heat  leak  from  room 
temperature.  The 
coefficient  of 
performance  (COP) 
equals  with  W 

the  acoustic  power 
delivered  to  the 
resonator.  FIGURE  3 
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Two  COMMERCIALLY 
INTERESTING  thermoacoustic 
systems,  a:  Half-wavelength 
refrigerator  with  two  stacks 
driven  by  two  loudspeakers  was 
bxiilt  at  CSIR  in  South  Africa. 

It  operates  at  120  Hz  with 
15-bar  neon.  The  heat 
exchangers  are  located  where  the 
water  lines  connect  to  the  green 
resonator  body.  (Courtesy  of 
Peter  Bland,  Qua^ant.)  b:  One 
of  the  two  spiral  stacks  for  the 
largest  thermoacoustic  engine  to 
date,  being  btiilt  by  Cryenco 
Inc.  (Courtesy  of  John  Wollan, 
Cryenco.)  FIGLRE  4 


b 


speed  of  the  gas  and  the  amplitude  of  the  oscillatory 
pressure.  HeHum  (with  high  sound  speed)  is  often  used, 
typically  at  a  pressure  above  10  bars.  In  the  examples 
cited  in  the  previous  section,  Posc/pavg  values  range  from 
0.03  to  0.10,  chosen  as  design  compromises  between  the 
high  power  density  achieved  at  high  amplitude  and  the 
high  confidence  in  the  quantitative  accuracy  of  Rott-based 
calculations  at  low  amplitude. 

The  efficiency  of  thermoacoustic  devices  falls  below 
Carnot's  efficiency  because  of  five  major  sources  of  irre¬ 
versibility— “inherent,"  viscous,  conduction,  auxiliary  and 
transduction  losses: 


>  Inherent  loss  arises  from  the  heat  transfer  to  and  from 
each  parcel  of  gas  in  the  stack  as  shown  in  figures  1  and 
2:  Whenever  heat  d^  is  transferred  across  a  nonzero 
temperature  difference  6T,  the  entropy  of  the  umverse 
increases®  by  dq  ST/T^.  This  irreversibility  is  unavoidable 
in  the  thermoacoustic  process,  relying  as  it  does  on  im¬ 
perfect  thermal  contact  for  the  correct  phasing  between 
pressure  oscillations  and  thermal  expansion-contraction. 

>  Viscous  loss  in  the  stack  occurs  because  work  m^t  be 
done  to  overcome  viscous  shear  forces  as  the  gas  oscillates 
between  the  plates.  The  viscous  penetration  depth 
5  =ylfil7rfp  (where  p  is  viscosity)  is  comparable  to  the 
thermal  penetration  depth,  so  most  of  the  space  between 
the  plates  experiences  significant  viscous  shear  (and  the 
parcels  in  figures  1  and  2  actually  experience  significant 
shape  distortions). 

>  Simple  heat  conduction  from  the  hot  heat  exchanger  to 
the  cold  one  through  the  stack  material  and  the  gas  is  a 
further  loss. 

>  These  first  three  losses  also  occur  in  auxiliary  parts  of 
a  thermoacoustic  system:  Viscous  and  inherent  losses  in 
the  heat  exchangers  and  conduction  loss  in  the  portion  of 
the  resonator  case  surrounding  the  stack  are  usually  the 
most  important  auxiliary  losses  in  large  systems,  while 
viscous  and  inherent  losses  on  other  surfaces  in  the 
resonator  are  important  in  small  systems. 

>  Electroacoustic  power  transducers  introduce  addition^ 
loss.  For  the  refrigerators  shown  on  the  cover  and  in 
figures  3a  and  4a,  the  dominant  transducer  loss  is  Joule 
heating  in  the  copper  wires  of  the  loudspeakers. 

For  many  high-power-density  designs,  the  first  four 
sources  of  irreversibihty  contribute  roughly  equally  to  the 
inefficiency  of  thermoacoustic  devices.  About  40%  of  Car¬ 
not's  efficiency  is  typical  of  the  best  current  designs,  using 
computer  modeling  based  on  Rott  theory,  for  both  engines 
and  refrigerators;  higher  efficiencies  are  possible  if  power 
density  is  sacrificed,  and  lower  efficiencies  are  the  reality 
when  electroacoustic  transduction  losses,  losses  in  auxil- 
iaiy  equipment  and  deviations  from  Rott  theory  at  high 
amplitudes  are  included.  The  most  efficient  engine  built 
to  date  delivered  acoustic  power  to  its  load  at  23%  of 
Carnot's  efficiency  (based  on  total  heater  power);  the  most 
efficient  refrigerator^  provided  gross  cooling  power  at  20% 
of  Carnot  (based  on  acoustic  power  delivered  to  the  reso¬ 
nator).  These  efficiencies  are  impressive  for  devices  vnth. 
no  moving  parts,  and  they  are  comparable  to  the  efficien¬ 
cies  of  small,  inexpensive  commercial  equipment.  They 
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RECENT  MEASUREMENTS  AND  CALCULATIONS  for  a 
thermoacoustic  engine  similar  to  that  shown  in  figure  1,  but 
with  no  transducer.  The  heater  power  Qh,  hot  temperature  Th 
and  oscillating  pressure  amplitude  are  all  normalized,  but 
note  the  different  vertical  scales.  Circles  are  measurements 
from  ref.  16;  lines  are  calculations  done  using  ref.  5.  Red  is  for 
helium  at  0.96  megapascals;  green,  neon  at  0.70  MPa;  blue, 
ai^on  at  0.359  MPa.  These  pressures  were  chosen  to  make  the 
thermal  penetration  depth  5^  equal  to  0.22  mm  at  the  cold  end 
(7c)  in  all  cases.  FIGURE  5 


fall  far  short  of  the  efficiencies  of  well-engineered,  expen¬ 
sive  steam  turbines  or  large-scale  vapor-compression  re¬ 
frigeration  equipment,  for  which  over  80%  of  Carnot’s 
efficiency  has  been  achieved. 

If  future  inventions  and  improvements  to  basic  un¬ 
derstanding  can  improve  the  efficiency  or  raise  the  power 
density  of  thermoacoustic  engines  and  refrigerators  with¬ 
out  sacrificing  their  simplicity,  they  will  find  more  wide¬ 
spread  use.  One  way  to  increase  efficiency,  first  demon¬ 
strated  by  Hofler,^  is  to  use  a  mixture  of  helium  and  a 
heavier  inert  gas  as  the  working  substance.  The  Prandtl 
number  a  =  fic^t k  =  5 2/6  ^  is  a  dimensionless  measure  of 
the  ratio  of  viscous  to  thermal  effects  in  fluids;  lower 
Prandtl  numbers  give  higher  efficiencies  in  thermoacous¬ 
tics.  Kinetic  theory  predicts  o-  =  %  for  hard-sphere  mona¬ 
tomic  gases,  and  indeed  real  monatomic  gases  have  values 
very  close  to  this.  (For  instance,  helium  at  room  tempera¬ 
ture  has  a  =  0.68.)  Fortunately  mixtures  of  a  heavy  and 
a  light  monatomic  gas  have  Prandtl  numbers  significantly 
lower  than  %.  The  thermoacoustic  refrigerator  intended 
for  the  space  shuttle  that  was  mentioned  above®  used  89% 
helium  and  11%  xenon,  with  a  =  0.27,  to  achieve  its  20% 
efficiency,  compared  with  17%  efficiency  for  the  similar 
apparatus  shown  in  figure  3  when  optimized  for  pure 
helium  gas.  However,  with  a  sound  speed  less  than  half 
that  of  pure  helium,  the  gas  mixture  reduced  the  power 
density. 


Beyond  the  basics 

In  the  US  our  understanding  of  thermoacoustics  is  ad¬ 
vancing  beyond  the  foundations  established  by  Rott, 
thanks  to  physicists  at  many  universities  and  national 
laboratories. 

Rott  and  his  collaborators  considered  two  geometries 
for  thermoacoustic  processes:  parallel-plate  channels  (most 
commonly  used,  as  we  have  discussed  above)  and  circular 
channels.  Wondering  if  some  geometries  might  be  better 
than  others,  W.  Patrick  Amott,  Uemy  Bass  and  Richard 
Raspet^®  at  the  University  of  Mississippi  added  rectangu¬ 
lar  and  triangular  channels,  estabhshed  a  common  for¬ 
malism  for  all  channel  geometries  and  concluded  that 
parallel-plate  channels  are  the  most  efficient.  The  reason 
is  subtle:  Viscous  losses  occur  mostly  at  and  near  channel 
walls,  within  a  characteristic  distance  equal  to  the  viscous 
penetration  depth  6^,  while  the  desirable  thermoacoustic 
effects  portrayed  in  figures  1  and  2  occur  mostly  away 
from  wils,  at  a  characteristic  distance  equal  to  the  ther¬ 
mal  penetration  depth  from  them.  Thus  for  the  usual 
case  of  6^  «  5^,  extremely  concave  channels  (imagine  tri¬ 
angles)  squeeze  the  desirable  effects  into  a  small  fraction 
of  the  channel  cross-sectional  area  in  the  center,  leaving 
a  relatively  large  area  near  the  perimeter  causing  viscous 
loss.  Capitalizing  on  this  analysis,  Ulrich  Muller  has 
proposed  that  the  “channels”  formed  by  the  space  in  a 
two-dimensional  array  of  parallel  wires^^  (aligned  along 
the  direction  of  acoustic  oscillation  and  spaced  by  a  few  6^) 
would  give  even  higher  efficiency  than  parallel  plates. 
Tapered  channels^^  and  modifications  of  the  phase  be¬ 
tween  pressure  and  velocity^®  are  also  being  studied  for 
improving  efficiency. 

The  most  promising  route  to  higher  power  densities 
is  increasing  (Posc/Pavg)^>  but  doing  so  will  take  us  further 
from  the  range  of  small  oscillations  on  which  Rott  theory 
and  its  current  extensions  are  fundamentally  based. 
Rott’s  assumptions  include  the  following: 

>  a  gas  displacement  amplitude  much  smaller  than  the 
length  of  the  stack  and  other  components 
O  a  Reynolds  number  of  the  oscillations  small  enough  to 
avoid  turbulence 

^  Pose  ^  Pavg* 

Extensions  beyond  each  of  these  limitations  have  begun. 

At  the  Naval  Postgraduate  School,  Anthony  Atchley 
and  his  colleagues  have  undertaken  high-amplitude  ex¬ 
periments  on  the  simplest  possible  thermoacoustic  device, 
a  short  stack  with  no  heat  exchangers  in  a  loudspeaker- 
driven  resonator.  Their  data  extend  into  the  large-gas- 
displacement  regime,  with  amplitudes  approaching  the 
length  of  the  stack. 

A  growing  body  of  literature  is  establishing  the  charac¬ 
teristics  of  several  regimes  of  turbulent  oscillatory  flow^®  at 
high  Reynolds  numbers,  although  as  yet  there  are  no  fun¬ 
dament^  studies  of  heat  transfer  under  these  conditions. 

A  similitude  study  has  shown^®  how  to  organize  and 
correlate  experimental  data  in  the  high-amplitude  range, 
allowing  meaningful  experimental  studies  of  scale  models 
of  thermoacoustic  devices  reminiscent  of  wind-tunnel  stud¬ 
ies  of  model  aircraft. 

Researchers  at  several  institutions,  including  Johns 
Hopkins  University  and  Los  Alamos  and  Livermore  Na¬ 
tional  Laboratories,  are  beginning  numerical  and  analyti¬ 
cal  studies  that  seek  to  illuminate  other  features  of  high- 
amplitude  thermoacoustics. 
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Figure  5  illustrates  the  amplitude  dependence  of  the 
accuracy  of  our  current  understanding  of  thermoacoustic 
phenomena.  The  data  shown  as  points  were  taken  from 
a  no-load  thermoacoustic  engine.^®  The  plots  can  be  in¬ 
terpreted  as  displaying  the  required  heater  power 
temperature  at  the  hot  heat  exchanger  for  maintaining 
steady  oscillations  at  a  given  pressure  amplitude  Posc* 
Three  monatomic  gases  were  used,  with  average  pressures 
selected  to  make  8^  the  same  for  all  three  cases,  ensuring 
similarity;  the  data  for  all  three  gases  do  indeed  fall  along 
the  same  curves.  The  lines  are  the  results  of  calculations 
based  on  Rotfs  theory,  the  dimensions  of  the  apparatus 
and  the  properties  of  the  gases.  The  calculations  agree 
well  with  the  measurements  in  the  limit  of  small  Posc>  ^ 
expected  from  the  assumptions  in  the  theory.  However, 
as  Posc/Pavg  approaches  0.1,  the  measurements  deviate 
significantly  from  calculations.  The  deviations  are  not 
surprising,  in  that  they  are  of  the  same  order  as  Pogc  /  pavg? 
but  they  are  disturbing  from  a  practical  point  of  view 
because  both  Qh  Tj^  deviate  in  directions  that  decrease 
the  efficiency. 

The  fimdamentals  of  thermoacoustics  at  low  ampli¬ 
tudes  are  reasonably  well  understood,  and  a  few  practical 
uses  of  thermoacoustics  have  been  tentatively  identified. 
Much  study,  engineering  and  especially  invention  remains 
to  be  done  before  these  simple,  elegant  devices  reach  their 
full  potential. 

Most  of  the  fundamental  research  on  thermoacoustics  in  the  US  is 
supported  by  the  Department  of  Energy  and  the  Office  of  Naval 
Research,  Most  of  the  applied  developments  are  supported  pri¬ 
vately  but  with  important  contributions  from  AKPA,  DOE  and  the 
Navy,  I  am  particularly  grateful  to  DOE's  Office  of  Basic  Energy 
Sciences  for  its  steady  support  of  thermoacoustics  research  at  Los 
Alamos.  This  article  benefited  from  constructive  criticism  by  Hank 
Bass,  Steve  Garrett  and  Tom  Hofler. 
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